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VISCOSITY APPROXIMATIONS FOR NONEXPANSIVE
NONSELF-MAPPINGS IN BANACH SPACES

JONG Soo JuNG

ABSTRACT. Strong convergence theorem of the explicit viscosity itera-
tive scheme involving the sunny nonexpansive retraction for nonexpansive
nonself-mappings is established in a reflexive and strictly convex Banach
spaces having a weakly sequentially continuous duality mapping. The
main result improves the corresponding result of [19] to the more general
class of mappings together with certain different control conditions.

1. Introduction

Let E be a real Banach space and C be a nonempty closed convex subset
of E. Recall that a mapping f : C — C is a contraction on C' if there exists a
constant k € (0,1) such that || f(z) — f(v)| < k|lz —y|l, =, y € C. We use X
to denote the collection of mappings f verifying the above inequality. That is,
Yc={f:C — C| f is a contraction with constant k}. Let T': C — C be
a nonexpansive mapping (recall that a mapping T : C — C' is nonexpansive if
Tz —Ty|| < |l —yll, z, y€ C)and F(T) denote the set of fixed points of
T; that is, F(T) ={z € C: x = Tx}.

In 1967, Halpern [5] firstly introduced the following explicit iterative scheme
(1.1) in Hilbert space,

Tnt1 = Apu+ (1= Az, (1.1)
He pointed out that the control conditions

(C1) limy—o An = 0,
(C2) 377 o Ay = < or, equivalently, []>7 (1 —X,) =0

are necessary for the convergence of the iteration scheme (1.1) to a fixed point
T. In 1992, Wittmann [20], still in Hilbert space, obtained a strong convergence
result for the iteration scheme (1.1) under the control conditions (C1), (C2)
and
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(C3) 2onio | Ant1 — An| < o0

Shioji and Takahashi [18] extended Wittmann’s results to a reflexive Banach
space having a uniformly Gateaux differentiable norm such that each nonempty
closed convex and bounded subset has the fixed point property for nonexpansive
mappings. For other control conditions, we refer Cho et al. [2], Lions [9] and
Reich [17].

On the other hand, the viscosity approximation method of selecting a par-
ticular fixed point of a given nonexpansive mapping was proposed by Moudafi
[15]. In 2004, in order to extend Theorem 2.2 of Moudafi [15] to a Banach space
setting, Xu [22] considered the the following explicit viscosity iterative scheme
in a uniformly smooth Banach space: for T': C' — C' nonexpansive mapping,
feXcand A, € (0,1),

Tn+l = )\nf(xn) + (1 - )‘n)Twn; n = 0; (12)
and under control conditions (C1), (C2) and (C3) or
j An
(C4) hmn_,oo m = 1,
on {\,}, he studied the strong convergence of x,, defined by (1.2) to a fixed
point of T" which is the unique solution of certain variational inequality.
In 2006, using the sunny nonexpansive retraction () from E onto C and

T : C — FE nonexpansive nonself-mapping satisfying the weak inwardness
condition, Song and Chen [19] considered the explicit viscosity iterative scheme

Tpr1 = QA f(xn) + (1 = A\p)Txy), n>0,

and improved the results of Xu [22] to the case of nonself-mapping in a reflexive
Banach space having a weakly sequentially continuous duality mapping under
the control conditions (C1), (C2) and (C3) on {\,}.

Very recently, under the control conditions (C1), (C2) and (C3) on {A,},
Matsushita and Takahashi [12] studied the following explicit iterative scheme
in a uniformly convex Banach space having a uniformly Gateaux differentiable
norm: for T : C' — E nonexpansive mapping, u € C,zg € C, and the sunny
nonexpansive retraction ) from E onto C

Tne1 = QApu+ (1= A\,)Txy,), n>0.

In this paper, motivated by above-mentioned results, we consider the follow-
ing explicit viscosity scheme: for T : C' — E nonexpansive mapping, f € ¢,
An € (0,1), ¢ € C, and the sunny nonexpansive retraction @ from E onto C,

Tnp1 = QA f(zn) + (1 = Ap)Ta,), n>0. (1.3)

Under the control conditions (C1), (C2) on {\,} and the weak asymptotic
regularity on {x,} instead of the condition (C3) on {\,}, we establish the
strong convergence of {z, } generated by (1.3) in a reflexive and strictly Banach
space having a weakly sequentially continuous duality mapping. The main
result improves the corresponding result in Song and Chen [19] to the class
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of mappings which need’t satisfy the weak inwardness condition together with
certain different control conditions. Our result also extends the corresponding
results of [15, 22] to the case of non-self mappings.

2. Preliminaries and lemmas

Let E be a real Banach space with norm || - || and let E* be its dual. The
value of 2* € E* at « € E will be denoted by (z,z*).
A Banach space E is said to be strictly convex if || Z5X| < 1 for all z,y € E

with ||z|| = |ly]| = 1. Tt is also said to be uniformly convex if lim, o |2, —
yn|l = 0 for any two sequences {z, }, {yn} in E such that ||z,|| = ||yn| = 1 and
limmy, o || 228 | = 1.

The norm of F is said to be Gdateaux differentiable if

et tyl = el
t—0 t
exists for each z, y in its unit sphere U = {z € E : ||z|| = 1}. Such an E is
called a smooth Banach space.
By a gauge function we mean a continuous strictly increasing function ¢
defined on RT := [0,00) such that »(0) = 0 and lim,_o, ¢(r) = oco. The
mapping J, : £ — 2" defined by

Jo() ={f € E": (z, f) = [l F I, I £l = e(l«])}, forallz € E

is called the duality mapping with gauge function ¢. In particular, the duality
mapping with gauge function ¢(t) = ¢ denoted by J, is referred to as the
normalized duality mapping. The following property of duality mapping is
well-known:

Jo(Ax) = sign A(W) J(z) forallz € E\ {0}, XeR, (2.1)
where R is the set of all real numbers; in particular, J(—z) = —J(z) for all
x € FE ([3]).

Following Browder [1], we say that a Banach space E has a weakly sequential
continuous duality mapping if there exists a gauge function ¢ such that the
duality mapping J,, is single-valued and continuous from the weak topology to
the weak® topology, that is, for any {z,,} € F with z,, = x, J,(z,) = J,(2).
For example, every I[P space (1 < p < oo) has a weakly sequentially continuous
duality mapping with gauge function (t) = tP~1. Set

t
O(t) = / o(r)dr, forallteRT.
0

Then it is known [1] that J,(z) is the subdifferential of the convex functional
®(]|-]|) at . Thus it is easy to see that the normalized duality mapping J(x) can



340 JONG SOO JUNG

also be defined as the subdifferential of the convex functional ®(||z||) = ||z||?/2,
that is, for all x € E

J(x) = 0%(|lx])) = {f € E" : 2([lyl}) — ®(|x]) = (y — =, f) forally e E}.

It is well-known that if F is smooth, then the normalized duality mapping J is
single-valued and norm to weak* continuous ([3]).
We need the following well-known lemma for the proof of our main result.

Lemma 2.1. Let E be a real Banach space and ¢ a continuous strictly in-
creasing function on RY such that ¢(0) = 0 and lim, o o(r) = co. Define

t
O(t) = / o(7)dr, forall t € RT.
0

Then the following inequality holds
(|l +yl) < @(x]]) + (v, jo(x +y)), forallz,yeE,
where j,(z +vy) € Jo(x +y). In particular, if E is smooth, then one has
o+ yll* < lz)|* + 2{y, J(z +y)), forallz,ye E.

Let u be a mean on positive integers NV, that is, a continuous linear functional
on (> satisfying |||l = 1 = p(1). Then we know that 4 is a mean on N if and
only if

inf{a, : n € N} < p(a) < sup{a, :n € N}
for every a = (a1, ag,...) € £>°. According to time and circumstances, we use
tn(ay) instead of p(a). A mean p on N is called a Banach limit if

Nn(an) = Mn(anJrl)
for every a = (ai,as,...) € £*°. Using the Hahn-Banach theorem, we can
prove the existence of a Banach limit. If p is a Banach limit, the following are
well-known:
(i) for all n > 1,a, < ¢, implies p(a,) < u(cy),

(ii)) wp(anyn) = p(ay) for any fixed positive integer N,

(iii) lminf, oo an < pn(an) < limsup,_,. a, for all (ag,as,---) € (.
The following lemma was given in [18, Proposition 2].

Lemma 2.2. Let a € R be a real number and a sequence {a,} € I*° satisfy the
condition py(an) < a for all Banach limit p. If limsup,, . (a¢nt1 — an) < 0,
then limsup,,_, . an < a.

Let D be a subset of C. Then a mapping @) : C — D is said to be a retraction
from C onto D if Qz = x for all x € D. A retraction @ is said to be sunny
if Q(Qz +t(x — Qx)) = Qx for all t > 0 and = + t(x — Qz) € C. A sunny
nonexpansive retraction is a sunny retraction which is also nonexpansive. A
subset D of C' is said to be a sunny nonexpansive retract of C' if there exists a
sunny nonexpansive retraction of C onto D. Sunny nonexpansive retractions
are characterized as follows ([4, p. 48]): If E is a smooth Banach space, then
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@ : C — D is a sunny nonexpansive retraction if and only if the following
condition holds:

(x —Qz,J(z—Qx)) <0, z€C, z€D. (2.2)

(Note that this fact still holds by (2.1) if the normalized duality mapping J is
replaced by a general duality mapping J, with gauge function ¢.)

Let C' be a nonempty closed convex subset of a Banach space E. For x € C,
let

Ic(z)={yeE:y=x+ Xz —x),z€ C and A > 0}.

Ic(x) is called the inward set of € C with respect to C' (for example, see

[4]). Ic(z) is a convex set containing C. A mapping T : C' — E is said to

be satisfying the inward condition if Tx € Ix(x) for all z € C, and T is also

said to be satisfying the weakly inward condition if for each x € C,Tx € I(x)

(Ic(x) is the closure of Io(z)). Every self-mapping is trivially weakly inward.
The following lemmas were given in [12].

Lemma 2.3. Let C be a closed convexr subset of a smooth Banach space E
and T be a mapping from C into E. Suppose that C' is a sunny nonexpansive
retract of E. It T satisfies the nowhere-normal outward condition

TreS;, foralzeC, (2.3)

where Sy = {y € E 1y # x,Qy = x} and SS is the complement of Sy, then
F(T) = F(QT)

Lemma 2.4. Let C a closed convexr subset of a strictly convex Banach space
E and T a nonexpansive mapping from C into E. Suppose that C is a sunny
nonezpansive retract of E. If F(T) # 0, then T satisfies the nowhere-normal
outward condition (2.3).

Finally, we need the following lemma, which is essentially Lemma 2 of Liu
[10] (see also Xu [21]).

Lemma 2.5. Let {s,} be a sequence of non-negative real numbers satisfying
Spt+1 < (17/\n)5n+)‘n6n+7na n >0,

where { A}, {Bn} and {vn} satisfy the following conditions:
(1) {An} C[0,1] and 35770 A = oo,
(ii) Hmsup, o Bn <0 or >0 A\pfBn < 0,
(iif) Y% >0 (n>0), 325707 < 0.

Then lim,, .~ S, = 0.
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3. Main results

Recall that a mapping T' with domain D(T") and range R(T) in E is called
strongly pseudocontractive ([13]) if for some constant k£ < 1 and for all z, y €
D(T)

A =Rl =yl < [[A =T)(x) = (AT =T)(y)l (3.1)
for A > k (with I denoting the identity mapping), while T is called a pseudo-
contraction if (3.1) holds for k = 1. Every nonexpansive mapping is a pseudo-
contraction. The converse is not true (for example, see [8]).

We need the following result for the existence of solutions of certain varia-
tional inequalities which Jung and Sahu [8] established recently.

Theorem JS. ([8, Theorem 3]) Let E be a reflexive Banach space having a
weakly sequentially continuous duality mapping J, with gauge function ¢. Let
C be a nonempty closed subset of £, A: C — C a continuous strongly pseudo-
contractive mapping with constant k € [0,1) and T : C — E a demicontinuous
pseudocontractive mapping such that the equation

x=tAz+ (1 —t)Tx

has a solution x; in C for each t € [0,1). Suppose the path {x.} is bounded.
Then we have the following:

(a) lim x; =27 exists,
t—0t

(b) Z is a fixed point of T and it is the unique solution of the variational
inequality:

(I—=A)z,J (T —v)) <0 forallv e F(T).

Remark 1. (1) Theorem JS supplements Theorem 3 of Morales and Jung [14],
where A = u is a constant.

(2) Theorem JS also generalizes Theorem 3.10 of O’Hara et al. [16] and
Theorems 3.1 of Xu [23] to the viscosity type method for the more general
class of nonself-mappings which include the class of nonexpansive mappings.

First, we consider the explicit viscosity iterative scheme: for @ the sunny
and nonexpansive retraction of £ onto C, T : C' — E nonexpansive non-self-
mapping and f € X,

rg € C
{%1 = QU S(an) + (1 AT 2

Proposition 3.1. Let E be a reflexive and strictly conver Banach space having
a weakly sequentially continuous duality mapping J, with gauge function . Let
C be a nonempty closed convex subset of E and T : C' — E a nonexpansive
nonself-mapping with F(T) # 0. Suppose that C is a sunny nonerpansive
retract of E with Q as the sunny nonexpansive retraction. Let f € Yo and let
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{z,} be the sequence generated by (3.2). Let {\,} be a sequence in (0,1) which
satisfies the condition:

(C1) limy, oo Ay, =0
and it a Banach limit. Then
pn (I = FIP(S)), Jo(P(f) = 20))) <0,

where P : ¢ — F(T) is defined by P(f) = lim;_ g+ ; and x; is defined by
xp=1tf(xe) + QTxy, 0 <t <1.

Proof. Let {x:} be the net generated by
Ty = tf(l’t) + (1 — t)QTIt, 0<t<l. (33)

Since QT is a nonexpansive mapping from C' into itself, by Theorem JS with
A = f a contraction and Lemmas 2.3 and 2.4, there exists lim; o z; € F(QT) =
F(T). Denote it by P(f). This implies that P is a mapping from ¢ onto F(T).
Moreover P(f) is a solution of the variational inequality

(I =NP(f)Jo(P(f) —v)) <0, feXc, veF(T).
From (3.3), we have

[2r = @piall = [[(1 = )(QTzy — @pi1) + t(f () — Tns1) .
Applying Lemma 2.1, we have

(lze — wnpall) < @((1 = DQTz, — zpsall)

T+ t(f(2)) — Tng1, Jo (T — Tngr))- (3.4)

Let p € F. Now
[z = pll <t f () = pll + (1 = )[|QTz, — QTp||
< tlf (@) = pll + (1 = )]z — pll.
This gives that

lze —pll < If(ze) = pll <[ f(2e) = fFP) + [|f(p) — Pl
< klz: —pll + I f(p) —pl,

and so |lz; — pl| < 7211/ (p) — pl|- Hence {z;} is bounded, so are {f(z;)} and

Now we show that ||z, — z|| < max{||zo — 2|, 2% [|f(2) — 2[|} for all n > 0
and all z € F(T) and so {x,} is bounded. For p € F(T), we also have

1
lzn = pll < max{|lzo —pll, 7= /() = pII}
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for all n > 0. Indeed, let p € F(T) and d = max{||lzo — p||, %[ f(p) — »|}.
Then by the nonexpansivity of 7" and f € X¢,

21 = pll = [|Q(Xof (o) + (1 = Ao)Txo) — Qpl|
< (1 =20)[Txo — Tpl| + Aol f (o) — P
(1= 2o)llzo — pll + Ao (lLf (zo) — () + 1 (p) — pI)
(1 =2o)llwo = pll + Xo(Kllzo — pll + I £ (p) — pI)
(1=(1=K)X)d+ (1 —k)d=d.
Using an induction, we obtain

|ntr —pll <d, n>0.

Hence, it follows that {z,} is bounded, and so are {QT'z,} and {f(z,)}. Asa
consequence with the control condition (C1), we get

[Zn+1 — QT zn|| < Antr||Tzy — f(zn)| = 0 (n— 00).
Observe also that

IANIAIA

1QTz: — zpia || < llze — 2ol + en,
where e, = ||zp+1 — QT x,|| — 0 as n — oo, and
(f(@1) = g1, Jp (e — an1)) = (f(2e) — 2, Jo (0 — Tng1))
+ e = Zngallellze — Tnsal])-
Thus it follows from (3.4) that
([lze — zngall) < (L =) ([lwr — zall + €n))

+t{f(@e) — 24, Jp(Tt — Tnt1)) (3.5)
+ tlze — zngalle(lee — Tnaal])

Applying the Banach limit p to (3.5), we have

(@ (0 = 1)) < pin (@((1 = ([0 — 20| + n))

+tpn ((f () = 20, Jp (@1 — 1)) (3.6)
+ tpn(llze — ngallo(lze — znall))

and it follows from (3.6) that

pn (e = f(21), Jp(20 — 20)))
<

1

TAn(@((1 = B)llze = zall) = (|2 — za]]))

+inlllze = zngalle(lze = znial)

1 lze—an |
= _t“”{/ (p(T)dT}
(I=t)lze—zn |l

+in(2e = znpallo(lze — zniall))
= pin(lze — zall(p([lzr — znll) = #(70)));

(3.7)
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for some 7, satisfying (1 — t)||zt — xn|| < 70 < ||zt — 2, ]|. Since ¢ is uniformly
continuous on compact intervals of R,

[z = nll = 70 < t|ze — 20

2
<t( 20 = o+ o=l ) =0 st 0),
we conclude from (3.7) that

pn(((L = F)P(f))Jo(P(f) = 2n)))
< hmsuPMn(<xt - f(xt)7 Jtp(xt - xn)>) <0,

t—

where P : ¢ — F is defined by P(f) = lim;_q 4. O

Recall that the sequence {z,, } in F is said to be weakly asymptotically reqular
if
w— lim (2p41 —xy) =0, thatis, z,41 — 2, =0
n—oo
and asymptotically regular if

lim ||zp41 — || =0,
n—oo

respectively.
Using Proposition 3.1, we give the following main result.

Theorem 3.2. Let E be a reflexive and strictly convex Banach space having a
weakly sequentially continuous duality mapping J, with gauge function ¢. Let
C be a nonempty closed convexr subset of E and T : C' — E a nonexpansive
nonself-mapping with F(T) # 0. Suppose that C is a sunny nonerpansive
retract of E with @ as the sunny nonexpansive retraction. Let f € Yo and let
{zn} be the sequence generated by (3.2). Let {\,} be a sequence in (0, 1) which
satisfies the conditions:

(C1) limy,— 00 Ay, = 0;

(C2) 30igAn = 0.
If {x,} is weakly asymptotically regular, then {x,} converges strongly to P(f)
€ F(T), where P(f) is the unique solution of the variational inequality

(I =HP), Jo(P(f) —v)) <0, feZa, veF(T).
Proof. Let x; be defined by (3.3), that is, x; = t f(z¢)+(1—-t)QTx, for 0 < ¢ < 1
and lim,_.o z; := P(f) € F(QT) = F(T) (by using Theorem JS with A = f a
contraction and Lemmas 2.3 and 2.4). Then P(f) is a solution of a variational
inequality

(I = NP, Jo(P(f) =v)) <0 feXe, veF(T).
We proceed with the following steps:

Step 1. We show that ||z, — 2| < max{|zo — z||, T2¢[|f(z) — 2|/} for all

n > 0 and all z € F(T) as in the proof of Proposition 3.1. Hence {z,} is
bounded and so are {QTx,} and {f(zn)}.
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Step 2. We show that limsup,,_, (I — f)(P(f)), Jo(P(f) —zn)) <0. To
this end, put
an = (I = F)(P(f)), Jo(P(f) —xn)), n=1.
Then Proposition 3.1 implies that p,(a,) < 0 for any Banach limit u. Since

{xn} is bounded, there exists a subsequence {x,,} of {z,} such that

limsup(an41 — an) = lim (an, 41 — an,)
j—o0

n—oo

and x,; — ¢ € E. This implies that x,, 11 — ¢ since {z,} is weakly asymp-
totically regular. From the weak sequential continuity of duality mapping J,
we have

w — lim JsO(P(f) _wanrl) =w — lim Jsa(P(f) _xnj> = Jw<P(f) -q),

j—o0 j—o0
and so

lim sup(an 1 — ay)
n—oo

= fim (I = AP Jo(P(F) = @ny41) = Jo(P(f) = 2a;)) = 0.
Then Lemma 2.2 implies that limsup,,_, ., an < 0, that is,

Step 3. We show that lim,_, ||z, — P(f)|| = 0. As a matter of fact, we
have

Tn+1 — P(f) = Tn41 — ()‘nf(xn) + (1 - An)P(f)) + )‘n(f(xn) - P(f))
+ A (f(@n) = F(P(S)) + Aa(f(P(S)) = P(f))-

As a consequence, since ® is an increasing convex function with ®(0) = 0, by
applying Lemma 2.1, we obtain

(||lzps1 =PI

S O(|QAnS (zn) + (1 = An)T2n) — Q(Anf (2n) + (1 = An) P(f))

+ A (@n) = (PO

+ A <f( () = P(f), Jp(@n1 = P(f)))

< (1 - )IITa:n—P(f)IHkanllxn PHID
+ M (f(P(f) = P(f), Jo(xni1 — P(f)))

< (=1 =k)A)®([lzn = P
+ A (f(P(f) = P(f), Jo(ns1 — P(f)))-

Put

= (1= k) and 6, = (I = PP, To(P(f) — 1)
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From (C1), (C2) and Step 2, it follows that o, — 0, Y .2 , = oo and
lim sup,,_, o, 6n < 0. Since (3.8) reduces to

O(lznr = PN < (1 = an)@(flzn — P(F)]) + andn,

from Lemma 2.5, we conclude that lim,_.. ®(||lz, — Q(f)]]) = 0, and thus
lim,, o0 €, = P(f). This completes the proof. a

Corollary 3.3. Let E be a reflexive and strictly conver Banach space having a
weakly sequentially continuous duality mapping J, with gauge function ¢. Let
C be a nonempty closed convex subset of E and T : C' — E a nonexpansive
nonself-mapping with F(T) # 0. Suppose that C is a sunny nonerpansive
retract of E with @ as the sunny nonexpansive retraction. Let f € Yo and let
{zn} be the sequence generated by (3.2). Let {\,} be a sequence in (0, 1) which
satisfies the conditions:

(C1) limy oo Ap = 0;

(C2) >0 ) An = 00.
If {xy} is asymptotically regular, then {x,} converges strongly to P(f) € F(T),
where P(f) is the unique solution of the variational inequality

(L= NP, Jo(P(f) —v)) <0, feXeo, veF(T).

Remark 2. If {\,} in Corollary 3.3 satisfies conditions (C1), (C2) and

(C3) >0 A1 — An| < 005 or

(C4) lim,,— ﬁ =1 or, equivalently, lim, )‘")\_nii’;“ =0;
or the perturbed control condition:

(C5) [Ant1 — Anl S0(Ang1) + 00, Dopegon < 00,
then the sequence {z,} generated by (3.2) is asymptotically regular. Now we
give only the proof in case when {\,} satisfies the conditions (C1), (C2) and
(C5). By Step 1 above, there exists a constant L > 0 such that for all n > 0,

[f(@n)l| + | Tznll < L.
So we obtain, for all n > 0,

(e
=[QNnf(zn) + (1 = Ap)Txy)
- Q()‘n—lf(xn—l) + (1 - /\n—l)Txn—l)H
<1 =M)Txp — Txp—1) (3.9)
+ (A = A1) (f(@n—1) = Tan-1) + A (f(2n) — flzn=1))l
(1 - )‘n)Hwn - xnflll + L|>‘n - )‘n71| + k>‘n||xn - mnle

<
< (A=A =k)A)lzn — 2l + (o(An) + 0p—1) L.
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By taking s,11 = ||Tnt1 — Znll, an = (1 — k)M, anfn = o(A\,)L and v, =
On—1L, from (3.9) we have

Spr1 < (1 - an)sn + Oén/Bn + Y-
Hence, by (C1), (C2), (C5) and Lemma 2.5,
nlggo Znt+1 — zall = 0.

In view of this observation, we have the following:

Corollary 3.4. Let E be a uniformly convexr Banach space having a weakly
sequentially continuous duality mapping J, with gauge function ¢. Let C be a
nonempty closed convex subset of E and T : C — E a nonexpansive nonself-
mapping with F(T) # 0. Suppose that C is a sunny nonerpansive retract of
E with Q as the sunny nonexpansive retraction. Let f € Yo and let {x,}
be the sequence generated by (3.2). Let {\,} be a sequence in (0,1) which
satisfies the conditions (C1), (C2) and (C5) (or the conditions (C1), (C2) and
(C3), or the conditions (C1), (C2) and (C4)). Then {x,} converges strongly to
P(f) € F(T), where P(f) is the unique solution of the variational inequality

(I =NP()), Jo(P(f) —v)) <0, feXeo, veF(T).

Remark 3. (1) Theorem 3.2 is a supplement of Theorem 2.4 of Song and Chen
[19] by using the weak asymptotic regularity on {x, } instead of the condition
(C3) 30 o lant+1 — ap| < 0o without the weak inwardness condition on 7.

(2) Theorem 3.2 also develops Theorem 4.2 of Matsushita and Takahashi [12]
to the viscosity iteration method in different Banach spaces together with the
weak asymptotic regularity on {z,} instead of the condition (C3) >~ |41 —
ap| < oc.

(3) The condition (C5) on {\,} in Corollary 3.4 is independent of condition
(C3) or (C4) in Remark 2, which Theorem 2.4 of Song and Chen [19] has used.
For this fact, see [2, 6].

(4) Theorem 3.2 generalizes Theorem 3.2 of Xu [22] to the case of nonself-
mappings.

Next, we consider the implicit viscosity iterative scheme. Let @ be the sunny
nonexpansive retraction of £ onto C' and T : C — FE nonexpansive mapping
and f € ¥¢. Following Marino and Trombetta [11], we define the contraction
S, := S/ from C into itself by

Six=Qtf(z)+ (1 —-t)Tx), xeC.

Then Banach’s contraction principle yields a unique point x; € C that is fixed
by S, that is, we have the implicit viscosity iterative scheme

we = Q(tf(xe) + (1 — )Tzy). (3.10)
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By using directly the proof of Theorem 2.2 in Song and Chen [19] together
with Lemma 2.4 and Lemma 2.5, we have the following result:

Theorem 3.5. Let E be a reflexive and strictly conver Banach space having
a weakly sequentially continuous duality mapping J, with gauge function .
Let C' a nonempty closed convex subset of E and T : C — E a nonezxpansive
nonself-mapping with F(T) # 0. Suppose that C is a sunny nonerpansive
retract of E with Q as the sunny nonexpansive retraction. For each t € (0,1)
and f € E¢, let {x:} be the net generated by (3.10). Then {z:} converges
strongly as t — 0 to a fized point of T. If we define R: Yo — F(T) by

R(f) = Pr%xtv f6207
then R(f) is the unique solution of the variational inequality
(I = F)R()): Jo(B(f) —p)) <0, feXe, peF(T).

Proof. Let z; be defined by (3.10), that is, z; = Q(¢f(x¢) + (1 — t)Txy) for
0 <t < 1. Asin the proof of Theorem 2.2 in [19], we have ||z; — QT x| — 0 as
t — 0. Note that F(T) = F(QT) by Lemmas 2.4 and 2.5. Then the remainder
of the proof follows from the proof of Theorem 2.2 in [19]. O

Remark 4. (1) Theorem 3.5 is a complement of Theorem 2.2 of Song and Chen
[19] without the weak inwardness condition on T

(2) Theorems 3.5 also generalizes Theorem 4.1 of Xu [22] (and Theorem 2
of Moudafi [15]) to the class of nonself-mappings.

(3) Theorem 3.5 extends Theorem 4 of Jung and Kim [7] and Theorem 3
of Xu and Yin [24] to the viscosity iteration method for the class of mappings
which needn’t satisfy the weak inwardness condition.

Acknowledgements. The author wish to thank the referee for his careful
reading and helpful comments on the manuscript.
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