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GENERALIZED F-IMPLICIT MULTIVALUED VARIATIONAL
INEQUALITY PROBLEMS AND COMPLEMENTARITY
PROBLEMS

ByuNnGg-Soo LEe*, M. FIRDOSH KHAN, AND SALAHUDDIN

ABSTRACT. In this paper, we study generalized F-implicit multivalued
variational inequality problems on a real normed vector space setting. As
an application, we study generalized F-implicit multivalued complemen-
tarity problems.

1. Preliminaries

Let X be a real normed vector space with a dual space X* and (-,-) be
the dual pair of X* and X. Let X and X™* be endowed with their respective
norm topologies. Let K be a nonempty closed convex subset of X. A function
F: K — R and mappings ¢ : K — K, T, A : K — 2% are assumed to be
given. The generalized F-implicit multivalued variational inequality problem
(in short, GF-IMVIP) is finding an z* € K such that

sup  (N(s,1), g(x) —g(z7)) = F(g(z7)) = F(g(z)) for z € K, (1.1)
sE€EA(x*), teT (x*)
where N : X* x X* — X™* be a mapping.
A solution of (1.1) is called a weak solution in the sense that if A and T
have compact set-values, then for each x € K there are s € A(z*), t € T(x*)
(depending on z) such that

(N(s,t), g(x) —g(z")) = F(g(z")) — F(g(x)).

In contrast, we say that z* is a strong solution of (1.1) if there exist s* € A(z*),
t* € T(x*) such that

(N(s",t"), g(z) - g(a*)) > Flg(a") - F(g(x)) for o € K.
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The following generalized F-implicit multivalued complementarity problem
(GF-IMCP) corresponding to (GF-IMVIP) is also considered as an applica-
tions:

Find 2* € K, s* € A(z*) and t* € T'(z*) such that

(N(s17), g(z%)) + F(g(z")) = 0

and
(N(s*,t"), g(v)) + F(g(y)) > 0forye K.

Remark 1.1. The following are some special cases of (GF-IMVIP) and (GF-
IMCP).
1. If T = 0, then (1.1) is equivalent to finding z* € K and s € A(z*) such
that
sup )<N(8,N(S)), g(x) —g(a")) = F(g(z¥)) - F(g(x)) for z € K, (1.2)
sEA(x*
where N : X* — X* is a mapping.
2. If N is an identity mapping and g(x) = x, then (1.2) is collapse to the
problem of finding z* € K, s € A(z*) such that
sup (s, z —g(z¥)) > F(g(z*)) — F(x) for z € K, (1.3)
sEA(x*)
introduced by Zeng et al. [11].

3. If A is single valued, then (1.3) is equivalent to finding «* € K such
that

(T(z"), = —g(z")) = F(g(z")) — F(x) for z € K,
introduced and studied by Huang and Li [5] in a Banach space setting.

4. If T =0, N is an indentity and g(y) = y for y € K, then (GF-IMCP)
reduces to finding 2* € K and s* € A(z*) such that

(s*,9(z")) + F(g(z")) = 0
and
(s, y) + F(y) > 0fory € K,

considered in [11].
5. There are also other special cases in [3, 4, 7-10].

There have been many reseaches on variational inequality problems and their
corresponding complementarity problems, for examples, see [4, 7, 8, 11]. In this
work, we aim to derive some existence results for weak and strong solutions of
(GF-IMVIP) and corresponding results to (GF-IMCP).

The following theorems are essential for our researches.

Berge Theorem ([1]). Let X, Y be topological spaces, ¢ : X x Y — R be
an upper semicontinuous function and A : X — 2Y be an upper semicontin-
wous mapping with nonempty compact values. Then a function M defined by
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M(z) = ma(x) o(x, 8) is upper semicontinuous on X.
sEA(x

Fan’s Lemma ([2]). Let K be a nonempty subset of a Hausdorff topological
vector space X. Let G : K — 2% be a KKM mapping such that for any y € K,
G(y) is closed and G(y*) is compact for some y* € K. Then there exists
x* € K such that * € G(y) for ally € K.

2. (GF-IMVIP)
Now, we consider the existence results of solutions for (GF-IMVIP).

Theorem 2.1. Let a function F : K — R be lower semicontinuous, a mapping
g : K — K be continuous and A, T : K — 2X" be upper semicontinuous
mappings with nonempty compact values. Let a mapping N : X* x X* — X*
and a function h : K x K — R be given. Suppose that

(1) h(z,xz) >0 for allz € K,
(2) for each v € K, there are s € A(x) and t € T(x) such that for all
y €K,
h(z,y) = (N(s,1),9(y) = g(x)) < Flg(y)) — Flg(x)),

(3) for each x € K, the set {y € K : h(z,y) < 0} is convez,
(4) there is a nonempty compact convex subset C of K such that for every
x € K\C, there is y € C such that for some s € A(z), t € T'(z),

(N(s,1),9(y) —g(z)) < F(g(z)) — F(g(y)).

Then there exists x* € K which is a solution of (GF-IMVIP).
Furthermore, the solution set of (GF-IMVIP) is compact.

Proof. Define Q : K — 2¢ by
Qy) = {x eC

for all y € K. By the Berge Theorem, we know that the function
(N(s,1), 9(y) — g(x)) — F(g(x)) + F(g(y))

bealBm W (1), 9ly) —g(@) = Flg(@)) *F(g(y))}

€T — max
s€A(x), teT ()

is upper semicontinuous on K. Hence the set
: — > —
{rer: _ max (NG0), o) ~9()) > Flo@)) - Flo(y) |
is closed in K and for each y € K, the set
= N - > -
) ={ee0: _ max (N1, o)~ o) > Flo() ~ Flol) |

is compact in C' due to the compactness of C.
Next, we claim that a family {Q(y) : y € K} has the finite intersection

property, then the whole intersection (] Q(y) is nonempty and any element in
yeK
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the intersection [ 2(y) is a solution of (GF-IMVIP). For any given nonempty
yeK

finite subset L of K, let C, = Co(C'UL), the convex hull of CUL. Then Cy, is
a compact convex subset of K. Define mappings P, Q : C, — 2=, respectively,
by

P)={reCi: _ max (N(s). gy) (=) > Flo(x)) - Flo(w))}

and
Qy) = {x eCL: h(z,y) > O} fory € Cp.
It is obvious that y € P(y) for y € Cr. Indeed,

0= (N(s,t),9(y) —9(y)) > F(g(y)) — F(g(y)) =0

for all s € A(x), t € T(z).

It is easily shown that @ has closed set-values in C,. Since for each y € Cp,
Q(y) = P(y) N C, if we prove that the whole intersection of the family {P(y) :
y € Cr} is nonempty, then we can deduce that the family {Q(y) : y € K} has
the finite intersection property from the fact that L C Cp, and condition (4).
In order to deduce the conclusions of our theorem, we apply Fan’s lemma by
showing that P is a KKM mapping. Indeed, if P is not a KKM mapping, then
Q is also not from the fact that Q(y) C P(y) for each y € C, by condition (2).
Then there is a nonempty finite subset M of Cf, such that

CoM ¢ | ) Qu).
ueM
Thus there is an element u* € CoM C Cf such that uv* ¢ Q(u) for all
u € M, that is, h(u*,u) < 0 for all w € M. By condition (3), we have

u*€CoM C{ue K: h(u*,u) <0}

and hence h(u*,u*) < 0, which contradicts condition (1). Hence @ is a KKM-
mapping and so is P. Therefore there exists z* € K, which is a solution of
(GF-IMVIP).

Finally, to see that the solution set of (GF-IMVIP) is compact, it is sufficient
to show that the solution set is closed, due to the coercivity condition (4). To
this end, let B denote the solution set of (GF-IMVIP). Suppose that (z,) is
a sequence in B converging to some u. Fix any z € K. For each n, there are
Sn € A(zy,), t, € T(xy,) such that

(N(sntn), g(x) —g(xn)) = Flg(xn)) — F(g(z)). (2.1)

Since T is an upper semicontinuous mapping with compact set-values and

the set {z,, : n € N} U {u} is compact, it follows that T({z,, : n € N} U {u})

is compact [1]. Therefore without loss of generality, we may assume that the

sequences (s, ) and (t,,) converge to some s and ¢, respectively. Then s € A(u),
t € T(u) and by taking the limitinf in (2.1), we obtain

(N(s,1), g(x) = g(u)) = Flg(u)) - F(g()).
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Hence u € B, which shows that B is closed. O

Remark 2.1. f A=0, N : X* — X* is an identity and g(x) = z for all x € K,
then Theorem 2.1 reduces to Theorem 2.1 in [11]. Moreover, if T is single

valued and X is a Banach space, then Theorem 2.1 reduces to Theorem 3.2 in
[5].

Theorem 2.2. Under the assumptions of Theorem 2.1 if, in addition, F is
conver and A(x*), T(z*) are convex, then x* is a strong solution of (GF-
IMVIP), that is, there exists s* € A(x*), t* € T'(z*) such that

(N(s",t%), g(x) —g(z")) = F(g(z")) — F(g(x))
for all x € K. Furthermore, the set of all strong solutions of (GF-IMVIP) is
compact.

Proof. For z* € K satisfying (1.1), since A(z*) and T'(z*) are compact, the
supremum is attained. That is,

(N(s,t), g(x) = g(z%)) = F(g(z")) = F(g(x))

for all x € K. Since A(z*), T(z*) are convex, by Kneser’s minimax theorem
[6] we have

SEA(wr*r)li)éT(w*) aalglf(uv(s’ t)’ g(fr)—g(x*»—F(g(m*))+F(g(x))

= inf | omax (NG9, g(2) - 9(a") - Flo(e) + Flo(@) > 0.

Therefore, there exists s* € A(xz*), t* € T'(2*) such that
(N(s",t7), g(x) —g(z")) = F(g(z")) — F(g(x))
for all x € K. Hence z* is a strong solution of (GF-IMVIP). By the same

argument shown in the proof of Theorem 2.1, the set of all strong solutions is
compact. O

max
sEA(x*), teT (x*)

Remark 2.2. If A = 0, N is an identity and g(x) = « for all z € K, then
Theorem 2.2 reduces to Theorem 3.2 in [11]. Moreover, if T is single valued X
is a Banach space, then Theorem 2.2 reduces to Theorem 3.4 in [5].

Theorem 2.3. Let F' : K — R be conver and lower semicontinuous on any
nonempty compact set, and g : K — K and N : X* x X* — X* be continuous.
Let mappings A, T : K — 2% be upper semicontinuous and have nonempty
compact set-values. If

(1) for each x € K, there are s € A(x), t € T(x) such that for ally € K
(N(s,t), g(y) = 9(x)) + Fg(y)) — Flg(z)) = 0,

(2) there is a nonempty compact convex subset C' of K such that for every
x € K\C, there is a y € C such that for some s € A(z), t € T(z)

(N(s,t), g(y) —g(z)) < F(g(x)) — F(g(y))-



376 BYUNG-SOO LEE, M. FIRDOSH KHAN, AND SALAHUDDIN

Then there exists an x* € K which is a solution of (GF-IMVIP). Furthermore,
the solution set of (GF-IMVIP) is compact. If in addition, A(z*), T(x*) are
also convez, then x* is a strong solution of (GF-IMVIP).

Proof. For a nonempty finite subset L of K, let C, = Co(C' U L), then C, is
a nonempty compact convex subset of K. Define P : C, — 2T as

Ply)={reCu: _ max  (Ns1), gly) ~g(e)) > Flo(x)) ~ Flo(w)) |

and for each y € K, let

= : — — > .
) ={re0: _ max (Ns1), o)~ o) + Flolw) ~ Flg(x) = 0}

For each x € K, P(z) is nonempty by condition (1). By the Berge Theorem,
we know that for each y € Cp, P(y) is closed in C, and for each y € K, Q(y)
is compact in C. Next we claim that P is a KKM-mapping. Indeed, if not,

there is a nonempty finite subset M of Cy, such that CoM ¢ |J P(z). Then
zeM
there is an z* € CoM C Cp, such that

(NG, g(@) — g(a) < Fla(a')) - Flg(a). for alla € .

Since F' is convex, the mapping

T ammex (N, 1), g(z) = 9(@) + Flg(w))

is quasiconvex on C,. Hence we can deduce that

N(s,t), *)—g(z")) < F(g(z*)) — F(g(z")),
seA(acr*I)li}éT(x*)< (s,t), g(@*) —g(a")) < F(g(z")) — F(g(z"))
which contradicts condition (1). Therefore P is a KKM mapping and by Fan’s

lemma we have () P(x)# (. Let
zeCr,

u € m P(z),

zeCr,

then u € C by condition (2). Hence we have

2y = [ PyNC # 0,

yeL yeL

for any nonempty finite subset L of K. Therefore, the whole intersection
N Qy) is nonempty. Let z* € [ Q(y). Then z* is a solution of (GF-
yeK yeK

IMVIP). Since C' is compact, the solution set of (GF-IMVIP) is compact. Fi-
nally, if T'(z*) is also convex, then by the same argument shown in the proof

of Theorem 2.2, we can prove that z* is a strong solution of (GF-IMVIP). O
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3. (GF-IMCP)

We first establish the equivalence between strong solutions of (GF-IMVIP)
and solutions of (GF-IMCP) on a closed convex cone K in X. The set K is
assumed to be a closed convex cone in X.

Theorem 3.1. (i) If z* solves (GF-IMCP), then z* is a strong solution
of (GF-IMVIP);
(ii) If F : K — R is a positive homogeneous and convex function and x* is

a strong solution of (GF-IMVIP), then z* solves (GF-IMCP).
Proof. Let z* solve (GF-IMCP), then for 2* € K, s* € A(z*) and t* € T'(z*),

we have
(N(s*,t7), g(a")) + F(g(z¥)) = 0

and
" (N(s*,t%), g(z)) + F(g(z)) > 0forz € K.

(N(s%,t"), g(x) —g(z)) = F(g(z)) = F(g(x)) for x € K.

Thus z* is a strong solution of (GF-IMVIP).
(ii) Let * be a strong solution of (GF-IMVIP) then there exist s* € A(z*),
t* € T'(z*) such that

(N(s,t7), g(z) —g(z")) = F(g(z")) — F(g(x)) for z € K. (3.1)
Since F': K — R is a positive homogeneous and convex function and set K
1
is a closed convex cone in X, substituting g(x) = 2¢g(z*) and g(z) = ig(x*) in

(3.1), we obtain
(N(s17), g(z7)) = —F(g(z"))

(N(s"17), g(z%)) < —F(g(z")),

and

which implies that
(N(s",t7), g(z)) + F(g(z")) = 0. (3.2)
Combining (3.1) and (3.2), we have
(N(s*,t%), g(z))+ F(g(z)) > 0forz € K.
Hence z* is a solution of (GF-IMCP). O
Remark 3.1. If T =0, N is an indentity and g(y) = y for y € K, then Theorem

3.1 reduces to Theorem 3.1 considered in [11]. Moreover, if A is single-valued
and X is a Banach space, then we obtain Theorem 3.1 considered in [5].

Theorem 3.2. Let the assumptions of Theorem 2.1 hold. In addition, if F :
K — R is a positive homogeneous and convex function and A, T have convex
set-values, then (GF-IMCP) has a solution. Furthermore the solution set is
compact.

Proof. Applying Theorems 2.2 and 3.1, we obtain the conclusion. (]
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Similarly by combining Theorems 2.3 and 3.1, we have the following result.

Theorem 3.3. Let the assumptions of Theorem 2.3 hold. In addition, if I :
K — R is a positive homogeneous function and A, T have convex set-values,
then (GF-IMCP) has a solution. Furthermore the solution set is compact.

Remark 3.2. If A = 0, N is an identity and g(z) = z for all z € K, then
Theorem 3.3 reduces to Theorem 3.3 in [11]. Moreover, if T is single-valued
and X is a Banach space, then Theorem 3.3 reduces to Theorem 3.3 in [5].
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