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APPROXIMATING COMMON FIXED POINTS OF ONE-STEP
ITERATIVE SCHEME WITH ERROR FOR NON-SELF

ASYMPTOTICALLY NONEXPANSIVE IN THE
INTERMEDIATE SENSE MAPPINGS

Gurucharan Singh Saluja and Hemant Kumar Nashine

Abstract. In this paper, we study a new one-step iterative scheme with
error for approximating common fixed points of non-self asymptotically

nonexpansive in the intermediate sense mappings in uniformly convex Ba-

nach spaces. Also we have proved weak and strong convergence theorems
for above said scheme. The results obtained in this paper extend and

improve the recent ones, announced by Zhou et al. [27] and many others.

1. Introduction and Preliminaries

Let E be a real Banach space and let K be a nonempty subset of E. Let
T : K → K be a mapping and F (T ) = {x : Tx = x} be the set of fixed points
of T .

A mapping T : K → K is called asymptotically nonexpansive if there exists
a sequence {kn} ⊂ [1,∞); kn → 1 as n → ∞ such that for all x, y ∈ K, the
following inequality holds:

‖Tnx− Tny‖ ≤ kn‖x− y‖, ∀n ≥ 1 (1)

T is called uniformly L-Lipschitzian if there exists a constant L > 0 such
that for all x, y ∈ K,

‖Tnx− Tny‖ ≤ L‖x− y‖, ∀n ≥ 1 (2)

T is called asymptotically nonexpansive type [11] if the following inequality
holds:

lim sup
n→∞

sup
y∈K

{
‖Tnx− Tny‖ − ‖x− y‖

}
≤ 0, (3)

for every x ∈ K, and that TN be continuous for some N ≥ 1.
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T is called asymptotically nonexpansive in the intermediate sense [1] if T is
uniformly continuous and

lim sup
n→∞

sup
x,y∈K

{
‖Tnx− Tny‖ − ‖x− y‖

}
≤ 0. (4)

T : K → E is called completely continuous [20] if for all bounded sequence
{xn} ⊂ K there exists a convergent subsequence of {Txn}.

Recall that a Banach space E is called uniformly convex [13] if for every
0 < ε ≤ 2, there exists δ = δ(ε) > 0 such that ‖x+y

2 ‖ ≤ 1 − δ for every
x, y ∈ SE and ‖x− y‖ ≥ ε, SE = {x ∈ E : ‖x‖ = 1}.

A Banach space E is said to be smooth [27] if

lim
t→0

‖x+ ty‖ − ‖x‖
t

exists for all x, y ∈ SE , SE = {x ∈ E : ‖x‖ = 1}.
The class of asymptotically nonexpansive maps was introduced by Goebel

and Kirk [8] as an important generalization of the class of nonexpansive maps
(i.e., mappings T : K → K such that ‖Tx− Ty‖ ≤ ‖x− y‖, ∀x, y ∈ K) who
proved that if K is a nonempty closed convex subset of a real uniformly convex
Banach space and T is an asymptotically nonexpansive self-mapping of K, then
T has a fixed point.

Iterative techniques for approximating fixed points of nonexpansive map-
pings and asymptotically nonexpansive mappings have been studied by various
authers (see e.g., [2], [3, 4], [6], [10], [16], [17], [18], [19], [20, 21], [24], [25, 22, 23,
26]) using the Mann iteration method (see e.g., [12]) or the Ishikawa iteration
method (see e.g., [9]).

In [20, 21], Schu introduced a modified Mann process to approximate fixed
points of asymptotically nonexpansive self-maps defined on nonempty closed
convex and bounded subsets of a Hilbert space H.

In 1994, Rhoades [19] extended the Schu’s result to uniformly convex Banach
space using a modified Ishikawa iteration method.

In all the above results, the operator T remains a self-mapping of a nonempty
closed convex subset K of a uniformly convex Banach space. If, however, the
domain of T , D(T ) is a proper subset of E (and this is the case in several
applications), and T maps D(T ) into E, then the iteration processes of Mann
and Ishikawa studied by these authors; and their modifications introduced by
Schu may fail to be well defined.

In 2003, Chidume et al [5] studied the iterative scheme defined by

x1 ∈ K,

xn+1 = P ((1− αn)xn + αnT (PT )n−1xn), n ≥ 1, (5)

in the framework of uniformly convex Banach space, where K is a closed convex
nonexpansive retract of a real uniformly convex Banach space E with P as a
nonexpansive retract. T : K → E is an non-self asymptotically nonexpansive
with sequence {kn} ⊂ [1,∞), kn → 1 as n→∞. {αn}∞n=1 is a real sequence in
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[0, 1] satisfying the condition ε ≤ αn ≤ 1− ε for all n ≥ 1 and for some ε > 0.
They proved strong and weak convergence theorems for non-self asymptotically
nonexpansive maps.

In 2004, Chidume et al [7] studied the iterative scheme defined by

x1 ∈ K,

xn+1 = P ((1− αn)xn + αnT (PT )n−1xn), n ≥ 1, (6)

in the framework of uniformly convex Banach space, where K is a closed convex
nonexpansive retract of a real uniformly convex Banach space E with P as a
nonexpansive retract. T : K → E be non-self asymptotically nonexpansive
in the intermediate sense mapping and {αn}∞n=1 is a real sequence in [0, 1]
satisfying the condition ε ≤ αn ≤ 1− ε for all n ≥ 1 and for some ε > 0. They
proved strong and weak convergence theorems for said mapping.

Recently, Zhou et al. [27] gave a new iterative scheme for approximating
common fixed point of two non-self asymptotically nonexpansive mappings with
respect to P and proving some strong and weak convergence theorems for such
mappings in uniformly convex Banach spaces.

The aim of this paper is to study the approximating common fixed point of
two non-self asymptotically nonexpansive in the intermediate sense mappings
with respect to P and to prove weak and strong convergence theorems, and
to define one-step iterative scheme with error which modified Zhou et al. [27]
iteration scheme as follows:

Let E be a real normed linear space and let K be a nonempty closed convex
subset of E. Let P : E → K be the nonexpansive retraction of E onto K
and let T1, T2 : K → E be two non-self asymptotically nonexpansive in the
intermediate sense mappings.

Algorithm 1.1. For a given x1 ∈ K, compute the sequence {xn} by the iter-
ative scheme

xn+1 = αnxn + βn(PT1)nxn + γn(PT2)nxn + λnun, ∀n ≥ 1, (7)

where {αn}, {βn}, {γn} and {λn} are real sequences in [0, 1] and satisfying
αn + βn + γn + λn = 1 and {un} is a bounded sequence in K. The iterative
scheme (7) is called the one-step iterative scheme with errors.

If λn = 0, then (7) reduces to the iterative scheme, defined by Zhou et
al. [27], as follows:

Algorithm 1.2. For a given x1 ∈ K, compute the sequence {xn} by the iter-
ative scheme

xn+1 = αnxn + βn(PT1)nxn + γn(PT2)nxn, ∀n ≥ 1, (8)

where {αn}, {βn} and {γn} are real sequences in [0, 1] and satisfying αn +βn +
γn = 1.
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A subset K of E is called retract of E if there exists a continuous mapping
P : E → K such that Px = x for all x ∈ K. Every closed convex subset of a
uniformly convex Banach space is a retract. A mapping P : E → K is called
retraction if P 2 = P . Note that if a mapping P is a retraction, then Pz = z
for all z in the range of P .

Let C,D be subsets of a Banach space E. Then a mapping P : C → D is
said to be sunny if P (Px + t(x − Px)) = Px, whenever Px + t(x − Px) ∈ C
for all x ∈ C and t ≥ 0.

Let K be a subset of a Banach space E. For all x ∈ K is defined a set IK(x)
by IK(x) = {x+ λ(y − x) : λ > 0, y ∈ K}.

A non-self mapping T : K → E is said be inward if Tx ∈ IK(x) for all x ∈ K,
and T is said to be weakly inward if Tx ∈ IK(x) for all x ∈ K.

A Banach space E is said to satisfy Opial’s condition [15] if for any sequence
{xn} in E, xn ⇀ x it follows that lim supn→∞ ‖xn − x‖ < lim supn→∞
‖xn − y‖ for all y ∈ E with y 6= x.

A mapping T : K → E is said to be demiclosed with respect to y ∈ E if for
each sequence {xn} in K and each x ∈ E, xn converging weakly to x and Txn

converging strongly to y, it follows that x ∈ K and Tx = y.

Now, we recall the well known concept and the following useful lemmas to
prove our main results:

Definition 1. ([27, Definition 1.5]) Let K be a nonempty subset of real normed
linear space E. Let P : E → K be nonexpansive retraction of E onto K.

(1) A non-self mapping T : K → E is called asymptotically nonexpansive
with respect to P if there exists a sequence {kn} ⊂ [1,∞) with kn → 1 as
n→∞ such that

‖(PT )nx− (PT )ny‖ ≤ kn‖x− y‖, ∀x, y ∈ K, n ≥ 1. (9)

(2) T is said to be uniformly L-Lipschitzian with respect to P if there exists
a constant L > 0 such that

‖(PT )nx− (PT )ny‖ ≤ L‖x− y‖, ∀x, y ∈ K, n ≥ 1. (10)

Lemma 1.3. ([23, Lemma 1]) Let {αn}∞n=1, {βn}∞n=1 be two sequences of non-
negative real numbers satisfying the inequality

αn+1 ≤ αn + βn, ∀n ≥ 1.

If
∑∞

n=1 βn <∞, then limn→∞ αn exists.

Lemma 1.4. ([14, Lemma 3]) Let E be a uniformly convex Banach space and
Br = {x ∈ E : ‖x‖ < r, r > 0}. Then there exists a continuous strictly
increasing convex function g : [0,∞)→ [0,∞) with g(0) = 0 such that

‖λx+ µy + ξz + νw‖2 ≤ λ‖x‖2 + µ‖y‖2 + ξ‖z‖2 + ν‖w‖2 − λµg(‖x− y‖)

for all x, y, z, w ∈ Br and λ, µ, ξ, ν ∈ [0, 1] with λ+ µ+ ξ + ν = 1.
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Lemma 1.5. ([27, Lemma 2.2]) Let E be a real smooth Banach space, let K
be a nonempty closed subset of E with P as a sunny nonexpansive retraction,
and let T : K → E be a mapping satisfying weakly inward condition. Then
F (PT ) = F (T ).

The following demiclosedness principle for non-self mapping follows from
([7], Theorem 3.5).

Lemma 1.6. Let E be a real smooth and uniformly convex Banach space and
K a nonempty closed convex subset of E with P as a sunny nonexpansive
retraction. Let T : K → E be a weakly inward and asymptotically nonexpansive
in the intermediate sense mapping with respect to P . Then I−T is demiclosed
at zero, that is, sequence {xn} converging weakly to x∗ and xn−Txn converging
strongly to 0 imply that Tx∗ = x∗.

Proof. Suppose that {xn} ⊂ K converges weakly to x∗ ∈ K and xn−Txn → 0
as n → ∞. We will prove that Tx∗ = x∗. Indeed, since {xn} ⊂ K, by the
property of P , we have Pxn = xn for all n ≥ 1 and so xn − PTxn → 0 as
n → ∞. By Chidume et al. [7, Theorem 3.5], we conclude that x∗ = PTx∗.
Since F (PT ) = F (T ) by Lemma 1.3, we have Tx∗ = x∗. This completes the
proof. �

2. Main results

In this section, we prove, weak and strong convergence theorems of one-step
iterative scheme with errors for two non-self asymptotically nonexpansive in
the intermediate sense mappings. In order to prove our main results, we need
the following definition and lemmas.

Definition 2. Let K be a nonempty subset of real normed linear space E. Let
P : E → K be nonexpansive retraction of E onto K.

(1) A mapping T : K → E is called non-self asymptotically nonexpansive
type with respect to P if the following inequality holds:

lim sup
n→∞

sup
y∈K

{
‖(PT )nx− (PT )ny‖ − ‖x− y‖

}
≤ 0, (11)

for every x ∈ K, and that TN be continuous for some N ≥ 1.
(2) T is called non-self asymptotically nonexpansive in the intermediate sense

with respect to P if T is uniformly continuous and

lim sup
n→∞

sup
x,y∈K

{
‖(PT )nx− (PT )ny‖ − ‖x− y‖

}
≤ 0. (12)

Remark 1. If T is self mapping, then P becomes the identity mapping, so that
(11) and (12) are reduced to (3) and (4), respectively.

Lemma 2.1. Let E be a uniformly convex Banach space, K be a nonempty
closed convex subset of E and T1, T2 : K → E be two non-self asymptotically
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nonexpansive in the intermediate sense mappings with respect to a nonexpansive
retraction P of E onto K. Put

An = max
{

sup
x,y∈K

(‖(PT1)nx− (PT1)ny‖ − ‖x− y‖), 0
}
, ∀n ≥ 1,

and

Bn = max
{

sup
x,y∈K

(‖(PT2)nx− (PT2)ny‖ − ‖x− y‖), 0
}
, ∀n ≥ 1,

such that
∑∞

n=1An < ∞ and
∑∞

n=1Bn < ∞, respectively. Suppose that {xn}
is the sequence defined by (7) with

∑∞
n=1 λn <∞. If F (T1) ∩ F (T2) 6= ∅, then

limn→∞ ‖xn − q‖ exists for any q ∈ F (T1) ∩ F (T2).

Proof. Let q ∈ F (T1)∩F (T2), using the fact that P is a nonexpansive retraction
and (7), then we have

‖xn+1 − q‖ = ‖αnxn + βn(PT1)nxn + γn(PT2)nxn + λnun − q‖
≤ αn‖xn − q‖+ βn‖(PT1)nxn − q‖+ γn‖(PT2)nxn − q‖

+λn‖un − q‖
≤ αn‖xn − q‖+ βn[‖xn − q‖+An] + γn[‖xn − q‖+Bn]

+λn‖un − q‖
≤ (αn + βn + γn)‖xn − q‖+ βnAn + γnBn + λn‖un − q‖
= (1− λn)‖xn − q‖+ βnAn + γnBn + λn‖un − q‖
≤ ‖xn − q‖+ βnAn + γnBn + λn‖un − q‖
= ‖xn − q‖+ tn (13)

where tn = βnAn + γnBn + λn‖un − q‖. Since
∑∞

n=1An <∞,
∑∞

n=1Bn <∞
and

∑∞
n=1 λn <∞, we see that

∑∞
n=1 tn <∞. It follows from Lemma 1.1 that

limn→∞ ‖xn − q‖ exists. This completes the proof. �

Lemma 2.2. Let E be a uniformly convex Banach space, K be a nonempty
closed convex subset of E and T1, T2 : K → E be two non-self uniformly L-
Lipschitzian and non-self asymptotically nonexpansive in the intermediate sense
mappings with respect to a nonexpansive retraction P of E onto K. Put

An = max
{

sup
x,y∈K

(‖(PT1)nx− (PT1)ny‖ − ‖x− y‖), 0
}
, ∀n ≥ 1,

and

Bn = max
{

sup
x,y∈K

(‖(PT2)nx− (PT2)ny‖ − ‖x− y‖), 0
}
, ∀n ≥ 1,

such that
∑∞

n=1An < ∞ and
∑∞

n=1Bn < ∞, respectively. Suppose that {xn}
is the sequence defined by (7) with the following restrictions:

(i)
∑∞

n=1 λn <∞,
(ii) 0 < lim infn αn, 0 < lim infn βn and 0 < lim infn γn.
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If F (T1) ∩ F (T2) 6= ∅, then

lim
n→∞

‖xn − (PT1)xn‖ = lim
n→∞

‖xn − (PT2)xn‖ = 0.

Proof. By Lemma 2.1 limn→∞ ‖xn − q‖ exists for any q ∈ F (T1) ∩ F (T2). It
follows that {xn − q}, {(PT1)nxn − q} and {(PT2)nxn − q} are bounded. Also
{un − q} is bounded by the assumption. We may assume that such sequences
belong to Br, where Br = {x ∈ E : ‖x‖ < r, r > 0}.

From (7), by the property of P and Lemma 1.2, we have

‖xn+1 − q‖2

= ‖[αnxn + βn(PT1)nxn + γn(PT2)nxn + λnun]− q‖2

= ‖αn(xn − q) + βn((PT1)nxn − q) + γn((PT2)nxn − q) + λn(un − q)‖2

≤ αn‖xn − q‖2 + βn‖(PT1)nxn − q‖2 + γn‖(PT2)nxn − q‖2

+λn‖un − q‖2 − αnβng(‖xn − (PT1)n‖)
= αn‖xn − q‖2 + βn[‖(PT1)nxn − q‖2 − ‖xn − q‖2] + βn‖xn − q‖2

+γn[‖(PT2)nxn − q‖2 − ‖xn − q‖2] + γn‖xn − q‖2 + λn‖un − q‖2

−αnβng(‖xn − (PT1)n‖) (14)

and

‖xn+1 − q‖2

≤ αn‖xn − q‖2 + βn‖(PT1)nxn − q‖2 + γn‖(PT2)nxn − q‖2

+λn‖un − q‖2 − αnγng(‖xn − (PT2)n‖)
= αn‖xn − q‖2 + βn[‖(PT1)nxn − q‖2 − ‖xn − q‖2] + βn‖xn − q‖2

+γn[‖(PT2)nxn − q‖2 − ‖xn − q‖2] + γn‖xn − q‖2 + λn‖un − q‖2

−αnγng(‖xn − (PT2)n‖). (15)

From (14);

‖xn+1 − q‖2

≤ αn‖xn − q‖2 + βn(‖(PT1)nxn − q‖+ ‖xn − q‖)(‖(PT1)nxn − q‖
−‖xn − q‖) + βn‖xn − q‖2 + γn(‖(PT2)nxn − q‖+ ‖xn − q‖)
(‖(PT2)nxn − q‖ − ‖xn − q‖) + γn‖xn − q‖2 + λn‖un − q‖2

−αnβng(‖xn − (PT1)n‖)
≤ αn‖xn − q‖2 + βn(‖(PT1)nxn − q‖+ ‖xn − q‖)

sup
x∈K

(‖(PT1)nx− q‖ − ‖x− q‖) + βn‖xn − q‖2

+γn(‖(PT2)nxn − q‖+ ‖xn − q‖) sup
x∈K

(‖(PT2)nx− q‖ − ‖x− q‖)

+γn‖xn − q‖2 + λn‖un − q‖2 − αnβng(‖xn − (PT1)n‖)
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≤ (αn + βn + γn)‖xn − q‖2 + βn(‖(PT1)nxn − q‖+ ‖xn − q‖)An

+γn(‖(PT2)nxn − q‖+ ‖xn − q‖)Bn + λn‖un − q‖2

−αnβng(‖xn − (PT1)n‖)
= (1− λn)‖xn − q‖2 + βn(‖(PT1)nxn − q‖+ ‖xn − q‖)An

+γn(‖(PT2)nxn − q‖+ ‖xn − q‖)Bn + λn‖un − q‖2

−αnβng(‖xn − (PT1)n‖)
≤ ‖xn − q‖2 + βn(‖(PT1)nxn − q‖+ ‖xn − q‖)An

+γn(‖(PT2)nxn − q‖+ ‖xn − q‖)Bn + λn‖un − q‖2

−αnβng(‖xn − (PT1)n‖)
≤ ‖xn − q‖2 + ηnAn + θnBn + λn‖un − q‖2

−αnβng(‖xn − (PT1)n‖) (16)

where ηn = βn(‖(PT1)nxn − q‖ + ‖xn − q‖) and θn = γn(‖(PT2)nxn − q‖ +
‖xn − q‖).

Then

αnβng(‖xn − (PT1)n‖) ≤ ‖xn − q‖2 − ‖xn+1 − q‖2 + ηnAn

+θnBn + λn‖un − q‖2. (17)

Since
∑∞

n=1An < ∞,
∑∞

n=1Bn < ∞,
∑∞

n=1 λn < ∞ and limn→∞ ‖xn − q‖
exists, it follows (17) that

lim sup
n→∞

αnβng(‖xn − (PT1)nxn‖) = 0.

Since g is continuous strictly increasing function with g(0) = 0 and 0 <
lim infn αn, 0 < lim infn βn, we conclude that

lim
n→∞

‖xn − (PT1)nxn‖ = 0. (18)

By using a similar method, together with inequality (15), it can be shown that

lim
n→∞

‖xn − (PT2)nxn‖ = 0. (19)

Next, we show that limn→∞‖xn−(PT1)xn‖ = 0 and limn→∞ ‖xn − (PT2)xn‖ =
0. Using (7), we have

‖xn+1 − xn‖ ≤ βn‖(PT1)nxn − xn‖+ γn‖(PT2)nxn − xn‖+ λn‖un − xn‖.

Using (18), (19) and limn→∞ λn = 0, we have

lim
n→∞

‖xn+1 − xn‖ = 0. (20)
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Now, consider

‖xn − (PT1)xn‖
≤ ‖xn − xn+1‖+ ‖xn+1 − (PT1)n+1xn+1‖

+‖(PT1)n+1xn+1 − (PT1)n+1xn‖+ ‖(PT1)n+1xn − (PT1)xn‖
≤ ‖xn − xn+1‖+ ‖xn+1 − (PT1)n+1xn+1‖

+L‖xn+1 − xn‖+ L‖(PT1)nxn − xn‖, (21)

using (18) and (20) in (21), we have

lim
n→∞

‖xn − (PT1)xn‖ = 0. (22)

Similarly, we have

‖xn − (PT2)xn‖
≤ ‖xn − xn+1‖+ ‖xn+1 − (PT2)n+1xn+1‖

+‖(PT2)n+1xn+1 − (PT2)n+1xn‖+ ‖(PT2)n+1xn − (PT2)xn‖
≤ ‖xn − xn+1‖+ ‖xn+1 − (PT2)n+1xn+1‖

+L‖xn+1 − xn‖+ L‖(PT2)nxn − xn‖, (23)

using (19) and (20) in (23), we have

lim
n→∞

‖xn − (PT2)xn‖ = 0. (24)

This completes the proof. �

Theorem 2.3. Let K be a nonempty closed convex subset of a real smooth and
uniformly convex Banach space E. Let T1, T2 : K → E be two weakly inward
and non-self asymptotically nonexpansive in the intermediate sense mappings
with respect to P as a sunny nonexpansive retraction of E onto K and T1, T2

be non-self uniformly L-Lipschitzian mappings with respect to P . Put

An = max
{

sup
x,y∈K

(‖(PT1)nx− (PT1)ny‖ − ‖x− y‖), 0
}
, ∀n ≥ 1,

and

Bn = max
{

sup
x,y∈K

(‖(PT2)nx− (PT2)ny‖ − ‖x− y‖), 0
}
, ∀n ≥ 1,

such that
∑∞

n=1An < ∞ and
∑∞

n=1Bn < ∞, respectively. Suppose that {xn}
is the sequence defined by (7) with the following restrictions:

(i)
∑∞

n=1 λn <∞,
(ii) 0 < lim infn αn, 0 < lim infn βn and 0 < lim infn γn.
If one of T1 and T2 is completely continuous and F (T1) ∩ F (T2) 6= ∅, then

{xn} converges strongly to a common fixed point of the mappings T1 and T2.

Proof. From Lemma 2.1, we know that limn→∞ ‖xn − q‖ exists for any q ∈
F (T1) ∩ F (T2), then {xn} is bounded. By Lemma 2.2, we have

lim
n→∞

‖xn − (PT1)xn‖ = 0 and lim
n→∞

‖xn − (PT2)xn‖ = 0. (25)
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Suppose that T1 is completely continuous and note that {xn} is bounded.
We conclude that there exists subsequence {PT1xnj

} of {PT1xn} such that
{PT1xnj

} converges. Therefore, from (25), {xnj
} converges. Let xnj

→ q∗

as j → ∞. By the continuity of P , T1, T2 and (25), we have q∗ = PT1q
∗ =

PT2q
∗. Since F (PT1) = F (T1) and F (PT2) = F (T2) by Lemma 1.3, we have

q∗ = T1q
∗ = T2q

∗. Thus {xn} converges strongly to a common fixed point q∗

of T1 and T2. This completes the proof. �

Theorem 2.4. Let K be a nonempty closed convex subset of a real smooth and
uniformly convex Banach space E satisfying Opial’s condition. Let T1, T2 : K →
E be two weakly inward and non-self asymptotically nonexpansive in the inter-
mediate sense mappings with respect to P as a sunny nonexpansive retraction
of E onto K and T1, T2 be non-self uniformly L-Lipschitzian mappings with
respect to P . Put

An = max
{

sup
x,y∈K

(‖(PT1)nx− (PT1)ny‖ − ‖x− y‖), 0
}
, ∀n ≥ 1,

and

Bn = max
{

sup
x,y∈K

(‖(PT2)nx− (PT2)ny‖ − ‖x− y‖), 0
}
, ∀n ≥ 1,

such that
∑∞

n=1An < ∞ and
∑∞

n=1Bn < ∞, respectively. Suppose that {xn}
is the sequence defined by (7) with the following restrictions:

(i)
∑∞

n=1 λn <∞,
(ii) 0 < lim infn αn, 0 < lim infn βn and 0 < lim infn γn.
If F (T1) ∩ F (T2) 6= ∅, then {xn} converges weakly to a common fixed point

of the mappings T1 and T2.

Proof. For any q ∈ F (T1) ∩ F (T2), by Lemma 2.1, we know limn→∞ ‖xn − q‖
exists. We now prove that {xn} has a unique weakly subsequential limit in
F (T1)∩F (T2). To prove this, let q1 and q2 be weak limits of the subsequences
{xni} and {xnj} of {xn} respectively. By Lemma 2.2 and I − T1 is demiclosed
with respect to zero by Lemma 1.4, we obtain T1q1 = q1. Similarly, T2q1 = q1.
Again in the same way as above, we can prove that q2 ∈ F (T1)∩F (T2). Next,
we prove the uniqueness. For this we suppose that q1 6= q2, then by the Opial’s
condition

lim
n→∞

‖xn − q1‖ = lim
i→∞

‖xni
− q1‖

< lim
i→∞

‖xni − q2‖

= lim
n→∞

‖xn − q2‖

= lim
j→∞

‖xnj
− q2‖

< lim
j→∞

‖xnj
− q1‖

= lim
n→∞

‖xn − q1‖.
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This is a contradiction. Hence {xn} converges weakly to a common fixed point
of T1 and T2. This completes the proof. �

Remark 2. Our results extend the corresponding results of Zhou et al. [27] to
the case of more general class of non-self asymptotically nonexpansive mappings
and one-step iteration scheme with error considered in this paper.
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