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Abstract

In this study, we propose two informal hypothesis tests which may be useful in
determining the number of trees in a random forest for use in classification. The first
test declares that a case is ’easy’ if the hypothesis of the equality of probabilities of two
most popular classes is rejected. The second test declares that a case is ’hard’ if the
hypothesis that the relative difference or the margin of victory between the probabilities
of two most popular classes is greater than or equal to some small number, say 0.05, is
rejected. We propose to continue generating trees until all (or all but a small fraction)
of the training cases are declared easy or hard. The advantage of combining the second
test along with the first test is that the number of trees required to stop becomes much
smaller than the first test only, where all (or all but a small fraction) of the training
cases should be declared easy.
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1. Introduction

Ensemble methods are techniques for improving classification accuracy by aggregating the
predictions of multiple classifiers. Bagging (Breiman, 1996), boosting (Shapire et al., 1998),
and random forest (Breiman, 2001) are among the well-known ensemble methods. Bagging
and boosting are two examples of ensemble methods that manipulate their training sets
whereas random forest is an ensemble method that manipulates its input features.

When decision trees are used as their base classifiers, bagging, boosting, and random
forest can be explained as follows. In bagging, each tree is independently constructed using
a bootstrap sample of the data set. In boosting, successive trees give extra weight to points
incorrectly predicted by earlier predictors and a weighted vote is taken for prediction in
the end. Random forest adds an additional layer of randomness to bagging. In addition to
constructing each tree using a different bootstrap sample of the data, each node is split using
the best among a subset of input variables randomly chosen at that node. This somewhat
counter-intuitive strategy turns out to perform quite well (Hamza and Larocque, 2005), and
is robust against over-fitting (Breiman, 2001).
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Random forest is considered particularly well suited to situations characterized by a large
number of features. In such situations, classical classification approaches tend to become
overwhelmed by the large number of features and fail. However random forest continues to
work well. For example, Dudoit et al. (2002) and Lee et al. (2005) showed that random forest
outperforms most of the other classification techniques in DNA microarray data. Random
forest does not perform well when the percentage of truly informative features is small and
Amaratunga et al. (2008) proposed so called enriched random forest that performs well even
in that case.

In this study, we propose two informal hypothesis tests which may be useful in determining
the number of trees in a random forest for use in classification. The first test, which is
proposed by Park (2007), declares that a case is ’easy’ if the hypothesis of the equality of
probabilities of two most popular classes is rejected. In the easy case, we are pretty sure
that the most popular class will be the same even if we continue generating much more trees.
The second test declares that a case is ’hard’ if the hypothesis that the relative difference or
the margin of victory between the probabilities of two most popular classes is greater than
or equal to some small number, say 0.05, is rejected. In the hard case, the probabilities of
two most popular classes are so close that the case can hardly be declared easy even in much
larger number of trees. We propose to continue generating trees until all (or all but a small
fraction) of the training cases are declared easy or hard. The advantage of combining the
second test along with the first test is that the number of trees required to stop becomes
much smaller than the first test only, where all (or all but a small fraction) of the training
cases should be declared easy.

This paper is organized as follows. In Section 2, we summarize the random forest algo-
rithm and present two informal hypothesis tests with a sketch of proofs. In Section 3, some
examples are provided where the number of trees required to stop by the two tests becomes
much smaller than the first test only, and concluding remarks are given in Section 4.

2. Random forest algorithm and main results

Let (x1, y1), . . . , (xm, ym) be a training sample of m cases where xi’s are input variables
of k -vectors and yi’s are the target variable of r classes. If we wish to construct a random
forest to use in classifying a new case x, the random forest algorithm for generating n trees
can be summarized as follows:

Step 1. Draw n bootstrap samples from the original data.
Step 2. For each of the bootstrap samples, grow an un-pruned classification tree, with

the following modification. At each node, rather than choosing the best split among all
input variables, randomly sample l(l < k) of the input variables and choose the best split
among the chosen l variables.
Step 3. Predict the new case x by aggregating the predictions of the trees.

Let Mn be the votes for the most popular class and let Nn be the votes for the second
most popular class. If Mn − Nn is large enough, we will declare that the case x is ‘easy’
because the most popular class will stay the same even if we generate more trees. On the
other hand, if Mn−Nn is small enough, we will declare that the case x is ‘hard’ because the
most popular class will change easily even if we generate more trees. Let Sn = Mn + Nn,
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then more precise forms of these informal tests are given as follows: we declare that the case
x is ‘easy’ if

(Mn −Nn)
√
Sn

> c (2.1)

for some large value of c > 0 and we say that the case x is ‘hard’ if

Mn −Nn ≤ εSn − d
√

(1− ε2)Sn (2.2)

for some large value of d > 0 and some small value of 0 < ε < 1. We propose to stop
generating more trees if the case x is easy or hard.

There are three tuning parameters c, d, ε in these tests. The parameters c, d are chosen
such that the rejection regions (2.1) and (2.2) attain the significance level α. The parameters
equal to zα, the upper α -th quantile of the standard normal distribution, if Mn, Nn are
the votes for two fixed classes in a multinomial distribution respectively. Our informal tests
just set c, d to be large because Mn, Nn are not fixed classes. Formal discussions on this
matter can be found in Alam (1991), Ramsey and Alam (1979), and Bhandari and Ali
(1994) among others. The parameter ε is a fixed small positive number chosen such that if
|(p− q)/(p+ q)| < ε, then we consider that the probabilities p, q of two classes are not easy
to discriminate even in large trees.

We now extend our study from a single new case to each case in the training data. For
each case in the training data, we need to calculate so called OOB (out-of bag) votes for r
classes as follows:

Step 1. At each bootstrap iteration, predict the case not in the bootstrap sample (so
called OOB data) using the tree grown with the bootstrap sample.
Step 2. Aggregate the OOB predictions for each case to get the OOB votes for the classes.

For each training case (xi, yi), let Mn(i) be the OOB votes for the correct class yi and
let Nn(i) be the OOB votes for the most popular wrong class. Here we define Mn(i) and
Nn(i) a little differently from the earlier Mn and Nn. When we know the correct class yi, it
makes sense to use this in the definitions because we do not care much if the classification
procedure cannot pick the correct class.

Define Sn(i) = Mn(i) +Nn(i), then the informal tests in (2.1) and (2.2) become (2.3) and
(2.4) respectively: we declare that the i -th case is easy if∣∣∣∣∣Mn(i)−Nn(i)√

Sn(i)

∣∣∣∣∣ > c (2.3)

for some large value of c > 0 and we say that the i -th case is hard if

|Mn(i)−Nn(i)| ≤ εSn(i)− d
√

(1− ε2)Sn(i) (2.4)

for some large value of d > 0 and some small value of 0 < ε < 1. We propose to stop
generating more trees if all (or all but a small fraction) of the training data are declared
easy or hard. The first informal test (2.1) or (2.3) are proposed by Park (2001), and we
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propose to add the second test (2.2) or (2.4) to the first test because the number of trees
required to stop becomes much smaller than the first test only. Some examples will be given
in Section 3.

Here we give some mathematical justification of the rules in (2.1) through (2.4). Let
(U1, . . . , Ur) be a multinomial random vector with sample size n∗ and class probabilities
p1, . . . , pr. Note that n∗ = n for the rules in (2.1) and (2.2) and that n∗ ≈ n/e for the rules
in (2.3) and (2.4). Consider two fixed classes j and k. It is well known that

Uj |(Uj + Uk = s) ∼ B (s, pj/(pj + pk))

from which it follows that

E(Uj − Uk|Uj + Uk = s) = s(pj − pk)/(pj + pk) = sβ

and

V ar(Uj − Uk|Uj + Uk = s) = s4pjpk/(pj + pk)2 = s(1− β2)

where β = (pj − pk)/(pj + pk). By the central limit theorem, we have

Uj − Uk|(Uj + Uk = s) ≈ N
(
sβ, s(1− β2)

)
for large values of s, and

(Uj − Uk − sβ)/
√
s(1− β2) ≈ N(0, 1)

for large values of s.
Therefore, when β = 0 and s is large, (Uj −Uk)/

√
s ≈ N(0, 1) and the test with rejection

region

|Uj − Uk|/
√
s > zα/2 (2.5)

is a test of H0 : β = 0 with an approximate significance level α. This provides a rationale
for the tests in (2.1) and (2.3).

If |Uj −Uk|/
√
s > zα/2, then it corresponds to an easy case and we stop generating more

trees. If the test (2.5) is not rejected, we next go on to test the null hypothesis H
′

0 : |β| ≥ ε,
where ε is a fixed small positive number. If this test is rejected, it corresponds to a hard
case and we stop generating more trees.

For the test of H
′

0 : |β| ≥ ε, it is clear that the boundary cases β = ±ε are the critical
ones. We will show that the test with rejection region

|Uj − Uk| ≤ sε− zα
√
s(1− ε2) (2.6)

is a test of H
′

0 : |β| ≥ ε with an approximate significance level α. Assume β = ε (we can
handle the other case β = −ε exactly in the same way). From (2.5), when β = ε and s is
large, we have

(Uj − Uk − sε)/
√
s(1− ε2) ≈ N(0, 1)
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and

P
(
Uj − Uk ≤ sε− zα

√
s(1− ε2)

)
= α.

It is clear that

P
(
|Uj − Uk| ≤ sε− zα

√
s(1− ε2)

)
≤ P

(
Uj − Uk ≤ sε− zα

√
s(1− ε2)

)
and two probabilities will be close when β = ε > 0 and s is large because |Uj − Uk| and
Uj −Uk are equal with high probability. This provides a rationale for the rules in (2.2) and
(2.4).

3. Examples

We now consider two examples where the second test (2.4) is a useful addition to the first
test (2.1). We will calculate the minimum numbers of trees required to stop for the rules
with (2.3) only and with either (2.3) or (2.4) respectively, and show that adding (2.4) will
reduce significantly the number of trees required to stop.

Example 1. Consider the case where there are only two classes and that, for a particular
training case, the probabilities of the two classes are 0.505 and 0.495, respectively.

First we consider the case where we use (2.3) only. If we set c = 3, about 90,000 OOB
votes are needed to achieve a probability 0.5 of satisfying (2.3). This means that we need
to generate about n = 244, 645 trees if all the cases in the training sample satisfy (2.3) with
probability 0.5. This is because, with n trees, the number of OOB votes for any training
case is approximately n/e. With c = 2, we need about 40,000 OOB votes and 108,731 trees.

Next, we consider the case where we use both (2.3) and (2.4). Let us take ε = 0.05, c = 3,
and d = 2.782. We take d = 2.782, so that it is comparable to c = 3 in the sense that
P (|Z| > c) = P (Z > d) where Z ∼ N(0, 1). Elementary numerical calculations show that
5,245 OOB votes are necessary to satisfy (2.3) or (2.4) with probability 0.5. This is much
less than the 90,000 OOB votes. If we take c = 2 and d = 1.69 with the same ε = 0.05, we
need about 2,155 OOB votes to satisfy (2.3) or (2.4) with probability 0.5.

Example 2. In this example, we consider the case where there are 15 classes and the
probability of choosing the correct class is small. Suppose that, for a particular training
case, the two most popular classes have probabilities 0.1 and 0.095. We also assume the
other 13 classes have probabilities less than 0.07, so that they are well out of running for
the first place. The absolute difference in the probabilities is 0.005, which is smaller than
Example 1, but the relative difference or the margin of victory β is 0.005/0.195 = 0.026,
which is larger than Example 1.

For the case where we use (2.3) only, if we set c = 3, about 70,200 OOB votes and 190,823
trees are needed. With c = 2 we need about 31,200 OOB votes and 84,810 trees.

We now consider the case where we use both (2.3) and (2.4). Let us take ε = 0.05, c = 3,
and d = 2.782, then about 40,234 OOB votes are needed to satisfy (2.3) or (2.4) with
probability 0.5. This is a modest improvement on the earlier value of 70,200. With c = 2
and d = 1.69 and the same ε = 0.05, we need about 11,882 OOB votes, another modest
improvement compared with the earlier 31,200.
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From Examples 1 and 2, we note that the improvement is dependent more on the margin
of victory β than on the absolute difference. Indeed we note that the improvement is smaller
when β is somewhat bigger.

4. Concluding remarks

In this study, we proposed two informal hypothesis tests which may be useful in determin-
ing the number of trees in a random forest for use in classification. The first test declares
that a case is easy if the hypothesis of the equality of probabilities of two most popular
classes is rejected. In the easy case, we are pretty sure that the most popular class will be
the same even if we continue generating much more trees. The second test declares that a
case is hard if the hypothesis that the relative difference or the margin of victory between
the probabilities of two most popular classes is greater than or equal to some small number,
say 0.05, is rejected. In the hard case, the probabilities of two most popular classes are so
close that the case can hardly be declared easy even in much larger number of trees. We
propose to continue generating trees until all (or all but a small fraction) of the training
cases are declared easy or hard. The advantage of combining the second test along with the
first test is that the number of trees required to stop becomes much smaller than the first
test only.

This advantage is illustrated with two examples. These examples show that the improve-
ment, in the numbers of trees needed to stop, is dependent more on the margin of victory β
than on the absolute difference. Indeed we has found that the improvement is smaller when
β is somewhat bigger.

The rules in (2.3) and (2.4) say that we stop generating more trees if we can reject the null
hypothesis H0 : β = 0 or if we can reject the null hypothesis H

′

0 : |β| ≥ ε for a fixed small
positive number ε. The procedures in (2.3) and (2.4) must be regarded as merely informal.
The procedures in (2.5) and (2.6) are valid for comparing two fixed class j and k, but in (2.1)
and (2.2) we are comparing two random classes, and in (2.3) and (2.4) we are comparing
a fixed class with a random class. This raises the standard issues of multiple comparisons
which become especially important when the number of classes is large.
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