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ON THE GENERALIZED RANDERS CHANGE OF
BERWALD METRICS

NANY LEE

ABSTRACT. In this paper, we study the generalized Randers change
*L(z,y) = L(x,y) + bj(x,y)y" from the Brewald metric L and the
h-vector b;. And in search for a non-Berwald Landsberg metric, we
obtain the conditions on b;(x,y) under which *L is a Landsberg
metric.

1. Introduction

Let (M, L) be an n-dimensional Finsler manifold with the Cartan
connection
CT = (F}}, G5, Cfy) -
L is called a Berwald metric if, in a standard local coordinate system
(z',y') in TM, F}, are functions of x € M only.
L is called a Landsberg metric if the Landsberg tensor

Jk Oy’ ayk - Fak
vanishes, where G* = L F/,57y". By definition, every Berwald metric is
a Landsberg metric.

The question whether there exists a non-Berwald Landsberg metric
has been a long standing problem. In 2006, Z. Shen [12] showed that a
regular (y-global) Landsberg («, 3) metric is a Berwald metric. In 2008,
Z. Szabo [11] claimed that all regular Landsberg metrics are Berwald
metrics. But V.S. Matveev[9] maintained that there are some mistakes
in [11].
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In 1995, R. Bryant [4] constructed an abundance of non-Berwald
Landsberg metrics for 2-dimensional spaces in terms of a generalized
Finsler metric. G.S. Asanov [1, 2] produced y-local («, 3) non-Berwald
Landsberg metrics in dimension at least 3. The search for y-global non-
Berwald Landsberg metrics should be continued.

In this paper, we will perturb the Berwald metric L(z,y) in terms of
the h-vector b;(z,y), and we will have a generalized Randers change

*L<CL’, y) = L($7 y) + b2($7 y)yz
in order to try to get a non-Berwald Landsberg metric.

We wonder whether there exist some b;(z,y)’s such that *L(z,y) is a
non-Berwald Landsberg metric. Therefore, we will produce conditions
under which *L(z,y) is a Landsberg metric.

In § 2, we set up the notations for Finsler manifolds and recall the
Cartan connection on Finsler manifolds which can be characterized by
the axioms. We will use the Cartan connection throughout this paper.
Then we define the generalized Randers change of a Finsler metric and
collect some results about the generalized Randers change.

In § 3, we will consider the generalized Randers change * L of Berwald
metric L. For the computational simplicity, we assume that L is a
Berwald metric. And we obtained the conditions under which *L is
a Landsberg metric.

ACKNOWLEDGMENT . We would like to express deep gratitude to
the referee for the very thorough reading of the paper and the helpful

comments on the style. The referee also directed me to the paper by
D. Bao [3].

2. Preliminaries

2.1. Finsler metric. Let M be a n-dimensional differentiable mani-
fold with a local coordinate system (x!,--- z").

And let (zt,--- 2", y', .-+ ,y") be the local coordinate system of the
tangent bundle TM of M induced by (z!,--- , 2").

A (real) Finsler metric L on the manifold M is a function L : TM — R
satisfying
(F1) L is smooth away from the zero section of T'M |
(F2) L(z,y) > 0 and L(z,y) =0 if and only if y =0,
(F3) L(z, \y) = |A|L(x,y) for all A € R and
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9%L?

(F4) L is strongly convex, i.e., [W} is positive definite.

Let (M, L) be an n-dimensional Finsler manifold with the fundamen-
tal function L(x,y). Then the fundamental tensor, the angular metric
tensor and the Cartan tensor are defined by

L2
wien=(5)
ylyl
hij(.T, y) = LLyiyj

1 L?
Cijr(z,y) = §(gz‘j)yk = (z) .
y'yly

The indices on C' are manipulated by g¢;; and its inverse ¢g"/. We will use
later

(gi‘j)yk = —20?.
We consider the pull-back bundle 7 : p*T'M — TM of the tangent

bundle 7 : TM — M by the projection p : TM — M. Here TM =
TM \ {zero section of w : TM — M} is the slit tangent bundle.

PTM —2 TM

di |

TTM—>M
p

Then the strong convexity (F4) of L implies that the function g;; on

the slit tangent bundle TM of M defines a Riemannian structure on
m:p*TM — TM.

2.2. Cartan connection. As a generalization of Levi-Civita connec-
tion on the Riemannian manifold, we have Cartan connection on the
Finsler manifold. Cartan connection CT' = (F},G%, C/;) on a Finsler
manifold (M, L) can be characterized by the following axioms:

(C1) CT is metrical,

(C2) the (v)v-torsion of CT vanishes,

(C3) the (h)h-torsion of CT' vanishes,

(C4) the deflection tensor of CT' vanishes.
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Note that the axiom (C4) determines a non-linear connection Gz of
TTM uniquely. Then TTM = H &V, where H is the horizontal sub-
space of TT'M with the basis { 0 o _ Gii} and V is the ver-

i=1

5zl 0z 1 9yl
n

tical subspace of TTM with the basis { 8%} . These subspaces H
1=1

and V are identified with p*T'M by the isomorphisms x"* : p*TM — H
and XY : pTM — V defined by x"(;%) = 2 and xV(5%) = 622- ,
respectively.

The h- and v-covariant derivatives of a covariant vector X;(x,y) with
respect to the Cartan connection are given by

Xij = 0;X; — Cl X,

respectively, where 0; = ({%

3y 0
andﬁj—a—yj.

2.3. The generalized Randers change of Finsler metric. In 1980,
H. Izumi [7] introduced the concept of an h-vector b;, while studying
the conformal transformation of Finsler spaces. The h-vector b; is v-
covariant constant with respect to the Cartan connection and satisfies

LCby = phij,  p # 0.

Then we show that
phi;
LJ = pLyi,; #0

and p is independent of directional arguments.
M. Matsumoto [8] introduced a transformation of Finsler metric given
by

ajbz =

*L(z,y) = L(z,y) + bi(x)y".
If L is a Riemannian metric, *L(z,y) is reduced to the Randers metric.
So this transformation *L(x,y) is called the Randers change of Finsler
metric.
Instead of the function b; of coordinates z* only, we will use the h-
vector b;(z,y) and define the generalized Randers change

L(x,y) = L(z,y) + bi(z, y)y".
We can find some results regarding the generalized Randers change in
B.N. Prasad [10] and M. Gupta and P. Pandey [6].



On the generalized Randers change of Berwald metrics 391

B.N. Prasad [10] obtained the relation between the Cartan connection
coefficients F}; and *F}} as

(2.1) “Fi, = F}, + D

gk
where
i i 1 7
L
Uijr = E(ijr‘/ir — Lije Vi — Lk V]) + Lij Ay + LigAj — Ljp Ay,
L T I
Ujk = Ej — 5(1 + p)(L]rV;g + Lkr‘/] )7
V; = Ep — Fyo,
A; = L + ! (V; = LV,;b")
i 2<1+p)p|z 2 i ri )
Vi = # F,— LL;: FF + i (1+ p)Eog — 2LF v+ “Lp }
iJ (1 T p) ] i7kL'0 2+, 00 0 |0 .
As usual,

Ujik; = gliUljky V;l = gilea F]Z = gilFlja
and
2Eij = bij + by, 2F; = bij — bjji-

M. Gupta and P. Pandey [6] showed that if the h-vector b; is a gradi-

ent, that is
bi|j - b]|z =0 and ~Fij = 0,

then the generalized Randers change *L(z, y) becomes a projective change
with projective factor P = QE—OE and the scalar p(z) is constant.

Recall that *L is a projective change of L if and only if *L|k.lyk =*L,

* k
and the projective factor P(z,y) = % For this, see [5].
Therefore, by direct calculation, we have a useful identities which will

be used later.

LEMMA 2.1. If there exists a gradient h-vector b;(x,y) on T M, we
have

) 0
0y =21
Y (5mk( 2 Oxd ™’
ykiL:().

oxk



392 Nany Lee

3. Conditions under which *L is a Lansberg metric

In search for the non-Berwald Landsberg metric, we will assume that
L is a Berwald metric and the h-vector b; is a gradient. Let

be the generalized Randers change.

Note that if *L is a Berwald metric, *F}; are functions of z only and
by (2.1), which is equivalent to 9;D} , = 0 for all ¢, j, k,m. And note
that if *L is a Landsberg metric, the Landsberg tensor of *L vanishes.
Le.,

Liy=vy oy 0 for all 4,7, k.
Now we have the necessary condition on b;(x, y) that *L is a Landsberg
metric.

THEOREM 3.1. Let L be a Berwald metric on M and b;(z,y) be a
gradient h-vector. If the generalized Randers change *L(x,y) = L(z,y)+
bi(z,y)y" is a Landsberg metric, then b;(x,y) satisfies

(3.1) L(BLj — Lbj) + L*L'Ljb" —2L*LC" L, = 0.

Proof. Since the Landsberg tensor of L vanishes, by (2.1) the Lands-
berg tensor of *L
*L;k = L;k +y"0D,, ), =y"OD;},,
must vanish. Le.,
y"OD}, =0
which is equivalent to .
8j(D5k) = ka-
And this implies that ‘ ' '
a](l)éo) = 2l)jZOa
using Djik = D,ij.
On the other hand, B.N. Prasad [10] obtained the expression of D{, :

) ) 1 )
Déy = LVi+ = (Vi — LV, bF) L'
T
And by direct calculation, we have

. LG
Dy = — Eq.
00 - 00
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5 1\ _ BL;— Lb;

"\r) (L2’
0;(L") = L — 2C%" Ly,
a.j (Emr)yr = 07

9i(Ew) = Ejo,

With the identities

we get (3.1). O

Finally, we consider the necessary and sufficient condition that *L is
a Landsberg metric. Note that *L is a Landsberg metric if and only if

*L;k = yméjDézk =0
which is equivalent to
0;Dg, = D}y
Therefore, we have

THEOREM 3.2. For a Berwald metric L on M and a gradient h-vector
bi(x,y), the generalized Randers change is a Landsberg metric if and only
if b;(x,y) satisfies the differential equation

. . . 1 .
D}y = LjVii = 2LCY Vg + - L'(BL; — Lb) (Vi - LV, b%)

1 . .
+ ;(L; — ZC'ZJ.TLT)(VIC — LV,b")

Li
(3.2) +— {Eji, — L;Viyb* — LV,u(pL}; — 2C7°b,) }
1(1_. . :
+ = {iL,ngOO + LiE; — (L + bj)v,;}

L (1
= {§erono + L Ejo— (L + bj)Vrk} b".

REMARK . In order to find a non-Berwald Landsberg metric, it suf-
fices to have b;(z,y) satisfying (3.2) and not all 9;(D/, ;) = 0.
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