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RESULTS ON FUZZY r-MINIMAL SEMICOMPACTNESS
ON FUZZY MINIMAL SPACES

MyeoNG HwaN KiMm

ABSTRACT. We introduce the concept of fuzzy co-r-M-semicontinuous,
and investigate the relationships between fuzzy co-r-M-semicontinuous
mappings and several types of fuzzy r-minimal semicompactness.

1. Introduction

The concept of fuzzy set was introduced by Zadeh [8]. Chang [1]
defined fuzzy topological spaces using fuzzy sets. In [4], Ramadan in-
troduced smooth topological spaces which are a generalization of fuzzy
topological spaces. In [6], we introduced the concept of fuzzy r-minimal
space which is an extension of the smooth topological space. The con-
cepts of fuzzy r-minimal open sets and fuzzy r-M-continuous mappings
were also introduced and studied. In [3], we introduced the concepts of
fuzzy r-minimal semiopen sets and fuzzy r- M-semicontinuous mappings,
which are generalizations of fuzzy r-minimal open sets and fuzzy r-M-
continuous mappings, respectively. Yoo et al. introduced the concepts
of fuzzy r-minimal compactness, almost fuzzy r-minimal compactness
and nearly fuzzy r-minimal compactness on fuzzy r-minimal spaces in
[7]. We introduced and studied the concepts of fuzzy r-minimal semi-
compact, almost fuzzy r-minimal semicompact, nearly fuzzy r-minimal
semicompact on fuzzy r-minimal spaces in [5]. In this paper, we intro-
duce the concept of fuzzy co-r-M-semicontinuous, and investigate the
relationships between fuzzy co-r-M-semicontinuous mappings and sev-
eral types of fuzzy r-minimal semicompactness.
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2. Preliminaries

Let I be the unit interval [0, 1] of the real line. A member A of I*
is called a fuzzy set [7] of X. By 0 and 1, we denote constant maps on
X with value 0 and 1, respectively. For any A € IX, A° denotes the
complement 1 — A. All other notations are standard notations of fuzzy
set theory.

An fuzzy point x, in X is a fuzzy set x, defined as follows

aify==x
Taly) = 0if y # x.
Let f: X — Y be a function and A € I and B € I". Then f(A) is a
fuzzy set in Y, defined by

sup A(2), i f7y) £,
F(A) )= =<

0, otherwise,

for y € Y and f~'(B) is a fuzzy set in X, defined by f~'(B)(z) =
B(f(z)),z € X.

A smooth topology [2,5] on X is a map 7 : I* — I which satisfies the
following properties:

L.T0O)=7(1)=1.

2. T(A1NAg) > T(A) NT(Ay).

3. T(UA;) > NT(4A)).
The pair (X, 7) is called a smooth topological space.

Let X be a nonempty set and r € (0,1] = . A fuzzy family M :
I* — I on X is said to have a fuzzy r-minimal structure [6] if the family

M, ={AeI* | M(A) >r}

contains 0 and 1.

Then the (X, M) is called a fuzzy r-minimal space [6] (simply, fuzzy
r-FMS). Every member of M, is called a fuzzy r-minimal open set. A
fuzzy set A is called a fuzzy r-minimal closed set if the complement of
A is a fuzzy r-minimal open set.

Let (X, M) be an m-FMS and r € Iy. The fuzzy r-minimal closure of
A, denoted by mC(A,r), is defined as

mC(A,r)=n{Be€l*:1-BecM,and AC B}.
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The fuzzy r-minimal interior of A, denoted by mI(A,r), is defined as
mI(A,r)=U{BeI*:B¢cM,and BC A}.

THEOREM 2.1 ([6]). Let (X, M) be an »-FMS and A, B € I¥.

(1) mI(A,r) € A and if A is a fuzzy r-minimal open set, then
ml(A,r)=A.

(2) A € mC(A,r) and if A is a fuzzy r-minimal closed set, then
mC(A,r) = A.

(3) If A C B, then mI(A,r) C mI(B,r) and mC(A,r) C mC(B,r).
(4) mI(A,r)NmI(B,r) D mI(ANB,r) and mC(A,r)UmC(B,r) C
mC (AU B,r).

(5) mI(mI(A,r),r) =miI(A,r) and mC(mC(A,r),r) =mC(A,r).
(6) 1 —mC(A,r) =mI(1—Ar)and 1 —mI(A,r)=mC(1— A,r).

Let (X, M) be an 7-FMS and A € I*. Then a fuzzy set A is called

a fuzzy r-minimal semiopen set [3] in X if
ACmC(mI(A,r),r).

A fuzzy set A is called a fuzzy r-minimal semiclosed set if the complement
of A is fuzzy r-minimal semiopen.

We showed that any union of fuzzy r-minimal semiopen sets is fuzzy
r-minimal semiopen [3].

For A € I, msC(A,r) and msI(A,r), respectively, are defined as
the following:

msC(A,r) =nN{F € I*: ACF, F is fuzzy r-minimal semiclosed}

msI(A,r) =U{U € I'* : U C A, U is fuzzy r-minimal semiopen }.

THEOREM 2.2 ([3]). Let (X, M) be an 7-FMS and A € I*. Then

(1) msI(A,r) C AC msC(A,r).

(2)If A C B, thenmsI(A,r) C msl(B,r)and msC(A,r) C msC(B,r).
(3) A is fuzzy r-minimal semiopen iff msI(A,r) = A.

(4) F is fuzzy r-minimal semiclosed iff msC(F,r) = F.

(5) msI(msI(A,r),r) =msl(A,r)and msC(msC(A,r),r) =msC(A,r).
(6) msC(1—A,r) =1—msI(A,r) and msI(1—A,r) = 1—msC(A,r).
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3. Main results

DEFINITION 3.1. Let (X, M) and (Y, N) be two r-FMS’s. Then f :
X — Y is said to be fuzzy co-r-M-semicontinuous if for every fuzzy
r-minimal semiopen set V', f~1(V) is fuzzy r-minimal open in Y.

THEOREM 3.2. Let f : X — Y be a mapping on two r-FMS’s (X, M)
and (Y, ).

(1) f is fuzzy co-r-M-continuous.

(2) f~YB) is a fuzzy r-minimal closed set for each fuzzy r-minimal
semiclosed set B in Y.

(3) f(mC(A,r)) CmsC(f(A),r) for A € IX.

(4) mC(f~YB),r) C f~Y(msC(B,r)) for B € I".

(5) f~H(msI(B,r)) CmI(f~Y(B),r) for B e IY.

Then (1) & (2) = (3) & (4) & (5).

Proof. (1) < (2) Obvious.

(2) = (3) For A € I¥,

fHmsC(f(A), 7))
= fYn{F eI f(A) C F and F is fuzzy r-minimal semiclosed})
=n{f ' (F)el*: AC f(F)and f~(F) is fuzzy r-minimal closed}
DN{K €I*: ACK and K is fuzzy r-minimal closed}
=mC(A,r).
Hence f(mC(A,r)) € msC(f(A),r).
(3) = (4) Let B € IYV. Then f(B) € I* and from (3), it follows that
FmC(f~4(B),r)) S msC(f(f~(B)),r) € msC(B,r).
Hence we get (4). Similarly, we get (4) = (3).
(4) & (5) It is obvious. O
EXAMPLE 3.3. Let X = I and let A, B be fuzzy sets defined as follows:
Alx) =z, z€I;
B(x)=—z, xzel.
Define <~
, if 0=0,1,
if o=A,B,
otherwise.

M(o) =

Y

O Wit |—

Y
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Define
%, if o=A,B,
N(o)=<S 3, if o=AUB,0,1,
0, otherwise.

Let f: (X, M) — (X,N) be the identity mapping. Then f is satisfies
(3) of Theorem 3.2 but it is not fuzzy co—%—M -continuous since AN B is
fuzzy %—minimal semiopen in Y but not fuzzy %—minimal open in X.

THEOREM 3.4. Let f: X — Y be a mapping on two r-FMS’s (X, M)
and (Y, N). Then the statements are equivalent:

(1) If for every fuzzy point z, and each fuzzy r-minimal semiopen
set V of f(x,), there exists an r-minimal open set U of x, such that
fw)cv.

(2) f~Y(msI(B,r)) CmI(f~YB),r) for B € I".

Proof. (1) = (2) Let B € IV and z, € f~'(msI(B,r)). Then there
exists a fuzzy r-minimal semiopen set V' of f(z,) such that V' C B. By
hypothesis, there exists a fuzzy r-minimal open U, containing x, such
that f(U,,) €V C B. Then from the definition of fuzzy r-minimal in-
terior operator, z, € mI(f~'(B),r). Hence, we have f~'(msI(B,r)) C
mI(f~(B), 7).

(2) = (1) Let z, be a fuzzy point in X and V' a fuzzy r-minimal
semiopen set of f(z,). Since f~'(V) is fuzzy r-minimal open, z, €
Y V)=mI(f~Y(V),r). Thus there exists a fuzzy r-minimal open set
U such that z, € U C f~!(V). Hence we have the statement (1).

O

Let X be a nonempty set and M : I* — T a fuzzy family on X.
The fuzzy family M is said to have the property (U) [6] if for A; € M
(1€ J),

M(UA;) > AM(A;).

THEOREM 3.5 ([6]). Let (X, M) be an r-FMS with the property ().
Then

(1) mI(A,r) = Aif and only if A € M, for A € IX.

(2) mC(A,r) = Aif and only if I — A € M, for A € I¥.

COROLLARY 3.6. Let f : X — Y be a mapping on two r-FMS’s
(X, M) and (Y,N). If M has the property (i), then the following are
equivalent:

(1) f is fuzzy co-r-M-continuous.
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(2) f7Y(B) is a fuzzy r-minimal closed set, for each fuzzy r-minimal
semiclosed set B in Y.

(3) f(mC(A,r)) CmsC(f(A),r) for A € IX.

(4) mC(f~YB),r) C f~Y(msC(B,r)) for B € I".

(5) f~Y(msI(B,r)) CmI(f~YB),r) for B e I".

DEFINITION 3.7. Let (X, M) and (Y,N) be two r-FMS’s. Then a

mapping f : X — Y is called fuzzy r-M-semiopen if for every A € M,.,
f(A) is fuzzy r-minimal semiopen.

We recall that: Let (X, M) and (Y, N) be two r-FMS’s. Then a
mapping f : X — Y is called fuzzy r-M-open [6] if for every A € M,,
f(A) is fuzzy r-minimal open.

Obviously the implication is obtained:

fuzzy r-M-open mapping = fuzzy r-M-semiopen mapping
ExAMPLE 3.8. Let X = I. Consider fuzzy sets A, B defined as fol-

lows: )

Ax) = o% TE I

1
B(z) = —5(.75 —1), ze€l.

Define
, if o=A,B
, if o=AUB,0,1
, otherwise.

—~
)
N—
I
O wlhroro|—=

Define

, if o=A,B

. if 0=0,1

, otherwise.

Let f: (X, M) — (X,N) be the identity mapping. Then f is fuzzy
%—M -semiopen but not fuzzy %—M -open.

=
Q
N—
I

(@) VIR [N

THEOREM 3.9. Let f : X — Y be a mapping on two r-FMS’s (X, M)
and (Y, N'). Then the following are equivalent:

(1) f is fuzzy r-M-semiopen.
(2) f(mI(A), )Cms[(f(A) r) for A € IX.
(3) mI(f~X(B),r) C f~*(msI(B),r) for B € I".
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Proof. (1) = (2) For A € I*,

f(mI(A),r) = f(U{B € I’ : BC A, B is fuzzy r-minimal open})
= U{f(B) € I : f(B) C f(A), f(B) is fuzzy r-minimal semiopen}
CU{UeI¥ :UC f(A),U is fuzzy r-minimal semiopen}
=msI(f(A),r).

Hence f(mI(A),r) CmsI(f(A),r).
(2) = (1) For a fuzzy r-minimal open A, from Theorem 2.1 and
hypothesis,
f(A) = f(mI(A),r) € msI(f(A),r).
From Theorem 2.2, f(A) is fuzzy r-minimal semiopen and hence f is
fuzzy r-M-semiopen.
(2) = (3) For B € IY, from (2) it follows that

flmI(f~4(B),r)) S msI(f(f~1(B)),r) € msI(B,r).

Hence we get (3).
Similarly, we get (3) = (2).
[

DEFINITION 3.10. Let (X, M) and (Y,N) be two -FMS’s. Then a
mapping f : X — Y is called fuzzy r-M-semiclosed if for every fuzzy
r-minimal closed set A in X, f(A) is a fuzzy r-minimal semiclosed set
inY.

THEOREM 3.11. Let f : X — Y be a mapping on two r-FMS’s
(X, M) and (Y, N). Then the following are equivalent:

(1) f is fuzzy r-M-semiclosed.

(2) msC(f(A),r) C f(mC(A,r)) for A € I¥.

(3) fY(msC(B,r)) € mC(f~Y(B),r) for BeI".

Proof. 1t is similar to Theorem 3.3. Il

We recall the concepts of several types of fuzzy r-minimal compactness
introduced in [7]. Let (X, M) be an r-FMS and A = {A; € IX :i € J}.
A is called a fuzzy r-minimal cover if U{A; :i € J} = 1. Tt is a fuzzy r-
minimal open cover if each A; is a fuzzy r-minimal open set. A subcover
of a fuzzy r-minimal cover A is a subfamily of it which also is a fuzzy
r-minimal cover. A fuzzy set A in X is said to be

(1) fuzzy r-minimal compact if every fuzzy r-minimal open cover A =
{A; € M, i € J} of A has a finite subcover;
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(2) almost fuzzy r-minimal compact (resp., nearly fuzzy r-minimal
compact) if for every fuzzy r-minimal open cover A = {A; € I¥ :
i € J} of A, there exists Jy = {j1,J2, - ,jn} C J such that A C
UresomC (A, 1) (vesp., A C UgpegymI(mC (A, 7),7)).

DEFINITION 3.12 ([4]). Let (X, M) be an m-FMS. A fuzzy set A in
X is said to be

(1) fuzzy r-minimal semicompact (resp., if every fuzzy r-minimal semi-
open cover A = {A; € M, :i € J} of A has a finite subcover;

(2) almost fuzzy r-minimal semicompact if for every fuzzy r-minimal
semiopen cover A = {A; € I : i € J} of A, there exists Jy =
{j1,J2,** ,Jn} € J such that A C Uyej,msC (A, r);

(3) nearly fuzzy r-minimal semicompact if for every fuzzy r-minimal
semiopen cover A = {A; : i € J} of A, there exists Jy = {Jj1,J2, " ,Jn} C
J such that A C UgejymsI(msC(Ag, 1), 7).

THEOREM 3.13. Let f : (X, M) — (Y, N) be a fuzzy co-r-M-semicon-
tinuous mapping on two r-FMS’s. If A is a fuzzy r-minimal compact
set, then f(A) is fuzzy r-minimal semicompact.

Proof. Let {B; € IV : i € J} be a fuzzy r-minimal semiopen cover
of f(A) in Y. Then since f is a fuzzy co-r-M-semicontinuous map-
ping, {f~Y(B;) : i € J} is a fuzzy r-minimal open cover of A in X.
Since A is fuzzy r-minimal compact, there exists a finite subset Jy =
{J1,J2, s jn} € J such that A C Upey, f'(Bg). It implies f(A) C
Uke., B for the finite subset Jy of J, and hence f(A) is fuzzy r-minimal
semicompact. O

THEOREM 3.14. Let f : (X, M) — (Y, N) be a fuzzy co-r-M-semicon-
tinuous mapping on two r-FMS’s. If A is an almost fuzzy r-minimal
compact set, then f(A) is almost fuzzy r-minimal semicompact.

Proof. Let {B; € IY :i € J} be a fuzzy r-minimal semiopen cover of
f(A)inY. Then {f~Y(B;) : i € J} is a fuzzy r-minimal open cover of A
in X. Since A is almost fuzzy r-minimal compact, there exists a finite
subset Jo = {j1, 52, ,jn} C J such that A C Upes;mC(f~1(By),r). It
follows

UresomC(f 7 (By, 7)) C Ukeso f~H(msC(By, )

= f Y (UresymsC(Bg,1)).
So f(A) C UgeyymsC(Bg,r) and f(A) is almost fuzzy r-minimal semi-
compact. O
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THEOREM 3.15. Let a mapping f : (X, M) — (Y, N) be fuzzy co-r-
M-semicontinuous and fuzzy r-M-semiopen on two r-FMS’s. If A is a
nearly fuzzy r-minimal compact set, then f(A) is nearly fuzzy r-minimal
semicompact.

Proof. Let {B; € IY :i € J} be a fuzzy r-minimal semiopen cover of
f(A)in Y. Then {f~Y(B;) : i € J} is a fuzzy r-minimal open cover of A
in X. Since X is nearly fuzzy r-minimal compact, there exists a finite

subset Jo = {jl;jQ, ce ,jn} C Jsuch that A C UkGJOm](mC(f_l(Bk), T)7

It follows
f(A) € Ukes f(mI(mC(f~(By),r),7))
C UkesomsI(f(mC(f~"(By),7)).7)
C UresmsI(f(f~ (msC(By,r))),r)
C  UgegomsI(msC(By,r),r).
Hence f(A) is nearly fuzzy r-minimal semicompact. [
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