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Abstract 
 
This paper describes a topology optimization technique which can maximize the fundamental frequency of the structures. The fundamental 
frequency maximization is achieved by means of the minimization of modal strain energy as an inverse problem so that the strain energy 
based resizing algorithm is directly used in this study. The strain energy to be minimized is therefore employed as the objective function and 
the initial volume of structures is used as the constraint function. Multi-frequency problem is considered by the introduction of the weight which 
is used to combine several target modal strain energy terms into one scalar objective function. Several numerical examples are presented to 
investigate the performance of the proposed topology optimization technique. From numerical tests, it is found to be that the proposed optimi-
zation technique is extremely effective to maximize the fundamental frequency of structure and can successfully consider the multi-frequency 
problems in the topology optimization process. 
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1. INTRODUCTION 
 

In recent years, structural topology optimization has 
been extensively exploited and used in various engineering 
fields to provide alternatives to the fixed topologies which 
usually exist in the process of traditional shape and size 
optimizations. The main idea of the topology optimization 
(Cheng, 1981; Bendsøe, 1988) is to introduce a uniquely 
defined material such as a special microstructure within 
each finite element. The optimization problem is defined in 
such a way that the geometry parameters of the solid/void 
ratio in the base cells are the design variables. If a portion 
of the medium consists only of voids, it is assumed that 
there is no material in that area. On the other hand, if there 
is no porosity in some portion, a solid structure must be 
placed at that location. So far, three major techniques have 
been applied in structural topology optimization. They 
have some common aspects such as material model used, 
the updating scheme used and the constraint satisfaction 
strategy. Hence, they can be classified as evolutionary me-
thods (E), homogenization methods (H) and hybrid method 
(H/E). Note that the evolutionary method (Xie and Steven, 
1997) and homogenization method (Bendsøe, 1988) deal 
with the updating scheme and material model respectively. 
With the rapid growth of computer power and the adapta-
tion of the homogenization method, structural topology 
optimization has been studied in many ways over the last 
twenty years and topology optimization based on the ho-
mogenization method has become a popular method. Apart 
from the material model, another issue in topology optimi-
zation is the algorithm used to update the hole size. The 
optimality criteria methods have been used in popular 
since they can deal with many design variable without 
particular difficulties. On the other hands, mathematical 
programming methods are gradually becoming a more 
popular means of updating the material density parameter 
(Tenek and Hagiwara, 1993, 1994; Yang and Chen, 

1996; Yang and Chung, 1994; Yang and Chahande, 
1995; Swan and Kosaka, 1997). For example, a problem 
having a thousand design variables has been successfully 
handled using mathematical programming. However, the 
resizing algorithm (Bendsøe, 1988) based on the optimali-
ty criteria has still a great advantage to deal with many 
design variables in topology optimization. Several alterna-
tives such as the hard-kill (Hinton and Sienz, 1995; van 
Keulen and Hinton, 1996), the soft-kill (Walter and Mat-
theck, 1993) and the evolutionary method (Xie and Ste-
ven, 1997) can be used for various engineering problems. 
In this context, techniques for finding optimum topology 
of the structures have been intensively investigated. How-
ever, it has been mostly applied to static problems and the 
applications of topology optimization technique into the 
dynamic problem are limitedly available in the open litera-
ture (Tenek and Hagiwara,1994; Xie and Steven, 1993, 
1996; Jog, 2001; Diaz and Kikuchi, 1992; Pedersen, 
2000; Krog and Olhoff, 1999). Moreover, the direct use 
of modal strain energy for maximizing the fundamental 
frequency of structure has not been found in open litera-
tures. 

Hence, we here introduce a topology optimization tech-
nique, which uses the modal strain energy of structure, in 
order to maximize the fundamental frequency of the struc-
tures. In the following sections, the specific technologies 
used in this study such as the material model, resizing al-
gorithm and filtering process are described. Finally, some 
numerical results are presented to show the performance of 
the proposed topology optimization technique. 

  
2. ARTIFICIAL MATERIAL MODEL 
 

In this study, the artificial material model is adopted to 
produce clearer and more distinct structural topologies. In 
this model, the material is characterized by a density pa-
rameter r 1 a in case of the square cells with cen-
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trally placed square holes.  
Therefore, the material density ρ  and the volume of 

the material in each element e can be defined respectively 
as 

ρ 1 a 2r r   and  0 r 1      1  

Ω ρ dV ρ V                          2  

in which V  is the volume of element e.  
Now, it is assumed that the elastic modulus E  of the 

artificial material in element e is replaced by E  such as 

 
E ρ E                                   3                    

where the exponent γ usually has a value 1 6. 
Higher values of γ  lead to more distinct topologies. From 
(3), it can be observed that the artificial material stiffness 
depends on two parameters r  and γ  (Rosvany et al, 
1995) as shown in Figure 1.  

 
Figure 1. Material Model. Left: unit square cell and right :         

material density function with respect to parameter γ. 
 
The material density parameters r  play a role as design 
variables and γ will be used as a constant for the entire 
optimization process. 

We now consider the elastic constitute relationships. The 
constitutive equation for standard isotropic material under 
plane stress assumptions may be written as 

 
σ
σ
σ

λ 2µ λ 0
λ λ 2µ 0
0 0 µ

ε
ε
ε

         (4) 

where, λ υE / 1 ν  is the reduced Lamé constant 
for plane stress-strain relationship; µ is shear modulus; 
E  is the elastic modulus defined in (3); ν is Poisson ratio. 

 

3. RESIZING ALGORITHM 
 

In this study, the objective function is taken as the mod-
al strain energy U to be minimized with a constraint that 
the volume must equal to a specified value V . Since we 
consider the multi-frequency problem, the total modal 
strain energy U of the structure with  frequency cases 
are defined by combining modal strain energy terms such 
as 

U α U , α 0                          5  

where U  is the modal strain energy induced by the i  
mode shape of the structure and the α  is the weight asso-
ciated with the i  modal strain energy. 

Now, we can define the structural topology optimization 
problem with the use of total modal strain energy defined 
in (5) 

Minimization U  

subject to  2r r Ω V             6  

where V   is the volume fraction and the design variable 
may be listed as the density parameter vector  where 

r , r , , r T                        7  

in which  denotes the number of elements. 
With the volume constraint, the necessary condition 

for the optimality state with respect to the material density 
parameter r  is a subset of the stationary condition of the 
Lagrangian function L in the discretized domain. 

 

L r U Λ 2r r V                     

λ r 1 λ r               8  

where Λ ,  λ λ , λ , , λ , λ λ , λ , , λ  
are positive Lagrangian multipliers and  U  is the modal 
strain energy of the finite element e. 

With the stationary condition of the Lagrangian function 
for intermediate value of the density parameter, 0
1, the necessary condition can be written as 

1
2Λ 1 r

∂U
∂r 1   or B 1                 9  

The information required in the resizing algorithm can be 
found in (9) and the resizing algorithm can be devised in 
the following form (Lee, 2000). 

r
MAX  if r B MAX                        
r B      if MAX r B MIN
MIN if MIN r B                           

     10  

in which MAX max 1 ζ r , 0 , MIN min 1
ζrek,0 , η is a tuning parameter and ζ is a move limit. The 
subscript k implies the k  iteration. B  is the value of 
B  at iteration k  in the resizing algorithm. 

The overall resizing algorithm discussed in this section 
is implemented as follows: 

(a) Using a given volume fraction V , calculate the ini-
tial value of design variables which are the material 
density parameter r  
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(b) Calculate the mode shape Φ using the artificial ma-
terial model 
(c) Calculate the modal strain energies U  
(d) Calculate Lagrangian multiplier Λ using (9) 
(e) Update design variables 

(e.1) Update material density parameters r  using 
(10) 
(e.2) Check whether new material density parameters 
r  are satisfied with the volume constraint under the 
given tolerance δ 
(e.3) If yes, go to (f). Otherwise, use bisection method 
until the volume constraint is satisfied and then it is 
satisfied, go to (f)  

(f) Filtering the design variables if lower order finite 
element is used 
(g) If the termination criterion is satisfied, stop. Other-
wise, repeat (b)-(f) 

 

4. MODAL STRAIN ENERGY 
 

In the absence of external loads and damping effects, the 
dynamic equilibrium equation based on the principle of 
virtual work (or more precisely virtual power) can be writ-
ten as 

 

δ T dΩ
Ω

δ Tρ dΩ 0
Ω

                11  

For a discretized FE domain, the displacement field can 
be expressed in terms of the nodal displacements u  and 
the global shape functions  (Hughes, 1987) which are 
constructed from local shape functions N  and the accele-
ration can be also written in the same way 

 

ξ , ξ , ξ , ξ          12  

where  is the total number of the node in the discretized 
domain and the virtual terms associated with the displace-
ment and acceleration are 
 

δ ξ , ξ δ , δ ξ , ξ δ      13  

The strain-displacement and virtual strain-displacement 
relationships can then be written as 

 

, δ δ                14  

where  is the global strain-displacement matrix which 
are constructed from local strain-displacement matrix . 

Substituting equations (12), (13) and (14) into (11) 
yields 

 
δ T 0                     15  

Since the virtual displacements δ  are arbitrary, the 
above equation may be written as 

 
0                              16  

A general solution of (16) may be written as 
 

e                                   17  
Substituting (17) into (16) yields 
 

[ ω 0                    18  
where  is a set of displacement-type amplitude at the 
nodes otherwise known as the modal vector and ω  is the 
natural frequency associated with the k  mode and 

 is global stiffness matrices which contain 
contributions from the element stiffness. In this study, (18) 
is solved by the subspace iteration method (Bathe, 1987) 
and then eigenvalues can be written in the ascending order 

 
0 ω ω ω                    19  

Now, the modal strain energy induced by the k  natu-
ral mode shape of the structure can be calculated as fol-
lows 

 

U
1
2

T dV                  20  

where  is the eigenvector associated with element e 
and the sensitivity of the strain energy with respect to the 
material density parameter r  in (9) can also be calculated 
using the following relationship 

 

∂U
∂r

1
2

T ∂
∂r dV                21  

Note that the stiffness matrix  is altered at each step 
of the optimization iteration and so the natural mode 
shapes  associated with either the initial structure or the 
intermediate structure are available during the optimization 
iteration. In this study, the natural mode shape of the initial 
structure is consistently used to produce the final optimum 
topology of the structure. 

 
5. TERMINATION CRITERIA 
 

In step (g) of Section 3, several termination criteria can 
be possibly used in the topology optimization. Four eligi-
ble termination criteria for the three dimensional topology 
optimization can be summarized as follows: 

 The number of iterations: A fixed number of 
iterations can be provided by user. The topology 
optimization will continue for the given number of 
iterations. 

 The modal strain energy norm: The strain 
energynorm ( U U / | U |) between two 
subsequent topology optimization iterations will be 
examined and if the variation of strain energy 
between subsequent iteration is smaller than a given 
value then the algorithm will terminate. 

 The decrease percentage of modal strain energy: If 
the strain energy of structure reach to the given 
strain energy value as (U U ), iteration will 
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cease. 

 Volume changes: If the volume change from one 
iteration to the next is less than a specified value 
then iteration will stop 

However, the first termination criterion is mainly used 
in the present study. The second termination criterion 
should not be used unless the decrease of strain energy is 
monotonic. From our experience, the first and the third and 
fourth termination criteria are recommendable when a new 
topology optimization problem is tackled. 
 
6. NUMERICAL EXAMPLES 
 

Numerical tests are carried out to investigate the per-
formance of the proposed topology optimization technique 
and the results are described in this section. The variation 
of the natural frequencies together with the topology opti-
mization history is provided. The exponent in the artificial 
material is taken as γ 5.0 for all examples. Note that 
topology optimization used here is based on linear elastic 
behavior, the optimum topology obtained here is, of course, 
independent of the value of the elastic modulus. Further-
more, the geometric scale of the original design domain 
will not alter the overall topology as long as its generic 
shape is kept constant. In this study, specific value for the 
elastic modulus and design domain dimension are pro-
vided. However, in all convergence plots normalized strain 
energy is used for clarity. In addition, checker-boarding of 
optimum topologies have been identified in numerical tests 
and a remedy (Youn and Park, 1997 and Lee, 2003) has 
been introduced. Here, the filtered topologies are only pre-
sented. 
 
6.1. Rectangular plate 

There are a few available reference solutions of topolo-
gy optimization for vibrational problems. Here, the com-
parisons are made with available numerical solutions pro-
vided in References (Xie and Steven, 1993; Tenek and 
Hagiwara, 1993). They used a rectangular plate under free 
vibration condition. The dimensions of the rectangular 
plate are L 0.15m, H 0.1m and thickness normal to 
plane of structure h 0.01m. The material properties are 
assumed to be: elastic modulus E 7.0 10  N/m  and 
Poisson ratio ν 0.3. The volume constraint is taken as 
the Ω 50% of total volume of the beam. The tolerance 
of the volume constraint δ is 0.02. The response analysis 
is carried out using 2400, 4-node plane stress elements. 
The optimum topology and the iteration history is pre-
sented in Figure 2. From the topology optimization, the 
fundamental frequency is maximized up to 298 % of the 
values obtained with the initial rectangular plate. In this 
test, the frequencies associated with the higher mode tends 
to get close to the values of the fundamental frequency but 
this phenomenon has been generally found in the size and 
shape optimization result (Lee, 2003). The final optimum 
topology of the rectangular plate produced by the present 
technique is shown to be very similar to the ones provided 

in References (Xie and Steven, 1993; Tenek and Hagiwara, 
1993). 

 

 
Figure 2. The iteration history for the first three natural frequencies of 
rectangular plate in case of the fundamental frequency maximization 

 

6.2. Cantilever Beam 
The cantilever beam illustrated in Figure 3 is optimized 

under free vibration condition. The three mode shapes of 
cantilever beam are presented in Figure 3. The dimensions 
of the rectangular design domain are L 10m, H 5m 
and thickness normal to plane of structure h 1m. The 
following material properties are assumed: elastic modulus 
E 1.0 10  N/m  and Poisson ratio ν 0.3.  The 
volume constraint is taken as the Ω 40% of total vo-
lume of the beam. The tolerance of the volume constraint 
δ is 0.02. The response analysis is carried out using 5000, 
4-node plane stress elements. In this example, two optimi-
zation parameters used in the resizing algorithm are mainly 
investigated. 

 
Figure 3. Cantilever beam : Left-top: Problem definition,   
Right-top: 1st mode shape, Left-bottom: 2nd mode shape and  

Right-bottom: 3rd mode shape. 
 

First, the effect of changing the tuning parameter η on 
the rate of convergence is investigated. In this test, values 
of 40% for the volume fraction, 0.15 for the move limit ζ 
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and 0.001 for the volume tolerance are used. After 250 
iterations, the fundamental frequency maximization of 
816%, 949%, 1149%, 1164%, 1999%, 907% are achieved 
for the tuning parameters η 0.01, 0.02, 0.04, 0.06, 0.45, 
1.0 respectively. From numerical results, a slower conver-
gence rate was achieved with a large value of the tuning 
parameter. The optimization histories and topologies ob-
tained with the use of different values of the tuning para-
meter are presented in Figure 4 and Figure 5 respectively. 
 

 
Figure 4. The variation of the fundamental frequency with respect to 

tuning parameter η 
 

 
Figure 5. Topologies with respect to different values of tuning parameter 
η : Left-top: 0.01, Right-top: 0.02, Left-middle: 0.04, Right-middle: 0.06, 

Left-bottom: 0.45, Right-bottom: 1.0 
 
Second, the effect of the changing move limit ζ on the 
rate of convergence is considered for a volume fraction of 
40%, a tuning parameter value of 0.45 and a volume toler-
ance of 0.001. After 250 iterations, the fundamental fre-
quency increases of 506%, 1647%, 2674%, 3079%, 
5323%, 6324% are achieved for the move limit ζ = 0.01, 

0.02, 0.04, 0.08, 0.14, 0.2 respectively. The convergence 
curves are presented in Figure 5. The results indicate that 
large values of the move limit accelerate the topology op-
timization process and produce more distinct topologies. 
The optimization histories and topologies obtained with 
the use of different values of the move limit are presented 
in Figure 6 and Figure 7. 
 

 
 

Figure 6. The variation of the fundamental frequency with respect to 
move limit ζ 

 

 
Figure 7. Topologies with respect to different values of move limit  ζ : 
Left-top: 0.01, Right-top: 0.02, Left-middle: 0.04, Right-middle: 0.08, 

Left-bottom: 0.14, Right-bottom: 0.2 
 
In addition, the convergence rate is investigated when the 
different modal strain energy term is used as the objective 
function. Three modal strain energies induced by the 
1 , 2 , 3  natural mode shapes are used as the objective 
function to show the performance of the proposed tech-
niques in higher mode. From numerical result, it is ob-
served that the material of cantilever beam was re-
distributed to form a symmetric discrete structure to resist 
the deformation created by the natural mode shapes. The 
fundamental frequency of the optimized cantilever beam 
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has 670% of the initial fundamental frequency when the 
fundamental frequency is used as the target frequency to 
be maximized. The 2nd, 3rd natural frequencies of the beam 
are also increased to 220% and 170% of the initial natural 
frequencies when the 2nd and 3rd natural frequencies is re-
spectively used as target frequencies to be maximized. 
From this study, we found that the natural frequency max-
imization of 
the beam is not greatly achieved when modal strain energy 
related to higher natural frequency is adopted as the objec-
tive function. The natural frequency histories and optimum 
topologies with different target natural frequencies are 
illustrated in Figures 8, 9 and 10. Note that all frequencies 
are divided by the value of the initial fundamental fre-
quency of cantilever beam. 
 

 
Figure 8. The iteration history for the first three natural frequencies of 
cantilever beam in case of the fundamental frequency maximization 

 

 
Figure 9. The iteration history for the first three natural frequencies of 
cantilever beam in case of the 2  natural frequency maximization 

 

 
Figure 10. The iteration history for the first three natural frequencies of 

cantilever beam in case of the 3  natural frequency maximization 
 
6.3. Beam with both clamped ends 

The optimum topologies for the beam with both 
clamped ends are investigated for the third benchmark test. 
The dimensions of the rectangular design domain are 
L 10m, H 5m and thickness normal to plane of struc-
ture h 1m. The following material properties are as-
sumed: elastic modulus E 1.0 10  N/m  and Pois-
son ratio ν 0.3. The volume constraint is taken as the 
Ω 40% of total volume of the beam. The tolerance of 
the volume constraint δ is 0.02. The response analysis is 
carried out using 5000, 4-node plane stress elements. The 
tuning parameter η and the moving limit ζ are given as 
1.0 and 0.015 respectively. The variation of target frequen-
cies together with the topology optimization histories are 
presented in Figures 11, 12, 13, 14. 
 

 
Figure 11. The iteration history for the first four natural frequencies of 

both clamped ends beam  
in case of the 1  natural frequency maximization 
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Figure 12. The iteration history for the first four natural frequencies of 

both clamped ends beam  
in case of the 2  natural frequency maximization 

 

In this test, the fundamental frequency of the optimized 
beam has 190% of the initial fundamental frequency after 
200 iterations as shown in Figure 13. The 2 , 3 , 4  
natural frequencies are also maximized up to 88%, 198% 
and 98% of the initial natural frequency through the mini-
mization of the 2 , 3 , 4  modal strain energies 
U , U , U . When the modal strain energy associated with 
higher mode is used as the objective function, the lower 
maximization of the target natural frequency is achieved. 
In particular, the 2  natural frequency of the optimized 
beam is found to be below that of the initial beam. Note 
that the fundamental frequency of the beam is maximized 
up to 189%, 93%, 214% and 122% for four cases. 
 

 
Figure 13. The iteration history for the first four natural frequencies of 

both clamped ends beam  
in case of the 3  natural frequency maximization 

 
 

Figure 14. The iteration history for the first four natural frequencies of 
both clamped ends beam  

in case of the 4  natural frequency maximization 
 

 
 

Figure 15. Mode shapes: Left: the initial beam, Right: the optimized 
beam; (row 1) 1  mode, (row 2) 2  mode, (row 3) 3  mode,  

(row 4) 4  mode. 
 
In addition, the comparison has been made between the 
natural mode shape of the initial structure and that of the 
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optimized structure. As shown in Figure 15, the fundamen-
tal mode shape of the beam has been changed after topolo-
gy optimization and the 1 , 2 , 3  mode shapes of ini-
tial structure appears in the 2 , 3 , 4  mode shapes of 
the optimized beam. Hence, it is found to be that the fun-
damental mode shape of the structure can be altered 
throughout the optimization. 
 
6.4. Truss Bridge 

The simply supported rectangular domain is optimized 
under free vibration condition. The dimensions of the rec-
tangular design domain are L 3.2m , H 2.0m  and 
thickness normal to plane of structure h 1m. The fol-
lowing material properties are assumed: elastic modulus 
E 1.0 10  N/m   and Poisson ratio ν 0.3 . The 
volume constraint is taken as the Ω 30%  of total 
volume of the beam. The tuning parameter η and the 
moving limit ζ are given as 0.8 and 0.04 respectively. The 
tolerance of the volume constraint δ is 0.02. The analysis 
is carried out using 5000, four-node plane stress elements. 
In this test, the multi-frequency problem is tackled and 
therefore the fundamental frequency and other frequencies 
associated with higher modes are simultaneously consi-
dered in topology optimization process with the use of the 
weight function. In this example, we try to maximize four 
cases: (a) ω , (b) ω ω ω , (c) ω ω , (d) 
ω ω . In the first case, we try to maximize the funda-
mental frequency only and in the other cases, multi-
frequency problems are carried out. From numerical re-
sults, it is observed that the material of beam has been re-
distributed to form a symmetric arch-like structure. The 
convergence curves are presented in Figure 16.  
 

 
Figure 16. Natural mode shapes of the simple supported beam:  

(column 1) 1  mode, (column 2) 2  mode, (column 3) 3  mode, 
(column 4) 4  mode. 

 

After 200 iterations, the fundamental frequency is in-
creased up to 260% for the first case. The values of 1210%, 
918%, 120% of the fundamental frequency are increased 

respectively for three multi-frequency cases. The optimum 
topologies are presented in Figure 17. From numerical 
tests, we found that the fundamental frequency of the 
structure can be more effectively maximized through mul-
ti-frequency problem. 
 

 
 

Figure 17. Truss Bridge: Left: Mode shapes from the 1st to 4th, Right: 
Optimum topology with multi-frequency case considering: (column 1) 

1   mode only, (column 2) 1 , 2  and 3  modes, (column 3) 
1 , and2 , (column 4) 1  and 3  modes. 

 
7. CONCLUSIONS 
 

The topology optimization technique for maximizing the 
fundamental frequency of the structure is proposed and 
used to produce optimum topologies of the structures. The 
performance of the proposed technique is tested by four 
numerical examples. From the numerical examples, the 
present technique with the direct use of the modal strain 
energy term is proven to be possible and effective for max-
imizing the fundamental natural frequency of the struc-
tures. It is also found that the present technique is applica-
ble to the problems which are either single-frequency or 
multi-frequency problem. Finally, a set of benchmark tests 
presented here is proposed as future reference solutions. 
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