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ABSTRACT. The main aim of this article is to introduce a new class of sequence spaces
using the concept of n-norm and to investigate these spaces for some linear topological
structures as well as examine these spaces with respect to derived (n-1)-norm. We use an
Orlicz function, a bounded sequence of positive real numbers and some difference operators
to construct these spaces so that they become more generalized and some other spaces can
be derived under special cases. These investigations will enhance the acceptability of the
notion of n-norm by giving a way to construct different sequence spaces with elements in
n-normed spaces.

1. Introduction

Throughout the article w, £, ¢, co, £, denote the classes of all, bounded, con-
vergent, null and p-absolutely summable sequences of complex numbers.

The notion of difference sequence space was introduced by Kizmaz [9], who
studied the difference sequence spaces £o(A), ¢(A) and co(A). The notion was
further generalized by Et and Colak [1] by introducing the spaces £ (A®), ¢(A%)
and cg(A®). Another type of generalization of the difference sequence spaces is
due to Tripathy and Esi [14], who studied the spaces £ (Ar,), ¢(Ay) and co(Ar,).
Tripathy, Esi and Tripathy [15] generalized the above notion and unified these as
follows:

Let m, s be non-negative integers, then for a given sequence space Z we have
Z(A5,) ={x = (zx) € w: (AL xx) € Z},

where AS x = (AS xx) = (A3 1oy, — A twpy,,) and A% 2y = xy, for all k € N, the
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difference operator is equivalent to the following binomial representation:

Afnxk = Z(—l)y ( i > Lh+muo-

v=0

Taking m=1, we get the spaces £ (A?®), ¢(A%) and ¢o(A?®) studied by Et and Colak
[1]. Taking s=1, we get the spaces lo (Ar,), ¢(A,) and ¢o(A,,) studied by Tripathy
and Esi [14]. Taking m=s=1, we get the spaces ¢, (A), ¢(A) and ¢o(A) introduced
and studied by Kizmaz [9].

Let m, s be non-negative integers, then for a given sequence space Z we intro-

duce
Z(ASZ)) ={x=(ap) €w: (Ag,‘j)xk) € 7},

where Agfl)gc = (Agfb)xk) = (Agﬁfl)xk—Agfl)wk,m) and A&%k =g, forallk € N,
the difference operator is equivalent to the following binomial representation:

Agz)xk = Z(_l)y ( j > Thk—mu,

v=0

where z = 0, for k£ < 0.

The concept of 2-normed spaces was initially developed by Géhler [3] in the
mid of 1960’s, while that of n-normed spaces can be found in Misiak [11]. Since
then, many others have studied this concept and obtained various results, see for
instance Gunawan [5, 6] and Gunawan and Mashadi [8].

Let n € N and X be a real vector space of dimension d, where n < d. A real
valued function ||.,...,.|| on X™ satisfying the following four conditions

(1) ||z1, 22, ..., xn|| = 0 if and only if x1, xa, ..., z,, are linearly dependant,
(2) ||z1, 22, ..., Zn|| is invariant under permutation,
(3) |laxy, xa, ..., xn|| = |a]||z1, 22y ..., 2pl], for any « € R,
and
4) ||z + ' xa, ..., xn|| < ||z, 22, oy Ta|| + |2, 22y oony 20|
is called an n-norm on X, and the pair (X,||.,...,.||) is called an n-normed space.
As an example of an n-normed space we may take X = R" being equipped
with the n-norm ||z1, za, ..., z,|| g = the volume of the n-dimensional parallelopiped
spanned by the vectors x1, x2, ..., T,,, which may be given explicitly by the formula
21,22, .o || 2 = | det(zi5)],

where z; = (241, ..., %) € R™ for each i = 1,2, ..., n.
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Let (X,]|.,...,.]|) be an n-normed space of dimension d > n > 2 and
{a1,as,...,a,} be a linearly independent set in X. Then the following function
|- |0 o0 X"~ defined by

[|z1, @2, ..., Tp||oo = max{||z1,z2,  * , Tn-1,a|| : 1 =1,2,...,n}

defines an (n-1)-norm on X with respect to {a1, ag, ..., an}.
Let n € N and (X,{.,.)) be a real inner product space of dimension d > n.
Then the following function ||.,...,.||s on X x -+ x X (n factors) defined by

|21, @2, ooy |5 = [det ({4, 25))] 2

is an n-norm on X, which is known as standard n-norm on X. If we take X = R",
then this n-norm is exactly the same as the Euclidean n-norm ||., ..., .|| g mentioned
earlier. For n=1, this n-norm reduces to usual norm ||z1|| = (z1,21)2 (for further
details one may refer to Gunawan and Mashadi [8]).

A sequence (zj) in an n-normed space (X, ||., ..., .||) is said to converge to some
L € X in the n-norm if

klim ||zr — L, 21, ..., 2n—1]| =0, for every z1,...,2,-1 € X.
— 00
A sequence (z1) in an n-normed space (X,|.,...,.]|) is said to be Cauchy with

respect to the n-norm if

lim ||zx — 1,21, .y 2n—1]] =0, for every z1,...,2,—1 € X.
k,l— o0

If every Cauchy sequence in X converges to some L € X, then X is said to be

complete with respect to the n-norm. Any complete n-normed space is said to be
n-Banach space.

We procure the following results those will help in establishing some results of
this article.

Lemma 1 (Gunawan and Mashadi [8], Corollary 2.2). A standard n-normed space
1

is complete if and only if it is complete with respect to the usual norm ||.|| = (.,.)=.

Lemma 2 (Gunawan and Mashadi [8], Fact 2.3). On a standard n-normed space
X, the derived (n — 1)-norm ||.,..., ||co, defined with respect to orthonormal set
{e1,€2,...,en}, is equivalent to the standard (n-1)-norm ||.,...,.||s. Precisely, we
have for all x1,%2,...,Tn_1

||l‘17$2,...,1'n_1||00 S ||5017$2,~~-,$n—1||s S \/ﬁHxlaan“'awn—lHooa

where |21, Z2, ..., Tn-1]]co = max{||x1,Z2, ..., Tn_1,€i|| 11 =1,2,...,n}.
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An Orlicz function is a function M:[0, co) — [0, co), which is continuous, non-
decreasing and convex with M (0)=0, M(z) > 0 and M(x) — oo as © — oo.

Lindenstrauss and Tzafriri [10] used the Orlicz function and introduced the
sequence space £, as follows:

by = {(zx) Ew: ZM('ZH) < o0, for some p > 0}.
k=1

They proved that 5, is a Banach space normed by

@0)l] = inf{p > 0 ZMU?') <1}
k=1

Remark 1. An Orlicz function satisfies the inequality M (Ax) < AM (z) for all A
with 0 < A < 1.

The following inequality will be used throughout the article. Let p = (pg) be
a positive sequence of real numbers with 0 < pp <suppp = G, D=max{1,2¢71}.
Then for all ag, bye C for all k € N, we have

(1) |ax, + bx[P* < D(|ag|P* + |br|P*).

Let (X,].,...,.]]) be a real n-normed space and w(n — X) denotes the space
of X-valued sequences. Let p = (pg) be any bounded sequence of positive real
numbers. Then for an Orlicz function M, we define the following sequence spaces

(M, A7l w5 [Do

r

) Af«l’k Pk
= {x = (z) € win — X) : khjEO M (]| ; 21, 2n—1|])| =0,

21, 2n—1 € X and for some p > 0},
(MvAi’pvu'v“'v'H)l
Ail‘k—L
p
21,y 2n—1 € X and for some p >0 and L € X},

— {x = (x) € w(n — X) : lim {M(H

Pk
e ,Z]_,...,Zn_1|):| 207

and
(M? Af‘vpv ||7 ERER] ||)OO

- {x = (x) € w(n — X) : sup [M(H

Ai:l?k
y 21

Pk
N zn_1||)] < 00,
p

21,y 2n—1 € X and for some p > O}.
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If we replace the difference operator Af by ASS) in the above definitions, we will

get the spaces (M, AY p, |-y ees -[Doy (M, AW p, [|.y.es |1 and (M, AW p, [l s -IDoo
respectively.

For s = 0, we write the above spaces as (M,p,||., ..., .|])o, (M, p,]|.,...,.]|)1 and
(M, p, ], -||) oo respectively.

It is clear from the definition that (M, A%, p, ||, ...,.|[)o C (M, A%, p, ||, ..y -|D)1-
Further (M,AZ,p,||.,...,-||)1 € (M,A%,p,|.,.....||)eo follows from eq(1) and the
following inequality:

Asy PEr]  ASay — L 1 L P
M(” 2pk y Ry eeny Zn—ll):| S |:2J\4(||];7 Zlyeeey Zn_1||)+§M(;7 Zlyeeey Zn_1||) .
Similarly, we have

(M, AP po s s Do © (M AP py [ D1 € (M AL py [ s Do

2. Main results

In this section we investigate some linear topological structures of the spaces

(M, A8, ||y oo Doy (MLAL D ||y ooy D1 (MLAL D |y Do (MLAS, p | s Do
(M, AL p, ||,y D1 and (M, A p,[[., o oo
Theorem 1. If {Afxy, 21, 22, ..., 2n—1} is a linearly dependent set in (X,||.,...,.||)

for all but finite k, where x = (z1) € w(n — X) and i%fpk > 0, then

P
(i) klim [M(H%Jl, ...,zn,1||)} " =0, for every p > 0,

ss ASxy, Pk
(ii) sup | M(||=5*, 21, ..., 2n-1][)| < 00, for every p > 0.
k>1
Proof. (i) Assume that {A%xy, 21, 29, ..., 2,1 } is linearly dependent set in X for all
but finite k. Then we have ||Afzy, 21, ..., 2p—1|] — 0 as k — oo.
Since M is continuous and 0 < p, < sup pr < oo, for each k, we have

AS Pk
klim [M(| ka,zh 7zn1|)} =0, for every p > 0.
— 00 p

(i) Proof of this part is similar to part (i). a

Note. Theorem 1 will hold good if we replace the difference operator A? by the
difference operator ASS).

Theorem 2. The classes of sequences (M, AS,p, ||,y |0y (M, A% D ||y ey |1,

(M, A%,y ooer oo (M, A p [y s Doy (M, A p 1y ey )1 and
(M, A&S),p, [y -5 -|])oo are linear spaces.
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Proof. We proof the result for the space (M, Ai”,p, ., -|]) oo only and for other
spaces it will follow on applying similar arguments.
Let () and (yx) be any two elements of the space (M, Ags),p, |- s -|)oo. Then

there exist p; and pa > 0 such that

A(S):ck
M(]]

Pk
emall| <o

and

(s)
M(A

Pk
.7zn1|)] < 00,

for all k > 1. Let «, 8 be any scalars and let ps=max(2|a|p1, 2|5|p2)-
Then we have

A (i + By "
M Aozt By D

P3
A&S)az A&é) Pk
< | MOE=E o)+ OIS 2 )
P3 P3
Az, Z f)yk i
<D{Pﬂle7% Zn-1l]) M| 1y oo Zn1l]) <00
for all kK > 1. Hence (M AY p, |-y -5 -|])oo is a linear space. O
Theorem 3. The spaces (MAﬁ,p,H.,...,.H)O, MAZ p]-seees- D1 and MLAZP|-seees- I Doo

are paranormed spaces paranormed by g defined by

rs

. 2k Az
(2) g(z) = Z l|zk, 21,5 vy Zn—1]|| +inf {pf? :s%pM <|| k ..,zn1||> < 1},

k=1

where H=max(1, sup pg).
k

Proof. Clearly g(z) = g(—z) and ¢g(f) = 0. Let (xx) and (yx) be any two se-

quences belong to any one of the spaces (M, A%, p, ||, ..oy -|Doy (M, A2, ||,y 1])1,
and (M, A2, p,||.,...;.]|)oo- Then we have pq, p2 > 0 such that
A A
sup M (|| xk ..,zn1||> <1 and supM <|| Tyk,zl,...,zn1||> <1
k k

Let p = p1 + p2. Then by the convexity of M, we have

AS(xp + yi
sup M <|T(py),zl,...,zn_1||
k

Alx
g( Pl ) <|| k. ,..,zn_1|>—|—<p2 ) <| rY zl,...,zn_1|>
p1tp2 k p1tp2 k

<1.
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Hence we have

Al (zk + yr)

1, ...,zn_1||)g1}
p

T8
. Pk
g(ery):ZHIkerk, 21y ey Zn—1||+inf {p # :sup M (]|
k=1 k
PE
H

- Asxk
<3 N1zl int { o < sup 00
k
k=1

pr

21, ...,Zn_1||) S 1}

p

rs
. Asy,,
+ E ||y;€,z1,...7zn1||—&—1nf{p2 :s%pM(Hi;y ,zl,...,zn1||)§1}.
2
k=1

)

This implies
9(z +y) < g(x) +g(y).

The continuity of the scalar multiplication follows from the following equality:

Ai)n%k

g()\z)zg H)\l‘k,zl,...,Zn_1‘|+inf{pb}fc :sup M (|| s 215 ey 2n—1]]) <1}
k
k=1

= . Pk A?ij
=AD"l 21, zna [+ (A s MOIZEE 21, 2 ) < 1),
k=1

where t = ‘%. m|

In view of the above result we state the following result without proof.

Theorem 4. The spaces (M, AW p, |-y s -[Doy (M, AW p, |-y s -|D1 and

(M, Ag-s),p, [y s -|])oo are paranormed spaces paranormed by h defined by
. Py APy

3) @) = inf § p% sup 21 EETE 2zl < 1

where H = max(1,sup p).
k

Theorem 5. Let (X.||.,...,.]|) be an n-Banach space. Then (M, A%, p, ||, ..., .||)o,
(M, A2 p, ] D)1 and (M, AZ D, ||, -y [)oo are complete paranormed spaces
paranormed by g as defined by eq(2).
Proof. We consider only (M, A%, p,|l.,...,.||)s and for other spaces it will follow on
applying similar arguments.

Let (z%) be any Cauchy sequence in (M, AS,p,|., ..., .|)oo- Let zo > 0 be fixed

and ¢ > 0 be such that for a given € (0 <e <1), ;5 >0, and ot > 1. Then there
exists a positive integer ng such that

. . e
g’ —a7) < s for all 7,5 > ng.
Zo
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Using the definition of paranorm, we get

gy ' i AS(zt — a:j)
(4) E Hx?c—xi,zl,..,zn_1||—|—inf{p?:supM(H7r kp k s 21y -en Zn—1|) <1}
k
k=1

€
< —, forall 4,5 > nyg.
l‘ot

Hence we have

s
S ek — @21, e o]l <&, forall i,j > no.
k=1

This implies that
|k — 2], 21,00y 20| <&, foralli,j >mng and 1<k <rs.

Hence (z%) is a Cauchy sequence in X for k =1,2,...,rs.
Thus (z%) is convergent in X for k =1,2,...,rs.
For simplicity, let

(5) lim 2} = x4, say for k =1,2,...,7s.

Again from eq(4), we have

S

P A
inf{p® : sup M (|| =" V21 Zne|]) <1} <, forall 4, j > ng.
k

Then we get

Ay, — )

o —27) 21y ey 2n—1|]) <1, for all 4,5 > ng.

sup M (]|
k

It follows that
Ay (7} — )

Mg =)

s 21y 2n—1]]) <1, for each k > 1 and for all i,5 > ng.

For t > 0 with M(t%‘)) > 1, we have

A8 (xh — ) tzg
M —rk TkJ ooy Zp— <M|—|.
<|| g(l‘l —1'-7) 3 Rly ooy R lH — 2

; G trg € £
HA:‘(QJ;C _‘/I’“Ilc)7zl7-~-azn—1‘| < 7% = §

Then we have
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Hence (Afz}) is a Cauchy sequence in X for all k € N.
This implies that (Axi) is convergent in X for all k € N. Let lim (Afz}) = yy
exist for each k € N.

Let £ = 1. Then we have

. s i . g v S 7
(6) i (3521) = Jim (1 (3 )t =

i—00
We have that by eq(5) and eq(6)

. i o .
m 2, 411 = Tpsq1 €Xists.
11— 00

Proceeding in this way inductively, we have lim z} = zy, exists for each k € N.

11— 00

Now we have for all 7,5 > ny,
rs ; ]
) . ] oy As 1:1 —ZEJ
B [ | ESI R
k=1

This implies that

: ST j . 2 A;(xi—xi)
Jim {3l —onezadint (o MOEEEL ) <1))
k=1
<eg, foralli>nyg.

Since M and n-norms are continuous functions, we have

rs :
) ’ AS (gt —
S ik — 2022 [ +ink [ % sup M (PRETE=TE)
k
k=1

5217'“12n—1‘ D S 1} <g,

for all i > ng.

It follows that (! —z) € (M, A%, p, ||, .., |[)oo and (M, A, p, ||., ..., .||)oo is a linear
space, so we have z = z* — (2! —x) € (M, A%, p, ||, -, || oo-
This completes the proof of the Theorem. O

In view of Theorem 5, we state the following result without proof.

Theorem 6. Let (X.||.,...,.||]) be an n-Banach space. Then (M, A,(as),p, [I.s -5 -1Dos
(M, Ag,s),p,H.,...,.H)l and (M, AP p |-y s -|])oo are complete paranormed spaces
paranormed by h as defined by eq(3).

Remark. It is obvious that (xy) € (M,AZ,p,||.,...,.||)y if and only if (z;) €
(M, ASS),p, [|.s--s -]y, for Y = 0,1 and co. Also it is clear that paranorms g and h
are equivalent. Hence we state the following Corollary.

Corollary 7. Let (X.||.,...,.|]|) be an n-Banach space. Then
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( ) (M Asap> H BN >'||)07 (M As7p7 || N 7'||)1 and(Ma Aprv ||7 i) ||)OO are com-
plete paranormed spaces paranormed by h, given by eq(3).

(i) (M, A, |1y s Doy (M, AL py [y D1 and (M, AL, p 1y s ) oo are
complete pamnormed spaces paranormed by g, given by eq(2).

Remark. In view of Lemma 1, we can replace the phrase“z is an n-Banach space”
by“X is a Banach space” in Theorem 2.5, Theorem 2.6 and Corollary 2.7 if X is
assumed to be equipped with standard n-norm.

We state the following Theorem in view of Lemma 2.

Theorem 8. Let X be a standard n-norm space and {ey, ea, ...,e,} be an orthonor-
mal set in X. Then

(M, A7, p, || s l[oc)o = (M AL P, [ ooy | n—1))os

(M, A7 p s oot = (ML AT D [ s 1)1
and

(M, A% 55 lloo)oo = (ML AL P - s [l (1)) oo
where ||., ..., .||co is the derived (n — 1)-norm defined with respect to {e1, ez, ...,en}
and ||, ..., |[(n—1) is the standard (n — 1)-norm on X.

Note 2. Theorem 8 holds good if we replace the difference operator A? by the
difference operator ASS).

Theorem 9. (i) The spaces S[(M, A%, p, |-, ..., .|)v] and (M, p,||., ..., .||)y are equiv-
alent as topological spaces, where S[(M,A%,p,||.,.....|Dyv] = {& = (z) : = €
(M A2 D] Dy, 21 = oo = s = 0} is a subspace of (M, A2, p,||.,.... ||y,
forY =0,1 and 0.

(ii) The spaces (M, AP p, |-y ooes Dy and (M, p,||., ..., .||)y are equivalent as topo-
logical spaces, for Y = 0,1 and oo.

Proof. (i) Let us consider the mapping

T: S[(M Al p, || EE 7||)Y] - (Mapa Hv L ||)Y defined by
Tx = (Alzy), forevery x € S[(M,AL p,|l.,.....|)v]
Then clearly T is a linear homeomorphism and the proof follows.
(ii) In this case we consider a mapping T’ : (M, Ags),p, 1%
(M, p, ||y -]|)y defined by
Tz = (A®z), for every x € (M,A® p ...,y
Then clearly T” is a linear homeomorphism and the proof follows. O

Acknowledgement. The authors thank the referee for the comments those im-
proved the presentation of the paper.
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