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Abstract. Let G = (V,E, µ) be a weighted directed tree, where V is a vertex set, E is

an edge set, and µ is a σ-finite measure on V . The tree G induces a composition operator

C on the Hilbert space l2(V ). Hand-type directed trees are defined and characterized the

weak hyponormalities of such C in this note. Also some additional related properties are

discussed. In addition, some examples related to directed hand-type trees are provided to

separate classes of weak-hyponormal operators.

1. Introduction

Let H be a separable, infinite dimensional complex Hilbert space and let B(H)
be the algebra of all bounded linear operators on H. An operator T in B(H) is said
to be normal (or quasinormal) if T commutes with T ∗ (or T ∗T , respectively). An
operator T is said to be p-hyponormal if (T ∗T )p ≥ (TT ∗)p for 0 < p < ∞. If p = 1,
T is hyponormal, and if p = 1

2 , T is semi-hyponormal ([11]). For 0 < q ≤ p < ∞,
every p-hyponormal operator is q-hyponormal by the Löwner-Heinz inequality ([4]).
For the (unique) polar decomposition of T = U |T | with kerU = ker |T | = kerT
and kerU∗ = kerT ∗ and p > 0, T is absolute-p-paranormal if ∥|T |pTx∥ ≥ ∥Tx∥p+1

for all unit vector x ∈ H. And T is p-paranormal if ∥|T |pU |T |px∥ ≥ ∥|T |px∥2
for all unit vector x ∈ H. Note that every p-hyponormal operator is absolute-p-
paranormal, and also absolute-p-paranormality is p-paranormality for p > 1. Note
that for 0 < p < 1, every p-hyponormal operator is p-paranormal and p-paranormal
operator is absolute-p-paranormal ([4]).

For recent 30 years, the partial normality has been studied by many operator
theorists. In particular, the p-hyponormality notion is contained in such studies.
Jung-Lee-Park([7]) constructed examples induced by some block matrix operators,
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and in [6], the classes of p-hyponormal operators are distinct with respect to positive
real numbers p. In [1] and [2] Burnap-Jung-Lambert discussed some composition
operator models on L2, and also they showed that the classes of p-hyponormal and
p-paranormal operators are distinct for each p > 0. Nonetheless, new examples for
the p-hyponormal operator classes are needed to study the relationship between the
above two notions.

The main tool to study the p-hyponormality of a composition operator is the
conditional expectations (cf. [2] and [3]), which will be used frequently in this note.
Here are some terminology and notation for conditional expectation. Let (X,F , µ)
be a σ-finite measure space and let T : X → X be a transformation such that
T−1F ⊂ F and µ ◦ T−1 ≪ µ. An operator CT acting on L2 := L2(X,F , µ) is
defined by CT f = f ◦T . The condition of the Radon-Nikodym derivative h (= dµ ◦
T−1/dµ) ∈ L∞ guarantees that CT is bounded on L2. We call CT is a composition
operator induce by the transformation T . And we denote Ef = E(f |T−1F) for the
conditional expectation of f with respect to T−1F . As a special case in [10], if A
is the purely atomic σ-subalgebra of F generated by the measurable partition of X
into sets of positive measure {Ak}k≥0, then it is well-known that

E(f |A) =
∞∑
k=0

1

µ(Ak)

(∫
Ak

f(x)dµ(x)

)
χAk

.

The idea in [2] and [3] provides a good motivation to study composition operator
on the Hilbert space l2(V ) defined by a vertex set in a weighted directed tree
G = (V,E, µ) (whose notations are introduced in the next section). For a directed
tree G with masses, a measurable transformation T can be defined on a vertex
set V . And we consider a bounded composition operator on l2(V ) induced by the
transformation. In this note, we provide composition operators as a new model
which separates various classes of quasinormal, p-hyponormal and p-paranormal
operators, etc..

This note consists of four sections. In Section 2, we introduce some fundamental
definitions and properties in the graph theory for our purpose. In Section 3, we
obtain some formulae which separates the classes of p-hyponormal and p-paranormal
operators. In Section 4, we provide some new models relevant to weighted directed
hand-type trees.

2. Basic constructions

In this section we recall basic notions and definitions in [5] or [9]. Let a pair
G = (V,E) be a directed graph if V ̸= ∅ and E ⊂ V × V \{(v, v) : v ∈ V }. An
element of V is said to be a vertex of G, a member of E is called an edge of G. Put

Ẽ := {{u, v} ⊆ V : (u, v) ∈ E or (v, u) ∈ E}.

A member of Ẽ is called an undirected edge of G. A directed graph G is called
connected if for any two distinct vertices u and v of G, there exists a finite sequence
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v1, . . . , vn of vertices of G such that u = v1, {vj , vj+1} ∈ Ẽ for all j = 1, . . . , n− 1.
A finite sequence {uj}nj=1 of distinct vertices is said to be a circuit of G if n ≥ 2,
(uj , uj+1) ∈ E for all j = 1, . . . , n− 1, and (un, u1) ∈ E. A vertex v of G is called a
root of G, or briefly v ∈ Root(G), if there is no vertex u of G such that (u, v) is an
edge of G. We write V ◦ = V \ Root(G). Set

Chi(u) = {v ∈ V : (u, v) ∈ E}, u ∈ V.

Then we call the set Chi(u), children of u of G. A member of Chi(u) is called a
child of u. If for a given vertex u ∈ V , there exists a unique vertex v ∈ V such
that (v, u) ∈ E, then we say that u has a parent v and write par(u) for v. We
compose “par” by k-times (k ≥ 1) and write it by park. We write par0 for the
identity mapping on V .

A pair G = (V,E, µ) is a weighted directed graph if (V,E) be a directed graph
and (V, 2V , µ) be a σ-finite measure space where 2V is the power set of V . It is well-
known that, since (V, 2V , µ) is a σ-finite measure space, we have that V is at most
countable set. A system T = (V,E, µ) is a weighted directed tree if T is a weighted
directed graph such that T is connected, T has no circuits, and each vertex v ∈ V ◦

has a parent. In a weighted directed tree T, we note that Root(T) has at most one
element. A vertex v ∈ V is a bifurcated vertex of T if it has multi-edges, i.e. the
cardinality of children of a bifurcated vertex is greater than one. A vertex v ∈ V ◦

is leaf of T if Chi(v) = ∅.

Definition 2.1. A weighted directed tree T = (V,E, µ) is hand-type if it has only
one bifurcated vertex. In a hand-type directed tree, we write b for the bifurcated
vertex.

Definition 2.2. Let T = (V,E, µ) be a weighted directed hand-type tree. The
length of trunk of T is the number of edges of path from the root to the bifurcated
vertex.

Let T = (V,E, µ) be a weighted directed tree. We now consider a measurable
transformation T on V defined by

Tv =

{
par(v) if v ∈ V ◦,

root if v = root,

when T has a root. If T has no root, we define Tv = par(v) for every v ∈ V. If T
is non-singular (i.e., µ ◦ T−1 ≪ µ), then µ(Chi(u)) = 0 for u ∈ V with µ({u}) = 0.

Recall that l2(V ) is the set of sequences {αv}v∈V such that
∑

v∈V |αv|2 < ∞. If we
define CT : l2(V ) → l2(V ) by CT(f) = f ◦ T , then CT is bounded if and only if

sup
v∈V

|µ(Chi(v))/µ({v})| < ∞.

Such bounded operator CT is called the composition operator induced by a weighted
directed tree T.
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3. Main characterizations

Before giving our results, we briefly review some essential properties about the
composition operator C on L2 ([1] and [2]).

P1. C is normal if and only if T−1F = F and h = h ◦ T.
P2. C is quasinormal if and only if h = h ◦ T.
P3. C is p-hyponormal if and only if h > 0 and E(1/hp) ≤ 1/(hp ◦ T ).
P4. C is p-paranormal if and only if E(hp) ≥ hp ◦ T.

We characterize composition operators CT induced by a weighted directed hand-
type tree T = (V,E, µ). Throughout in this paper, we denote a point mass m(k)
for the measure µ({k}) and assume that each m(k) > 0.

Proposition 3.1. Let T = (V,E, µ) be a weighted directed hand-type tree with root
r and let CT be a composition operator induced by the given T. Then the composition
operator CT is quasinormal if and only if the tree T has no leaves and the following
conditions are hold.
(i) For a vertex k ∈ Chi(r), we have that

µ({r} ∪ Chi(r))

m(r)
=

µ(Chi(k))

m(k)
.

(ii) For a vertex k ∈ V ◦\Chi(r), we have that

µ(Chi(k))

m(k)
=

µ(Chi(par(k)))

m(par(k))
.

In particular, if the tree T has no root, then CT is quasinormal if and only if the
tree T without leaves satisfies the condition (ii).

Proof. For the given hand-type tree T, if T has a leaf w satisfying Chi(w) = ∅, then

h(w) =
µ(Chi(w))

m(w)
= 0 and h ◦ T (w) = µ(Chi(par(w)))

m(par(w))
.

For each point masses m(v) > 0 for all v ∈ V , we have that h(w) ̸= h◦T (w). Hence
the weighted directed tree T has no leaves.

If the tree T has the root r, then it follows from the definition of transformation
T that T (r) = r and T−1(r) = {r} ∪ Chi(r). So we obtain that

h(r) =
µ({r} ∪ Chi(r))

m(r)
and h ◦ T (r) = h(r).

Also, for k ∈ Chi(r), we have that

h(k) =
µ(Chi(k))

m(k)
and h ◦ T (k) = h(r).
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Finally, for any vertex k ∈ V ◦\Chi(r), the following result holds

h(k) = h ◦ T (k) ⇔ µ(Chi(k))

m(k))
=

µ(Chi(par(k)))

m(par(k))
.

Using the above facts and property P2, we obtain the results for the quasinormality
of CT. Therefore the proof is complete. �

Proposition 3.2. Let T = (V,E, µ) be a weighted directed hand-type tree with
leaves and let CT be a composition operator induced by the given T.
(i) If a vertex w is a leaf of T, then b = parj(w) for some integer j ≥ 1 and the
bifurcated vertex b.
(ii) If the tree has a leaf for some integer j ≥ 2 in (i), then the composition operator
induced by the tree has neither p-hyponormality nor p-paranormality.

Proof. By the connectedness of directed hand-type tree, leaves of tree does not
appear in forefather generations of the bifurcated vertex b of T. So leaves of T
appear on some children generations of the bifurcated vertex b. Hence b = parj(w)
for some integer j ≥ 1 and a leaf w in T.

Let us set the composition operator CT induced by the tree T. Suppose that a
leaf w satisfies b = parj(w) for some integer j > 1. From the definition of leaf, we
have the Radon-Nikodym derivative function 0, and so the conditional expectation
becomes to the same value at the leaf. But the Radon-Nikodym derivative function
at the parent of each leaf is not 0. Due to the properties P3 and P4, we see that
CT has neither p-hyponormality nor p-paranormality. �

By the Proposition 3.2, we obtain that if a weighted directed tree with leaves
has the p-hyponormality (or p-paranormality), its leaves are contained in children
of the bifurcated vertex.

Theorem 3.3. Let T = (V,E, µ) be a weighted directed hand-type tree and have no
root. Let CT be a composition operator induced by the given T. Then we have the
following assertions.
(i) CT is p-hyponormal if and only if the following two conditions hold;

(i-a) if a vertex k belongs to Chi(b), then∑
k∈Chi(b)\{leaves}

mp+1(k)

µp(Chi(k))
≤ mp(b)

µp−1(Chi(b))
;

(i-b) m(k)2 ≤ m(par(k)) · µ(Chi(k)) otherwise.
(ii) CT is p-paranormal if and only if the following two conditions hold;

(ii-a) if a vertex k belongs to Chi(b), then∑
k∈Chi(b)\{leaves}

µp(Chi(k))

mp−1(k)
≥ µp+1(Chi(b))

mp(b)
;

(ii-b) m(k)2 ≤ m(par(k)) · µ(Chi(k)) otherwise.
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Proof. (i) We note that the sub-σ-algebra of a hand-type weighted directed tree T
is generated by atoms, Chi(b) and ∪{v : par(v) ̸= b}. If a vertex w is a leaf of T,
then h(w) = 0. To find the condition for p-hyponormality of composition operator
CT, we need the condition h > 0. So we may consider a vertex which is not leaf of
T. For the bifurcated vertex b, if a vertex k belongs to Chi(b), then par(k) = b. So
we have the followings:

E

(
1

hp

)
(k) =

1

µ(Chi(b))

∫
Chi(b)

1

hp(v)
dµ

=
1

µ(Chi(b))

∑
v∈Chi(b)\{leaves}

mp+1(v)

µp(Chi(v))

and
1

hp ◦ T
(k) =

(
m(par(k))

µ(Chi(par(b)))

)p

=

(
m(b)

µ(Chi(b))

)p

for any k ∈ Chi(b). Otherwise, we obtain that

Chi(par(k)) = k and h(k) =
µ(Chi(k))

m(k)
.

So

E

(
1

hp

)
(k) =

1

m(k)

∫
{k}

1

hp(v)
dµ =

1

hp(k)

and
1

hp ◦ T
(k) =

(
m(par(k))

µ(Chi(par(k)))

)p

=

(
m(par(k))

m(k)

)p

.

Therefore for any vertex k ∈ V , we obtain that

E

(
1

hp

)
(k) ≤ 1

hp ◦ T
(k) ⇐⇒{ ∑

k∈Chi(b)\{leaves}
mp+1(k)

µp(Chi(k)) ≤
mp(b)

µp−1(Chi(b)) if k ∈ Chi(b),

m(k)2 ≤ m(par(k)) · µ(Chi(k)) otherwise.

(ii) To prove the paranormality of CT, we use similar calculations in (i). If a
vertex k ∈ Chi(b), then we have par(k) = b,

E(hp)(k) =
1

µ(Chi(b))

∑
v∈Chi(b)\{leaves}

hp(v) ·m(v)

and

hp ◦ T (k) = hp(par(k)) =

(
µ(Chi(b))

m(b)

)p

.
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Next, otherwise, we have that the followings:

E(hp)(k) =
1

m(k)

∫
{k}

hp(v)dµ =

(
µ(Chi(k))

m(k)

)p

and

hp ◦ T (k) =
(
µ(Chi(par(k)))

m(par(k))

)p

=

(
m(k)

m(par(k))

)p

.

So we have that

E(hp)(k) ≥ hp ◦ T (k) ⇐⇒{∑
k∈Chi(b)\{leaves}

µp(Chi(k))
mp−1(k) ≥ µp+1(Chi(b))

mp(b) if k ∈ Chi(b),

m(k)2 ≤ m(par(k)) · µ(Chi(k)) otherwise.

Hence the proof is complete. �
Recall that a weighted directed tree may have at most one root. Now we discuss

the p-hyponormality and p-paranormality of a composition operator for the case of
a tree with root.

Theorem 3.4. Let T = (V,E, µ) be a weighted directed hand-type tree with root r
and let CT be a composition operator induced by the given T. Then the following
assertions hold.
(i) CT is p-hyponormal if and only if the following three conditions hold;

(i-a) if a vertex k is root or k ∈ Chi(r), it holds that∑
k∈Chi(r)

mp+1(v)

µp(Chi(v))
≤ mp(r) · µ(Chi(r))

µp({r} ∪ Chi(r))
;

(i-b) if a vertex k belongs to Chi(b), it holds that∑
k∈Chi(b)\{leaves}

mp+1(k)

µp(Chi(k))
≤ mp(b)

µp−1(Chi(b))
;

(i-c) m(k)2 ≤ m(par(k)) · µ(Chi(k)) otherwise.
(ii) CT is p-paranormal if and only if the following three conditions hold;

(ii-a) if a vertex k is root or k ∈ Chi(r), it holds that∑
k∈Chi(r)

µp(Chi(k))

mp−1(k)
≥

(
µ({r} ∪ Chi(r))

m(r)

)p

µ(Chi(r));

(ii-b) if a vertex k belongs to Chi(b), it holds that∑
k∈Chi(b)\{leaves}

µp(Chi(k))

mp−1(k)
≥ µp+1(Chi(b))

mp(b)
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(ii-c) m(k)2 ≤ m(par(k)) · µ(Chi(k)) otherwise.
Proof. To prove our theorem, we first consider two cases of vertex v, namely v is
either the root r or an element of Chi(r). Then we combine this result with the
statements of Theorem 3.3.

For the given hand-type tree T with the root, by the definition of transformation
T , we have T (r) = r and T−1(r) = {r}∪Chi(r). So the set {r}∪Chi(r) is an atom
of the sub-σ-algebra for the σ-algebra 2V . Now for a vertex k ∈ {r} ∪ Chi(r), we
obtain the followings:

E

(
1

hp

)
(k) =

1

µ({r} ∪ Chi(r))

∫
{r}∪Chi(r)

1

hp(v)
dµ

=
1

µ({r} ∪ Chi(r))

 ∑
v∈{r}∪Chi(r)

m(v)

hp(v)


=

1

µ({r} ∪ Chi(r))

 mp+1(r)

µp({r} ∪ Chi(r))
+

∑
v∈Chi(r)

mp+1(v)

µp(Chi(v))

 .

Hence we can obtain the p-hyponormality of CT in the cases of k = r or any
k ∈ Chi(r):

E

(
1

hp

)
(k) ≤ 1

hp ◦ T
(k) ⇐⇒

∑
v∈Chi(r)

mp+1(v)

µp(Chi(v))
≤ mp(r) · µ(Chi(r))

µp({r} ∪ Chi(r))
.

Next, for the p-paranormality of CT at any vertex k in {r} ∪ Chi(r), we have the
following:

E(hp)(k) =
1

µ({r} ∪ Chi(r))

∫
{r}∪Chi(r)

hp(v)dµ

=
1

µ({r} ∪ Chi(r))

µp({r} ∪ Chi(r))

mp−1(r)
+

∑
v∈Chi(r)

µp(Chi(v))

mp−1(v)

 .

Therefore we get the p-paranormality for CT at any vertex k in {r} ∪ Chi(r);

E(hp)(k) ≥ hp ◦ T (k)

⇐⇒
∑

v∈Chi(r)

µp(Chi(v))

mp−1(v)
≥

(
µ({r} ∪ Chi(r))

m(r)

)p

µ(Chi(r)).

Finally, for other cases, we join the results in Theorem 3.3. Hence the proof is
complete. �

Corollary 3.5. Let T = (V,E, µ) be a weighted directed hand-type tree with root r
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and length ℓ of trunk of T. Then the p-hyponormality and p-paranormality for a
composition operator CT, induced by T, are independent to the length of trunk of
T.

Proof. It follows from the Theorem 3.4 that the p-hyponormality and p-
paranormality of CT are independent of length ℓ of trunk of T. �

Remark 3.6. Let T = (V,E, µ) be a weighted directed hand-type tree and let
CT be the composition operator induced by the given T. By the definition of the
transformation T , we have that T−1(b) = Chi(b) for the bifurcated vertex b or
T−1(root) = {root} ∪ Chi(root) for the case of T with root. From these facts, we
see that the sub-σ-algebra T−1(F) is not equal to the σ-algebra F := 2V i.e. the
property P1 does not hold. So we do not have the relation about the normality for
the composition operator CT.

4. Examples

Given a directed hand-type tree T = (V,E) with the bifurcated vertex b. Set
Chi(b) = {v1, v2, ..., vn} for some n ∈ N. Now we consider a point mass measure on
V as follows: for any v ∈ V ,

m(v) =

{
xj
i if vi = parj(v) for some j ≥ 0,

1 otherwise,

with xi > 0 for i = 1, · · · , n. Then (V, 2V ,m) is a σ-finite measure space. And
we define a measurable non-singular transformation T on V as the same method in
Section 2.

Firstly, we introduce the familiar example which is considered as model distin-
guishing partial normalities or weak hyponormalities in [1], [2], or [8].

Example 4.1. We consider the following directed hand-type tree T1 with no leaves
as in Figure 4.1:

oooo
77 oooo

OOOO '' OOOO

// // // // // // //

// // // // // // //
T1 : r •

• • • • • • • · · ·

• • • • • • • · · ·

Figure 4.1

We denote the composition operator CT1
induced by the above tree T1 as the same

process previous. For this tree, the root is equal to the bifurcated vertex b. Now
we can easily see that m(v)2 ≤ m(par(v))m(Chi(v)) for all v ∈ V ◦\Chi(r). Hence,
if v is root or v ∈ Chi(r), then we have the following results:

CT1 is quasinormal ⇐⇒ x1 = 3 and x2 = 3,
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CT1 is p-hyponormal ⇐⇒
(

3

x1

)p

+

(
3

x2

)p

≤ 2

and

CT1 is p-paranormal ⇐⇒
(
x1

3

)p

+

(
x2

3

)p

≥ 2.

This results are the just same as in [1] and [2].

Next, we show a directed tree with leaf in the next two examples.

Example 4.2. Consider the following directed hand-type tree T2 without root
as in Figure 4.2: We denote the composition operator CT2 induced by the above

// // // //
�����

??
�����

//
??

??
?

��
??

??
?

// // // // //

//// // // // //T2 : •••· · ·
v1

• • •

v2

•
b

• · · ·• •

•

• •

v3=w

• • · · ·

Figure 4.2

tree T2 as the same process previous. It follows from the construction of tree
T2 that T2 has no root but contains one leaf. By simple calculations, we have
m(v)2 ≤ m(par(v))m(Chi(v)) for all v ∈ V \Chi(b). Therefore we have the following
results: for v ∈ Chi(b),

CT2
is p-hyponormal ⇐⇒

(
2

x1

)p

+

(
2

x2

)p

≤ 2

and

CT2 is p-paranormal ⇐⇒ x1
p + x2

p ≥ 2p+1.

Finally we introduce a hand-type tree T3 having root and leaves.

Example 4.3. Consider the another directed hand-type tree T3 with root r and
say the length ℓ = 4 as in Figure 4.3: Now we modify the point mass measure in
above defined as follows:
m(r) := 1, m(u) := 2j−1 for r = parj(u), u ∈ V (j = 1, 2, 3, 4) and for other vertex
v in V ◦,

m(v) :=

{
xj
i if vi = parj(v) for some j ≥ 1,

m(b) otherwise

with xi > 0 for i = 1, 2, 4. Then we can obtain the composition operator CT3

induced by the weighted directed tree T3 as the same process previous. From
the modified point mass measure in above, we can easily have that m(v)2 ≤
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// // // //

������

EE

������

yyyy
<<

yyyy
//

EE
EE

""
EE

EE

//

//

//

// // // //

// // // //

// // // // //33
33

33

��

33
33

33

T3 : •
r

• ••

••
v2

•
v1

•• •

•
b

•
v3=w1
•

• •

• • •

•
v4

• • • •

· · ·

· · ·

· · ·

•
v5=w2

Figure 4.3

m(par(v))m(Chi(v)) for all v ∈ V ◦\Chi(b). Finally, if v is root, v ∈ Chi(r), or
v ∈ Chi(b), then we have the following assertions:

CT3 is p-hyponormal ⇐⇒
(
24

x1

)p

+

(
24

x2

)p

+

(
24

x4

)p

≤ 3

and

CT3 is p-paranormal ⇐⇒ x1
p + x2

p + x4
p ≥ 3 · 24p.
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