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ABSTRACT. In this paper, by introducing some parameters we establish an extension of
Hardy-Hilbert’s integral inequality and the corresponding inequality for series. As an ap-
plication, the reverses, some particular results and their equivalent forms are considered.

1. Introduction

First let us recall the well- known Hilbert’s integral inequality: If f(x), g(z) > 0,
O<ff2 Ydz < oo, and0<fg Jdx < oo, then (see [2])

N

(1.1) szffydxdym /f da:]o (x)dz |
(1.2) 0/0/ d:rdy<4 /f2 Ydx. b/gz

where the constant factors m and 4 are the best possible in (1.1) and (1.2), re-
spectively. Inequality (1.1) is called Hilbert’s integral inequality and (1.2) is called
Hilbert’s type which have been extended by Hardy (see [3]) as follows: if p > 1,
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+-=1, f(z),9(x )>Osuchthat0<ffp dx<ooand0<fgq Ydz < o0,

8
8
2l

3
D=
3
2|

where the constant factors % and pq are the best possible in (1.3) and (1.4),
sin(Z
P
respectively. Hardy-Hilbert’s inequality and its applications are important in anal-
ysis (see [5]). In the recent years a lot of results with generalizations of these type
of inequalities were obtained. Let’s mention some of them which take our attention.
We cite the results of Yang([6]-[9]), Li ([4]), Xi ([10]) and Azar ([1]).

We start with the result of Yang: In [6], Yang gave some generalizations and

1 1 1 1
the reverse form of (1.3) as follows: if p > 1, -+ —-=1, -+ - =1, f(z),g(z) >0
D q ros

o A o0 A
such that 0 < [ xp(k?)*lfp(z)dx <ocand 0 < [ xq(lf?)flgq(x)dx < oo, then
0 0

1
p

(1.5) //f dsc y<m O/xp(l_)_ P(x)dx /xq(l Dak gl (z )dxq,

0

where the constant factor Lﬂ is the best possible.
Asin(7)

The corresponding inequalities for series (1.3) and (1.4) are the following forms

1 1
© g} T o) P 0 q
— < 7 ay, b%) ;
n;] mzzl m+n Sln(;) (nzo ) <n¥0

[e'e] [e'e] ambn [e'e] % o0 %
S5 (S a) (Su)

n=1m=1 Max {ma n} n=0

e} o0
where {a,} and {b,} are sequences such that 0 < ) a? < 00,0 < > bl < o0,

n=1 n=1
0
and the constant factors T and pq are the best possible. By introducing a
sin( X
P

parameter 0 < A < 2, some extensions of (1.6)(p = ¢ = 2) where given Yang [7], [8]
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as follows:

N
=

£ b T(E )

n=1m=1 m)\ + nA

00 s} 4 0
DY _ Gmbn < 3 <Z nl—/\a%>
n=0

n=1m=1 Max {mAa TL)‘}

00 2
(5
n=0
(8
n=0

(1.7)

SIS
M

Another result of the same type inequality is given by Li,

I @ P N(T.
O/O/Amin{m,y}+BmaX{x7y}dxdy<D(A’B) O/f (z)dx /g (x)dx| ,

e ambn S 2 3 2 %

where the constant factor D (A, B) (see [4], Lemma 2.1) is the best possible in both
inequalities. For more information related to this subject see, for example, [9], [10].

By introducing a parameter A > 0, in [1], Azar gave a result of this similar type
inequality (1.8):

/OO f(x)g(y) dedy
0

N|=

Amin {z* y*} + Bmax {z* y*}

Q=

<Oy (A, B) /xp(l D12 () /xq(l—%>—1gq(x)dag ,
0 0

Ambn
Z Z Amin {m*, n*} + Bmax {m?, n)‘}

n=1m=1
< Cx (A, B) (an (1-3)-1, ) (an 1b2>27

where the constant factor C (A, B) (see [1], Theorem 2.3) is the best possible in
both inequalities.

In this paper, we generalize the inequality (1.9) and we obtain the reverse form
for each of them. Some particular results and the equivalent form are also consid-
ered.
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2. Main results
First, we introduce some Lemmas:

Lemma 1. Suppose that A > 0, A; >0, As >0, A3 > 0, Ay > 0. Define the weight
coefficients wy (A1, Az, As, Ag, z) and wy (A1, Az, As, Ag,y) by

(21) TN (Al,AQ,Ag,A4,,CE)

— 7 pryT4s i
) Ay 4+ Agy + Azmin {a} yr} + Ay max {2}, yr) Y
0

(2.2) @y (A1, Ag, As, Ay, y)

® —142 A
.:/ v y” dx
' Ajz? + Ay + Azmin {2z}, y*} + Agmax {z* yr}
0

then wy (A1, Az, A3, Ay, ) = wy (A1, Az, Az, Ay, y) = C\(A1, Az, A3, Ay) is a con-
stant defined by

2 arcta \/AZfA3
I 1 —_
A\/(Al +A4) (A2+A3) Al +A4

2 [A] + A

+ arctan 4 /| ———

(2.3) Cx(Ay, Ag, A3, Ag)={  A/(A1 + 43) (A3 + Ay) A + Ay
Jfor Ay >0, i=1,2,3,4

Y for Aj=0, Ay >0, i=1,2,3.

A
Proof. By putting t = (g) , we have
x

o0 A4
T2y p}
2.4 A, Ay, As A = d
(24) @ (A1, A2, A3, A4, 7) /Alx’\+A2y>‘—|—A3min{x*,y)‘}—I—Aélmax{x)‘,y)‘} Y
0
1T 2

:X A1+A2t+A3 mln{l,t}+A4 max{l,t}dt =1
0
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(i) For Ay, As, As, Ay > 0, we obtain

o0

1 1 1
1 t=3 t=3
9.5) I—~ dt dt
(2:5) /\{ A+ At Ast 1+ AT | A T Avtit As + Aut }
0 1

prroy Ar+a;
A1+Ag Ag+Ay

1 2 J— [
A AL+ AgAz+ Ay / 2+l A+ AA+ Ay 5 t2+1

2 Ag + Ag

T W A (A Ay Y A A
+ 2 arctan M;
M/ (A1 + A3) (Ax + Ay) V Az + Ay

(11) For A1 = Ay = A3 = 0, A4 > 0, we find

1 1 oo 1
1 t72 t72 4
2. I =— dt —dt p = —.
(2:6) )\{/A4 +/A4t } A,
0

1

Hence, w)y (A1, As, A3, Ay, x) = C\(A1, Aa, Az, Ay). By the symmetry, we still have
(2N (A17A27A3a A47 y) = C)\(A17A27A37A4)'

1 1
Lemma 2. Forp>1(or0<p<1l), —4+-=1, A>0, 41, Ay, A3>0, Ay >0
p q
A
and 0 < e < %, setting
A_q_e A_q_¢=

T2 ;y2
/ Ajz? + Agy? + Azmin {2}, y* } + Agmax {z*, y*}
1

(2.7)  J(e) = dxdy,

H\g

then for e — 07,

(2.8) é[C,\(Al, Ag, As, Ag) +0(1)]=0 (1)< J (2) <§[C,\(A1, Ag, As, Ag) +6(1)].
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A
Proof. By putting t = (x) , we have
Y

1 2-1-¢

q

oo o0 A £
T2 TPy
2.9 J =
2.9) (€) //A196k+A2yA+A3min{$’\,y’\}+A4maX{l‘A’yk}
11

oo

dxdy

_1l_ e
t 27 Xp

1 —1—¢
= - dtd
)\/y A1t+A2+A3min{t,1}+A4maX{t,1} Y
1 y—X

e

! %

=— dt
de J At + Ay + Asmin {t,1} + Ay max {¢t,1}
0

A
1_ e

o Yy
1 —1—¢ / t 2o
- = dtd
A /y At + Ay + Asmin {¢t, 1} + Ay max {t, 1} Y
1 0

o] Yy e
1 1 Lo
= = [CA(A1, Ag, Az, A -~ [y ' dtd
6[0)\( 1,412, 43, 4)+O( )] )\/y / 1t+A2+A3t+A4 Y
1 0

a
1 17 !
> [yt 2%
> L [Cr(Ar, s, A3, As) + 0 (1)] A144/11 /t it | dy
0

_ é [Cr(As, Ag, As, As) +0(1)] — O (1).

On the other hand,

o0 0 A_j_e A _q_¢
xT2 py2 q
/ - dxdy
Az + Ay + Az min {a?, y* } + Ay max {2}, y*}
1

A €
227178

A £
de| y2 17 ad
/Alzc)‘+A2y)‘+A3min{x>‘,y>‘}+A4max{:c>‘,y)‘} Y ey
0

J(e)zl/
“J
1

= [Cx(A1, Az, Az, Ag) +6(1)].

Hence, (2.7) is valid. The lemma is proved. O
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1 1
Theorem 1. pr>1,;)4—6:1,/\>O,A1,A2,A3207A4>O,f(x),g(z)zO

such that 0 < [ xp(l_%)_lfp(m)dx <ooand 0 < [ xq(l_%)_lgq(x)dx < 00, then
0 0

B f(z)g(x)
(2.10) S'_//A1:E’\+A2y’\+A3min{fc’\7y’\}+A4max{x/\’y/\}
00

dxdy

<Cx(A1,Az, Az, Ay) /xp(k%)flfp(x)dx /xq(k%)*lgq(;v)dx ,

0 0

where the constant factor Cy(A1, Aa, Az, Ay) defined by (2.3) is the best possible.
Proof. By the Holder inequality, taking into account (2.1), we have

(2.11) S:// ! Tt ()
Arxr + Asy? + Az min {z*, y*} + Ay max {2}, y*} -3
00 Y

x L Tl (y)| dad
Arz* + Ay + Azmin {z*, y*} + Ay max {z*, y*} -3 9\ arey
T a
7T 2(1=3) -1y 3 -1 . B
<
- //A1I'>‘+A2y A 4+ Azmin {z}, y*} + Ay max {z},y }f (z) dz
00
oo o0 (1 )(q 1) E
// Y 97 (y) dy
Az + Aoy + Az min {2, y*} + Ay max {2}, y*}
0 0
B /w)\ A17A27A37A47x>xp(1_%)_1fp (l‘) dx
0
x {/wA(Al,AmAs,A4,y)y“(1_3)_1gq (v) dy}
0
f p(1-2)—1p a(1-3)-19
SC)\(A17A27A37A4) X f ( ) T Yy g (y)dy
0 0

If (2.11) takes the form of equality, then there exist constants M and N which are
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not all zero such that

I(l )(p 1) 771 »
2.12
(2.12) Alx’\ + Asy* + Az min {2, y’\} + Agmax {2}y }f (@)
y(l—f)(q 1) 2-1
AlscA + Aoy? + Az min {z*, y*} + Ay max {z?}, y>‘} 9 (),
M:Ep(l_f)fp( )= Nyq(l_%)gq (y) a.e. in (0,00) x (0,00).

Hence, there exists a constant ¢ such that
(2.13) Mxp(“%)fp (z) = Nyq(lfé)gq (y) =c a.e. in (0,00) x (0,00).

We claim that M = 0. In fact, if M # 0, then
(2.14) 2P(1=3)=1pp (2) = ﬁ a.e. in (0,00)

which contradicts the fact that 0 < [ xp(l_%)_lfp(a:)dx < oo. Hence, by (2.11) we
0

get (2.10).
If the constant factor Cy (A1, A2, Az, A4) is not the best possible, then there
exists a positive constant K (with K < Cy(A1, Az, A3, A4)), thus (2.10) is still valid

A - -
if we replace C\ (A1, Aa, Az, A4) by K. For 0 < e < %, setting f and g as f (x) =

g(z) =0 forz € (0,1), f(z) = 22718, g(z) = 22710 for x € [1,00), then we
have

=
k)

o0

(2.15) K /x”(l—%)—lfp (z) da /xq 159 (z)dx

0 0
=K (/ o dx
0

q

7 K
/xlsd:ﬂ = —.

€
0

o=

By using (2.7), we find

f ()7 ()
1
(2.16) //Amj)‘ + Aoy? + Az min {z*, y*} + A4 max {I)\,y)\}d:vdy

/ / S dz| y> 1" d
= €T q
Ajz? + Agy? + Az min {2, y* } + Ag max {z*, y*} Y Y

m\r—\>—'

[C\(A1, A2, A3, Ag) +0(1)] = O (1).
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Therefore, we get

(2.17) é[CA(Al,Ag,Ag,A4)+o(1)] —o00) < g
(2.18) %[C,\(Al,AQ,Ag,A4)+o(1)] _0(1) < K.

For e — 07, it follows that C\(Aj, Az, A3, A4) < K which contradicts the fact that
K < C\(A1, Az, A3, Ay). Hence, the constant factor C (A1, As, A3, A4) in (2.10) is
the best possible. The theorem is proved. O

Remark 1. (i) In Theorem 1, if we take A1 = Ay =0 and A = A3 = A4, = 1, then
C1(0,0,1,1) = 7 and inequality (2.10) reduces to Hardy-Hilbert’s inequality

D=

77 r@sw s s q
O/O/dedy<7r 0/96 1fp($)d$ O/x Y9 (w)dz

(ii) In Theorem 1, if we take A1 = Ay = A3 =0, A = Ay = 1, then C1(0,0,0,1) =4
and (2.10) reduces to

=
Q=

* g

// dxdy <4 /nglfp(x)dm /mﬁ_lgq(m)dx
00 0

0
(iii) In Theorem 1, if we take A7 = Ao =0 and A >0, A3 = A, Ay = B, then
a cta A for A,B>0
T n ? T ) b
)\\/

4
AB

C)\(anaAvB) =
Jfor A=0, B>0,

and inequality (2.10) reduces to

i f(x)g(y)
//Amln {z*,y*} + Bmax {z*,y }d;vdy
00

[e e}

< Cx(A,B) /xp( “2)7 P () de /zq(l—%)—lgq(gg)dz
0

0
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1 1
Theorem 2. If0 < p < 1, Z;+5:17/\>07 Ay, Ay, A3 >0, Ay > 0, f(x),

g (z) > 0 such that 0 < fa:p(l_%)_lfp(m)dx < o0 and 0 < fxq(l_%)_lgq(a:)dx <
0 0

o0, then
Ir f (@) g ()
1
(2.19) //A1x>‘JrAgy)‘+A3min{x)‘,y>‘}+A4rnax{:17)‘,y>‘}dmdy
0 0
>Cy\(Ar, Az, A3, Ag) /xp(lig)ilfp(l’)dx /xq(lié)flgq(fc)dx ;
0 0

where the constant factor C\(A1, Ag, Az, Ay) defined by (2.3) is the best possible.

Proof. By reverse Holder’s inequality, and the same way, we have (2.19). If the
constant factor Cy (A1, A2, Az, A4) in (2.19) is not the best possible, then there
exists a positive constant H(with H > C\ (A1, Aa, A, A4)) such that (2.19) is still

valid if we replace C (A1, A2, Az, A4) by H. For 0 < e < %, setting fand g as in
Theorem 1, then we have

1
P q

(2.20) H /xp(l_%)_lfp(x)da: /xq(l_%)_lﬁq(x)dx
0 0

1

o0 2 oo q H
=H /x_l_adac /x_l_gdx =
0 0

By using (2.7), we find

(2.21) 77 f(@)§ () dzdy
0 0

Arz? + Ay + Az min {2, y* } + Agmax {2}, y*}

0 A_q1_=

x? P A_q_=
= 2 qd
/ / Ajz? + Asy? + Az min {z}, y* } + A4 max {z}, y’\}dz Y Y
1
1 -
< [CA(A1, A, A3, Ay) +06(1)].
Therefore, we get

)

1 H
(2.22) — [ON(AL Az, A3 A) + 0 (1)] > —

or

(2.23) Cx(A1,4A2,43,A4) +0(1) = H.
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For ¢ — 07, it follows that Cy(Ay, Az, A3, A4) > H which contradicts the fact that
H > Cy(A1,As, A3, Ay). Hence, the constant factor Cy (A1, Aa, Az, Ay) in (2.19) is
the best possible. The theorem is proved. O

Remark 2. (i) In Theorem 2, if we take A1 = As =0 and A = A3 = Ay = 1, then
C1(0,0,1,1) = 7 and inequality (2.19) reduces to Hardy-Hilbert’s inequality

S=

oo oo q
// f dmdy > /xg_lfp(:v)dx /xi_lgq(:v)dx
0 0 0 0

(ii) In Theorem 2, if we take A1 = Ay = A3 =0, A = Ay = 1, then C1(0,0,0,1) =4
and (2.19) reduces to

3=

oo q q

» ~—1
// dxd >4 /xfflfp(x)dz /z2 g4 (z)dz
00 0

0

(iii) In Theorem 2, if we take Ay = A =0and A >0, A3 = A, Ay = B, then

4 A
arctany/— ,for A,B >0
)\ /AB B b b b
O)\(OaOaAvB) =
4
A7B ,fOI‘A—O,B>O,

and inequality (2.19) reduces to

[ f(x)g(y)
/A min {z*, y*} + Bmax {z},y }d;vdy
0

Q=

> C (A, B) /xp( “2)71 P () de /zq(l—%)—lgq(gg)dz
0 0

Theorem 3. Under the assumption of Theorem 1,

'] [e%e] P
Ap f ()
2.24 2 1
( ) /y Az + Agy? + Agmin {z*, y*} + Ay max {z?, y’\}dx dy
0 0

< [CA(AhA27As;A4)]p/9€p(17%)71fp($)d$
0
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where the constant factor [Cx(A1, Aa, Az, Ay)]P is the best possible. Inequalities
(2.10) and (2.24) are equivalent.

Proof. If we take

oo p—1

o %_1 f(.’L')
(225) 9=y {/ AlzquyA+Agmin{z&ym&max{x%yk}dx} |
0

then by (2.10) we have

. P
%_1 f(l‘)
y {/Ale-i- Aoy + Azmin{z*, y*} + A4 max {x)‘,y)‘}dx} dy
0

—y (@ N
Aixr + Asy? + Asmin {z*, y*} + Ay max {z*, y*}
o \o

[T f @)
x{y { 0/ A2+ Aggp + Ay minde®, )+ A4max{x)‘,y"}dx} dy

7] f(@)s @ iy
Az + Aoy + Az min {a?, y* } + Ay max {2}, y*}
00

<0A(A17A2,A3,A4>( xp@?)lfp(:c)dx) ( mq@?)lg%w)dx) :
J ]

0

Hence, we obtain

(2.27) y1(1=2) =149 (1) dy < [C\ (A1, As, As, AP [ 22(1=2) =1 (1) d.
/ /

Thus, by (2.10), both (2.26) and (2.27) keep the form of strict inequalities, then we
have (2.24).



Generalization of Hardy-Hilbert’s Inequality and Applications 143

By Holder’s inequality, we obtain

(2.28) 7

f(z)g (@)
Arx* + Asy? + Az min {z*, y*} + Ay max {2}, y*}

dxdy

sa [ f (@)
27 d
{y /Alx)‘—|—A2y>‘—|—A3min{xA,y>‘}+A4max{x’\,y’\} v

s
=

g
-3 / I @) dx
Az + Aoy + Az min{z?, y*+ Ay max{z?, y*}
0

IN
0\8
<

Q=

Therefore, by (2.24) we have (2.10), and inequalities (2.24) and (2.10) are equivalent.
If the constant factor in (2.24) is not the best possible, then by (2.28) we can get
a contradiction that the constant factor in (2.10) is not the best possible. The
theorem is proved. (|

Theorem 4. Under the assumption of Theorem 2,

[’} [e%s} p

(2.29) /y%71 / /(@) dr| dy
' ) ) Ajz? + Agy? + Agmin {z*, y*} + Agmax {2}, y*}

> [C,\(AhAg,A3,A4)]p/xp(1_%)_1f”(x)da;,
0

where the constant factor [Cx(A1, Az, Az, A4)]P is the best possible. Inequalities
(2.19) and (2.29) are equivalent.

The proof of Theorem 4 is similar to that of Theorem 3, so we omit it.

3. Discrete analogous

Lemma 3. Suppose that 0 < A < 2, Ay, Ay, A3 > 0, Ay > 0. Then the weight
coefficients wy (A1, Az, Az, Ay, m) and wy (A1, Aa, Az, Ag,n), defined, respectively,
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by

(3.1) wa(A1, Az, A3, Ay, m)
o m%n71+%
T n;l Alm)\ + Ag?’l}‘ + A3 min {m’\,n/\} + Ay max {m)\an)\}
(3.2) (A1, A, Az, Ay, n)

(meN),

A A
n2m~t2

o0
= mz::l Aym* + Aan* + Az min {m*,n*} + Ay max {m*,n*}

(neN),

satisfy the following inequalities:

(3.3) Cx(A1, Ao, A, Ag) [1 — 05(Aq, Ag, Az, Ag,m)]

< wi(A1, Ag, A3, Ag,m) < Cx(A1, Aa, Az, Ay),
(3.4) Cx(A1, Ao, Ag, Ay) [1 — 0x(A1, Az, A3, Ay, n)]

< wa(Ar, Az, Az, Ag,n) < O\(A1, Az, As, Ay),

where
’I"7>\
9(AAAAr)-—< ! >/ t4 dt
AV 2 5 S T C1(A1, Az, A3, Ay) A+ As+ (As + As)t
0

—0(5) OGN ).

r2

and Cy(A1, Az, Az, Ay) is defined by (2.3).
Proof. For 0 < A <2, Ay, Ay, A3 >0, A4 > 0, by Lemma 1 we get

(3.5) wa(A1, Az, Az, Ay, m)

%) m%y—l+% J
< / AymA + Agy* + Az min {m*, y*} + Ay max {m*, y*} 4
0

(meN),

= wx (A1, Az, A3, Ay, m) = Cx(Ay, Az, As, Ay).
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On the other hand, we have
(3.6) wa(A1, Az, Az, Ay, m)

[o )

mzy 1+3 J
>
/AlmA + Aoy + Az min {m?*, y*} + Ay max {m*, y*} Y
0

1 7 tz
DY / A1+ Ast + Agmin {1,t} + Ay max {1, t}

—_

dt

/ A1+A4+ A2+A3)
(1_9A(A17A2aA37A47 ))7
1
where I = 701(A1,A2,A3,A4) and

(3.7) 0 < Ox(Ay, Az, A3, Ay, m)

1 " t=
= dt < 1.
C1(Ay, Az, A3, Ay) / Ay +As+ (As + Az)t
0

1 m -1

" = t=2 2
3.8 dt < dt = R
( ) ) A1+A4+(A2+A3)t - 0/ A+ Ay (A1+A4)m%

1
then 6y (A1, Aa, Az, Ay,m) = O < < > . Therefore, (3.3) is valid. By the symmetry,
m=2
(3.4) is still valid. The lemma is proved. O

1 1
Lemma 4. Ifp>0(p#1), —+-=1,0< A <2, 4, Ay, A3 >0, A4 >0, and
p q

A
O<e< %7 setting

o] m2 -1- ;ni_l_’

(39) L(s) = >

i mE::l Aym? + Aon? + Az min {m?*, n*} + Agmax {m*, n*}’

then for e — 07,
(810) [Ca(Ay, As, Ag, As)— Z mER

<[COx(A1, Az, A3, Ay)+0(1)] Z

n=1

1
n1+5 :
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A
Proof. By putting ¢t = (£> and by (3.4), we have
n

x2 —1- Pnf_l_f
dx

L <
() Z:: Of Ajz? + Agn? + Az min {z*, n*} + Ay max {z*, n}

1 tmEs

1
)\ J Ayt + Ay + Asmin {t, 1} + A4 max {t, 1}

n1+s

|
1078

[e.°]

= 1
[C)\(Aly AQa A37 A4) +o (]‘)] Zl nl+e

n=

(e—07).

On the other hand, we have
A_1—¢ ,_1_,

oo o0 T2 PN 2
A1) L
(3.11) (e) > Z/ Ajzr + Aon? + Az min {2, n*} + Agmax {a?, n)‘}
1

n=1

o0

3%
A1t+A2+A3m1n{t 1} + Aymax {t, 1} ]

o0
Z n1+8

n=1

n

Y
n
%) _1l e

1 t 2 >p

1
:ZF Cx(A1, Az, A3, Ag)+o(1)— /(A1+A3) +(A2 + Ag)

n=

dt

1 &1
>3 e Oy A a0 o] =3 X3 [
n=1 0
3 A, A5, A3 A L P
= 7[0)\( 1,412,413, 4)+0()] )\(A2+A3) €(A2+A3) Z 142
’n:l — n=17
2 P
= L Cr(A1,A5, A3, A 0 L
—nz::lnl+5 )\( 1, 25413, 4)+0(1)_)\(A2+A3)_5(A2+A3)
2 P

w\)f
] \m

() |

= i 1+€ [CA(A1, Az, A3, Ag) —0(1)] (e —07).

e
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Thus, inequality (3.10) holds. The lemma is proved. O
1 1

Theorem 5. Ifp>1, —+-=1,0< A <2, Ay, Ay, A3>0, Ay >0, a,, b, >0
p g

S p(-1) S al1-2)
such that 0 < > n )7l <00, 0< Y n 2)77bd < oo, then

n=1 n=1

oo
by

« Aym> + Agn? + Az min {m*, n*} + Ay max {m?*, n?}

(312) D:= i

m=

1
q

<C)\(A1,A2,A37A4){an(1;)laﬁ} {an(lé)lbg} ,
n=1 n=1

where the constant factor Cyx(A1, Aa, As, Ay) defined by (2.3) is the best possible.
Proof. By Holder’s inequality, we get

0 0 1 (1*%)
1 Plm «g
1 =
(3.13) D nZ]le{AlmAJrAgnAJrAgmin{mA,nA}+A4max{mA,nA}} (lfé)am
—Im— s

% {Alm)\‘i’AQn)\ + Az min{m*, n*} + Ay max{m?, nA}} (-2) b
m a
< e 1 m(lfg)wl)
N nz::}; Ay + Aom? + As min{m? , M} + Ay max{m?, n*} 173 @
n
e 1 (1-3)a-1)
X Z A A 3 A\ \ & \ bgz
L Aymd + Ao + Ay min{m, '+ Ay max{m?, '} A
m 2

1

= Z wa (A1, Ao, As, Ag, W)Ml_g)_lafn}
—1

q

{"Z o (A, Aoy A, Ad,y n)nq(l‘é)—lbgl}

=1

Then, by (3.3) and (3.4) we obtain (3.12).
It remains to show that the constant factor C (A1, Aa, Az, Ay) is the best pos-

A A_q_e A_q_=
sible, to do that we set for 0 < & < %, U, = m21-5, b, = n;_1_47 by (3.9) we

)
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have

3.14
(3:.14) ;mz::l Aim? 4+ Agn? + Az min {m?*, n*} + Ay max {m*, n*}

=L (e).

If there exists a constant 0 < K < C) (A1, As, Az, Ay) such that (3.12) is valid if we
replace Cx (A1, Aa, Az, A4) by K, then in particular by (3.10) we find

oo

1

(3.15) [CA<A1,A2,A3,A4>—0(1)]ZF
n=1
[e'e) % oo 1
<K np(1-3)-1gp (1 )t kST

it follows that O)\(Al,Ag,Ag,A4) — 0(1) < K and then O)\(Al,AQ,A37A4) <K

(e — 01). Therefore, K = C\(A;, As, A3, A4) the best constant factor in (3.12).
The theorem is proved. O

Remark 3. (i) In Theorem 5, if we take Ay = Ay =0 and A = A3 = A4 = 1, then
1(0,0,1,1) = 7, and inequality (3.12) reduces to Hardy-Hilbert’s inequality

S5 s oSl (S )

(ii) In Theorem 5, if we take A} = Ay = A3 =0, A\ = A4 = 1, then C1(0,0,0,1) =4
and (3.12) reduces to Hardy-Hilbert’s type inequality

00 Pl 4 a
b Z 1
nz1mz max{m n} < 4{n_1n2 1a£} {2”2 b%}

(iii) In Theorem 5, if we take A1 = Ao =0 and A >0, A5 = A, Ay = B, then

4 A
arctany/— ,for A, B> 0
A /AB B ) ) b
CA(OvoaA?B) =
4
E 7fOI'A/4:O,B>O,

and inequality (3.12) reduces to

Ambn
; mZ:lAmin {m*,n*} + Bmax {m*,n*}

< O\ (A, B) (Z np(1 n>2 (i nq(lé)lbi>2.
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1 1
Theorem 6. If 0 < p < 1, 1;—|—§:1,0</\§2, Ay, Ay, A3 >0, Ay > 0, ay,
by, > 0 such that 0 < > np(k%)*laﬁ <ooand0< ) nq(k%)*lb% < 00, then

n=1 n=1

(310 ;;AlmqunuAgmin{m&nk}+z44max{mkam}

1

=1

" {an@-%)*bz} ,
n=1

> Ch (A1, A, 45, Ay) Z[l—@(Al,Ag,Ag,A@n)]nﬁl—@—ldz}

where the constant factor Cy(A1, As, As, Ay) defined in (2.3) is the best possible.

Proof. By reverse Holder’s inequality, we get

1 =
(317 P 7;}7;1 A + Aot + A min{m?, 7} + Ay max{m?, 7}

0o 00 1 i mo
XZ:Z {AlmA—i—Agn)‘—i—Ag min{m*, 0} + Ay max{m)‘,n/\}} x (=3) tm

n=mn=1

Qe
S
s

1
{A1 m + Ao + Az min{m? , ) + Ay max{m?, n’\}} x (=3)

1

> {"Z @ (A, Ar, A, A, m)nﬂl—@‘la&}

=

q

X {”Z TOx (Ah A27 A37 A47 n)nq(lig)il b’rg}
=1

A
Then by (3.3) and (3.4), in view of ¢ < 0, we have (3.16). For 0 < ¢ < %,
setting a,, = mz= v, b, = n21-% (m,n € N). If there exists a constant K >

Cy (A1, Ay, A, Ay) such that (3.16) is still valid if we replace Cx (A1, As, A3, Ay) by

e ~
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K, then in particular by (3.9) and (3.10) we find

(318)  [Oa(Ar, As, Ay, A1) +5(1] Y. 2 > L(e)

1

{Zl L —6(A, Ay Ag, Ay, )] np(l_ 1G }p {Z nq(l_é)_lgfl}q
=1 n=1

n=1 n=1
1
00 o] -1 B
1 1 1 1
1+ 1+ 2 1+ ’
n=1 b n=1 ne n=1 nz nre

it follows

(3.19)  On(A, A, A3, A) +0(1) > K 1|§: 14 Z{ ( )nm}

=1

Hence, if € — 07, we get Cy (A1, Az, A3, Ay) > K. Thus, K = C\(A1, Az, A3, Ay) is
the best constant factor in (3.16). O

Remark 4. (i) In Theorem 6, if we take 41 = A3 =0 and A = A3 = A4 = 1, then
C1(0,0,1,1) = 7, and inequality (3.16) reduces to Hardy-Hilbert’s inequality

1

[e%S)
n=1

(ii) In Theorem 6, if we take A1 = As = A3 =0, A = A4 = 1, then C1(0,0,0,1) =
and (3.12) reduces to Hardy-Hilbert’s type inequality
1 1
n=1

(iii) In Theorem 6, if we take A; = Ay =0 and A >0, A3 = A, A4 = B, then

D=

ZZ m+n {i [1—72Tarctanll} ng_laﬁ}

n=1m=1 n=1 n:z

= — Qmbn > 1 p_
szax{m n}>4{z {1_271 }nQ an

n=1

——
]

A
arctan4/— ,for A, B > 0,

4
AMWAB B
4
AB

C)\(0707A7B) =
,for A=0, B>0,
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and inequality (3.16) reduces to

XX ambnp

2 2

1 m=1 Amin {m*, n*} + Bmax {m*, n*}

Theorem 7. Under the assumption of Theorem 5,

(320) Y nF
n=1

fore} p
Am
Z Aym* + Aon? + Az min {m*,n*} + A4 max {m?, n’\}]

m=1

< [Ca(Ar, Az, Ag, AP S mP(-3)1ar
m=1

where the constant factor [C\(A1, Az, A, A4)]P is the best possible. Inequalities
(3.12) and (3.20) are equivalent.

Proof. Setting

p—1
A,

>
:lAlmk + Aom + Ay min{m*, n* } + A4 max{m*, n*} ’

(321) b, =

we get

oo

L 0o 00 bn
3.22 a(-2)-1p0 — o .
(3.22) n; " " ;mzzl Am + Aor? + Ay min{m}, n* } + Ay max{m*, n*}
By (3.12) and using the same method of Theorem 3, we obtain (3.20). We may
show that the constant factor in (3.20) is the best possible and inequality (3.12) is
equivalent to (3.20). O

Theorem 8. Under the assumption of Theorem 6,

0 p
Am

3.23 Rl
(3:23) ;n ’ mz::lAlm/\—|—A2n)‘—i—Agmin{m’\,n/\}+A4max{m)‘,n>‘}

Ap

> [Ca(Ar, Az, A3, AP Y mP(-2)-1az

m=1

where the constant factor [Cx(Ay, Az, Az, Ay)]P is the best possible. Inequalities
(3.16) and (3.23) are equivalent.
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