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ABSTRACT. Although, interesting properties on the partial sums of analytic univalent
functions have been investigated extensively by several researchers, yet analogous results
on partial sums of harmonic univalent functions have not been so far explored. The main
purpose of the present paper is to establish some new and interesting results on the ratio
of starlike harmonic univalent function to its sequences of partial sums.

1. Introduction

A continuous complex-valued function f = u + v is said to be harmonic in
a simply connected domain D if both v and v are real harmonic in D. In any
simply connected domain we can writef = h + g, where h and g are analytic in
D. We call h the analytic part and g the co-analytic part of f. A necessary and
sufficient condition forf to be locally univalent and sense-preserving in D is that
|h'(2)] > |¢'(2)|, 2 € D. See Clunie and Sheil-Small [2].

Denote by Sy the class of functions f = h+g which are harmonic univalent and
sense-preserving in the unit disk U = {z : |z| < 1} for which f(0) = f,(0) —1 = 0.
For f = h 4+ g€ Sy we may express the analytic functions h and g as

(1.1) h(z) =z + Zakzk, g(z) = Zbkzk, |b1] < 1.
k=2 k=1

For basic results on harmonic functions one may refer to the following standard
introductory text book by Duren [4], see also Ahuja [1].

Note that Sy reduces to the class S of normalized analytic univalent functions
if the co-analytic part of its member is zero.

A function fof the form (1.1) is harmonic starlike of order , 0 < « < 1, denoted
by Si (), if it satisfies

Re{zh’(z)—zg’(z)} >a, zelU.
h(z) + g(2)
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We further denote by T'SF; (o) the subclass of S}, («) such that functions h and
g in f = h+ g are of the form

(1.2) h(z)=z—= Y larlz" g(z) = D lbwl=", [ba] < 1.
k=2 k=1

As shown recently by Jahangiri [7] a sufficient condition for a function of the
form (1.1) to be in S} («) is that

< k-

1-—
k=2 =1

k+a

(1.3)

= bl < 1.

For functions f of the form (1.2) above mentioned sufficient condition is also
necessary. For detailed study see [7].

Several authors (e.g., see [3], [5], [6], [8], [9], [10], [12]) studied the partial sums
of analytic univalent functions, yet analogous results on partial sums on harmonic
univalent functions have not been so far explored. Motivated with the work of
Silverman ([10], [11]) an attempt has been made to systematically study on the
ratio of starlike harmonic univalent function to its sequences of partial sums.

We let the sequences of partial sums of functions of the form (1.1) with by =0
are

2)=z+ Y az"+ ) bk, ful2)
k=2 k=2
o0 n
=24 ap® + > bp2F, frnn(2)
k=2 k=2
=z+ Zakzk + Zbkzk,
k=2 k=2

when the coefficients of f are sufficiently small to satisfy the condition (1. 3)

In the present paper, we determine sharp lower bounds for Re

f
e (2. e £, e (2. e ) e () e )

) e (8 o 59w 100 ),

2. Main results

In our first theorem, we determine sharp lower bounds for Re { ff ’(ZZ)) }

Theorem 2.1. If f of the form (1.1) with by = 0, satisfies condition (1.3), then

(2.1) Re{f{:(zz))} > mﬁ_g, (z € U)
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The result (2.1) is sharp with the function

11—«
2.2 — - - m+1.
Proof. We may write
1+w(z)
1 —w(z)
_m+1—alf f(re?) m
o l—a  [fu(re?) m+l-a
1+Zakrk—lei(k—l)Q_’_ZE?,,k—le—i(khl-l) m+1 « [ Z akrk_l i kv—1)91
_ k=2 k=2
14+ agrhtelth=0? +Z BorkLe—ilk)p
k=2 k=2
So that
w(z)

m+1 o lz aprtle L(k—1)9‘|

k=m-+1

= poo =
2+2<Z akrk_lez(k_l)g—l—z bkrk‘le—l(k+1)0> m+ 0‘( Z aprt el k—1)0>
k=2 =2

Then

m+1—a >
1(1[ 2 “k]

k=m+1

w(z)] <

_2—2<§:|ak+2|bk|> m+1a (i Iak|>.

k=2 k=m+1

This last expression is bounded above by 1, if and only if

m 00 ma1—a 00
(2.3) Z%|+Z|bk|+1_a< > |ak|> <1
k=2 k=2

k=m+1

It suffices to show that L. H. S. of (2.3) is bounded above by

k-« C k4o
Z lax| + Z |b|, which is equivalent to
i i

o0

k-1 E—142a k—m—1
_ _ > (.
) T lakl + E T okl + ) o lakl 20

k=2 k=2 k=m+1
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l1—«

To see that f(z) = 2z + —————2"" gives the sharp result, we observe that
' m+1—a«
for z = re’™™ that
f(Z) — l -« My — l -« — m )
fm(2) m+1—a« m+l—a m+l-a
when r — 17. a
We next determine bounds for Re { f}”((zz)) }
Theorem 2.2. If f of the form (1.1) with by = 0, satisfies condition (1.3), then
fm(2) m+1—a«
2.4 R > U
(24) e{ fz) ] = m+2-2a’ (z€U)

The result (2.4) is sharp with the function given by (2.2).
Proof. To prove Theorem 2.2, we may write
1+w(z)
1—w(z)
m+2(1 —a) [ fim(2) m+1—a«
T 1-a { ) m+2<1—a>}

k=2

H’Za 1 il 1)0+ZFTk 1, —i(k1)8 _ m+1 o L; aprteiteD ]

)

1+Z aprleit1)o +Z bprklemilkt)o
k=2 k=2

where

m +12£10[— Q) L_Z ak]
Jw(z)| < —

<1

2—2<é|ak|+g|bk|>—&< i Iak|> )

k=m+1
This last inequality is equivalent to

m 0o m41—a 0o
(2.5) ;|ak|+;bk|+m< > |ak|> <1

k=m+1

Since the L. H. S. of (2.5) is bounded above by Z \ak\ + Z —\bk| the
k=2

proof is evidently complete. O
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We next turn to ratios for Re{ I'(z) } nd Re {f/ (2 )}

fin(2) f'(z)
Theorem 2.3. If f of the form (1.1) with by = 0, satisfies condition (1.3), then
f'(z) am
(2.6) Re{f,’n(z)}zm—l—l—a’ (z€U).

The result (2.6) is sharp with the function given by (2.2).
Proof. We may write

1+w(z)
1—w(z)
_ (m+1-qa) [f(2)  am
C(m+1)(1-a) [f(z) m+l-a
- k-1 z‘(kﬂ)eiOO — kel iy, (Mt1-a) b1 (k1)
1+§kakr e ;kbkr e +— A1) Zkakr

1+Zkak,r,k—l i(k—1)6 Zkbi,rk—l —i(k+1)0
k=2 k=2

The required result follows by using the techniques as used in Theorem 2.1. O

Theorem 2.4. If fof the form (1.1) with by = 0, satisfies condition (1.3), then

S (2) (m+1-—a)
(2.7) Re{f/(z)}Z mii—a tmini—a €Uk

The result (2.7) is sharp with the function given by (2.2).

Proof. Proceeding exactly as in the proof of Theorem 2.3, we evidently have the
required result. O

We next turn to ratios for Re{ /(2) } and Re { In(2) }

fn(z) f(z)
Theorem 2.5. If f of the form (1.1) with by = 0 satisfies condition (1.3), then
f(z) n+ 2o
2.8 R > U).
(28) e{fn(z) “n+l4a (z€0)

The result (2.8) is sharp with the function

l1—«
2. = - anth
(2.9) f(z) Z+n+1+az
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Proof. We may write
1+w(z)
1—w(z)

n+l+4al f(re?) n+ 2«
B [f (rew)_nquJra]

1 -«

1+Zak7‘k 1 i(k—1) +Zb phle—ilkt)o n+1+a Zb L p—i(kt) ]

1+za Tk —1 z(k 1) +Zb Tk —1 _—i(kt+1)6

The details involved are fairly straightforward and may be omitted.
To see that f(z) = z + n-lﬁia z"lgives the sharp result, we observe that for
z = ren+? that

2 g 1m0 iz o l-e | ntla
fn(2) n+l4a n+l4+a n+l4a
when r — 17 O

Theorem 2.6. If f of the form (1.1) with by = 0, satisfies condition (1.3), then

(2.10) Re{ffn(;)} > ";i;o‘ (z € U)

The result (2.10) is sharp with the function given by (2.9).
Proof. We may write

1+w(z)

1—w(z)

_n+2 [fn(z) _n—l—l—i—a]
1—a| f(z) n+2

k=2

1+Zakrkflei(kfl)0+z bl e—itkt)o
f=2 k=2

H’Za”k 1 (k1) +Zb L —i(k1)0 _ ”+1+04 be k1 —i(kH) ]

We omit the details of the proof, because it runs parallel to that from Theorem
2.2. O

We next determine bounds for Re { fyf (j()z) }
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Theorem 2.7. If f of the form (1.1) with by = 0, satisfies condition (1.3), then

(211) (i) Re{ m(f()z)} mell_a

f(2) }> n+2a
fmn(z) ] “n+l+a

The results (2.11) and (2.12) are sharp with the function given by (2.2) and (2.9),
respectively.

(ze€U) if m <n+2a or by,=0,Vk > 2,

(z€U) if m >n+2a or ap,=0,Vk > 2.

(2.12) (i) Re {

Proof. To prove (i) part, we may write

l+w(z) m+l—al f(re?) m
1-w(z) 1-«a {fmm(rew) a m—l—l—a}

1+Zak7"k 1 zk 1)6 +Zbk7’k 1 7’Lk+1)9

1_
+m+ a [ Z aprh—leik=10 | Z ok k+1)9]

l1-«
k=m+1 k=n-+1

14 Z aprELeik=10 | Zark—le—i(k—&-lw

So that
m“—a[ S aprtleitnoy § bkrk—le—i(m)e]
-« k=m+1 k=n+1
w(z) = m n
949 (Z aprF1eith=10 +Zbkrk—1e—i(k+1)9>
k=2 k=2
erzrla( Z aka 1 z(k 1)6 + Z bk’l"k Lo—i k+1)9>
o k=m+1 k=n-+1
Then
m+1—a«a > -
H[ > larl+ > |bk|]
k=m+1 k=n+1
lw(z)] < m+ = = :
m
TRT0SIAED o(Ct) I (D SRR oY)
k=m+1 k=n+1

This last expression is bounded above by 1 if and only if

i - m+1—a« = -

k=m+1 k=n+1



440 Saurabh Porwal and Kaushal Kishore Dixit

o0 k—
It suffices to show that L. H. S. of (2.13) is bounded above by Z T “ lax| +
-«
k=2
— k
Z 1 ta |bk|, which is equivalent to
=@
k-1 ~k—1+2a
D Tglanl+ > bl
k=2 k=2
= k-m-—1 ~ k—m—1+2a
_ _— > 0.
P DD 1= =0
k=m+1 k=n+1
l-«

To see that f(z) =z + 2™+ gives the sharp result, we observe that
m

' +1—«
for z = rei™/™ that
f(z) l—a . 11—« m

1% m g -
fmn(2) +m—|—1—az m+l—a m+1l-a’

when r — 17.
To prove second part, we write

1+w(z)_n+1+o¢[ f(re?) n+ 2« }

l—w(z)  1—a |[foa(re®) n+l+a

L+ 3 ark=teit0 g gkt omithr e

k=2 k=2
o0 o0
yntlta S aprtletno 4 5O l);€rklei(k+1)9]
-« k=m+1 k=n+1
= m n
1+ Z aprfleik—10 4 Zarkﬂe*i(kﬂ)e
k=2 k=2
where
o0 o
RELYA ) S ghleiteno y $O gkrmeum)e]
l -« k=m+1 k=n+1
w(z) =
m n
2+2 <Z aprf—letk—10 4 Z Ekrklei(kﬂ)e)
k=2 k=2

ntltal & k=1 i(k—1) T ko1—i(kt1)6
—&—ﬁ Z aRr” e + Z br® e
k=m+1 k=n+1
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So that
n+1l+a« = =
o | 2 lal+ X |bk|1
k=m+1 k=n+1
w(z)] < s =
n o
2-2 - Te
(S 3ot} -2 (5 o 5° )
k=m+1 k=n+1
<1.
If
n+1—|—a = >
(2.14) Z\akHZU)k < > olarl+ > |ka> <1
k=m+1 k=n+1

—a k+«
if
— laxl + Z - lbx| i

k=2

The L. H. S. of (2.14) is bounded above by Z I;
k=2

k-1 k=142 k—n—1—2a k—n—1
Zl |a| 217|bk| Z ?‘ak‘ Z - |bk| >0,
=2 =2

k=mr1 k=n+1

and the proof is complete.
To see that f(z) = z + =2 2""lgives the sharp result, we observe that for

o n+l+a
z = re'n+2 that
&) gy lme iy, lma | ndt2a
fmn(2) n+l+4+a n+l4+a n+l+a
when r — 17.
We next determine bounds for Re {W} O
z

Theorem 2.8. If f of the form (1.1) with by = 0, satisfies condition (1.3), then

Fmon(2) } - m+l—a

(2.15) (i)Re{ , (z€U), if m <n+2a or b,=0,Yk > 2,

fz) J =~ m+2-2«
(2.16) (i) Re{f”}’g;() )}z "“;f;o‘ (z € U), if m >n+2a or ar=0,Yk > 2.

The results (2.15) and (2.16) are sharp with the function given by (2.2) and (2.9)
respectively.

Proof. To prove (i) part we may write

I+w(z) m+21-a) [fmn(z) _ m+l-a

l-wiz)  1-a flz)  m+201-a)
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1+ Z akrk’lei(’c’l)e + Zarkflefi(mrl)g

_m:;a « [ Z akrk—lez(k—1)9+ Z kak—le—z(k+1)91
k=m+1 k=n+1

o [SS)
1+ Z akrk_lei(k_l)g + Zark—le—i(kﬂ)@

k=2 k=2
where
2 1 o o0 o0
miE)[ >l Y
|W(Z)|§ - . k=m+1 Cl;:n+1 - S].
m
2-2<Z|ak|+2bk|> - a( S Janl+ Y |bk|>
k=2 k=2 k=m+1 k=n+1

This last inequality is equivalent to

(2.17) Z\ak|+2|bk|+m+l ( i lax| + i |bk> <1

k=2 k=m+1 k=n-+1

oo oo
k—a k+a
Since the L. H. S. of (2.17) is bounded above b b
ince the of (2.17) is bounded above ykzzgl_a|ak|+k2221_a|k|,
the proof is complete.

To prove (ii) part, we write

14w  n+2[fmn(s) nt+l+ta

1—wz) 1—-al| f(2) n+2

1+Zak7’k 1i(k— 1)9+Zb PRl o—i(k+1)0

S nt+l+to Z k=1 i(k—1)8 kl(k+1)]
aprf—1eil + Z b ¢
_ 1 o k=m+1 k=n-+1
1+Zakrk—1ei(k—1)9+ZaTk—le—i(k+l)9
k=2 k=2
where
T [ Z |lax| + Z |bk|‘|
k=m-+1 k=n-+1
|w(z)] < s - =
n+ 2«
- (Zameu) ( SRS um)
k=m+1 k=n-+1

<1
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This last inequality is equivalent to

m n n+1+« > >
(2.18) Zak+Z|bk|+1_a< Z lak| + Z |ka> <1
k=2 k=2

k=m+1 k=n+1

. . k-« k4«
Since the L. H. S. of (2.18) is bounded above by Z o lax| + ];2 o bk |,
the proof is complete. o

Theorem 2.9. If f of the form (1.1) with by = 0, satisfies condition (1.3), then

() am )
2.1 > 2
(2.19) Re{ e Z o (zeU), ifm<n+
The result (2.19) is sharp with the function f(z) =z + m+1aazm+1.

Proof. We may write

1—|—w(z): m+1-—a {f’(z) . am }
l-w(z) Mm+1)1—-a) |fl.(2) m+l-—a«

m
1 +Zkakrk716i(k 1)6 Zkbkrk 1 71 (k+1)6

k=2

(m+1-a) l k—1 i(k—1)6 o—i(k+1)0
+— Z kaprt—tet Z kbprk—1ei(k+1)
(m +1)(1 —a) k=m-+1 k=n+1

1+Zkak,’,k 1 1(k 16 Zkb Tk 1 i(k+1)0

where
(m+1-—a) lz k—1_i(k—1)6 _ (k1)
— kagrF—1eiF—1) Z kbprk—1tei(k+1)
(z) = (m+1)(1-a) | 2= 3y
2+2 (Z kagprF—1el(k—10 _ Z kl_)krk—le—i(k-i—l)G)
k=2 k=2
+m< D kaprkTetmNO Y kbkrk’—le—i(k+1)9>
k=m+1 k=n+1
So that
(m+1-—
<m+1— S Hal+ 3 kil
lw(z)] < k=m+1 k=n+1
(m + 1
(Zkak|+2k|bk|> YTV I <kz klag| + Z k|bk|>
m+1 k=n+1
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This last inequality is equivalent to
(m + 1
(2.20) Zk|ak|+2k|bk|+ ( > klax] + Z k|bk> <
k=m+1 k=n+1

Zk+a
|bk|7
—

oo k o
Since the L. H. S. of (2.20) is bounded above by Z T a
k=2

the proof is complete. O

Theorem 2.10. If f of the form (1.1) with by = 0, satisfies condition (1.3), then

/

mon(2) (m+1-a)
(2.21) Re{ } > ( (z€U)

f'(z) m+1—a)+(m+1)(1-a)
1—
The result (2.21) is sharp with the function f(z) = z + & mi
m+1—a«a
Proof. The proof of the above theorem is similar to that of Theorem 2.9 so we omit
the details involved. O
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