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TIGHT CLOSURE OF IDEALS RELATIVE TO
MODULES

H. ANSARI-TOROGHY AND F. DOROSTKAR

Abstract. In this paper the dual notion of tight closure of ideals
relative to modules is introduced and some related results are ob-
tained.

1. Introduction

Throughout this paper R will denote a commutative Noetherian ring
with identity and with a positive prime characteristic p. Further N will
denote the set of natural integers.

The main idea of tight closure of an ideal in a commutative Noether-
ian ring (with a positive prime characteristic) was introduce by Hochster
and Huneke in [5]. It is appropriate for us to begin by briefly summa-
rizing some of main aspects.

Let I be an ideal of R. An element z of R is said to be in tight closure,
I*, of I, if there exists an element ¢ € R° (here R° denotes the subset of R
consisting of all elements which are not contained in any minimal prime
ideal of R) such that for all sufficiently large e, ca?” € (i?" : i € I). The
ideal (i?* : 4 € I) is denoted by I'*) and is called the eth Frobenius power
of I. In particular if I = (ay, as, ..., a,), then 1P = ( Ife,age,...,aﬁe).

In the remainder of this paper, to simplify notation, we will write ¢
to stand for a power p€ of p. Then TPl = rld.

For any ideals I and J, T4 + Jld = (1 + p)ld fld jla = (1.7)ld in
particular if n is any positive integer, (I")l4 = (rla)n,

Now let M be an R—module and let I be an ideal of R. In this
paper we will introduce the notion of tight closure I *IM] of an ideal T of
R relative to M (see 2.1) and establish some properties of this concept
which reflect results of tight closure in the classical situation.
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Let M be an R—module. A prime ideal P of R is said to be an
associated prime of M if there exists an element x € M such that
Annpg(xz) = P (see [7]). The set of associated primes of M is denoted
by Assr(M).

We shall follow Macdonald’s terminology (see [6]) concerning sec-
ondary representation. So whenever an R—module M has a secondary
representation, then the set of attached primes of M, which is uniquely
determined, is denoted by Attg(M).

Throughout the remainder of this paper R° will denote the subset
of R consisting of all elements which are not contained in any minimal
prime ideal of R.

The reader is referred to [10] for the tight closure of an ideal.

2. Tight closure of an ideal relative to module

Definition 2.1. Let M be an R—module and I and J be ideals of R.
We say that I is an F'—reduction of the ideal J relative to M, if I C J
and there exists ¢ € R° such that

(0 a7 119 C (0227 D) for all ¢ >> 0.

It is straightforward to see that if I is an F'—reduction of an ideal J of
R relative to M and also an F'—reduction of an ideal J’ of R relative to
M, then I is an F'—reduction of the ideal J + J' relative to M. Thus,
since R is a Noetherian ring, the set of ideals of R which have I as an
F—reduction relative to M has a unique maximal member, denoted by
I*IM] and called the tight closure of I relative to M. This is in fact the
largest ideal which has I as F'—reduction relative to M.

The proof of the next proposition is easy and is omitted.

Proposition 2.2. Let M be an R—module and I, J, I’, J and K
be ideals of R.

(a) If I is an F—reduction of J relative to M and J is an F'—reduction
of K relative to M, then I is an F'—reduction of K relative to M.

(b) If I is an F'—reduction of J relative to M and I’ is an F—reduction
of J' relative to M, then II' is an F—reduction of JJ' relative to
M.

(¢) If I CJ C K and I is an F—reduction of K relative to M, then I
is an F'—reduction of J relative to M and J is an F'—reduction of
K relative to M.
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(d) If I is an F—reduction of J relative to M and I’ is an F—reduction
of J' relative to M, then I +1’ is an F—reduction of J+.J’ relative
to M.

Definition 2.3. Let M be an R—module and let I be an ideal of R.
An element x of R is said to be tight dependent on [ relative to M, if
there exists an element ¢ € R° such that

(0 :a7 1) C (0 :ps ca) for all ¢ > 0.

Lemma 2.4. Let M be an R—module and I be an ideal of R. An
element x of R is tight dependent on [ relative to M if and only if [ is
an F'—reduction of I 4+ Rz relative to M.

Proof. The proof is straightforward.

Theorem 2.5. Let M be an R—module and I be an ideal of R. Then
'™ = {2 € R: x is tight dependent on, I relative to M}.

Proof. Let x € R be tight dependent on [ relative to M. Then [
is an F—reduction of I + Rz relative to M by Lemma 2.4. Hence
I + Rz C I* Ml g5 that z € M. Now let 2/ € I*™]. Then I C
(I + Rz’) € "M, Since I*™] is an F—reduction of I relative to M,
I+ Rz’ is an F—reduction of I relative to M by Proposition 2.2(c). Now
the claim follows from Lemma 2.4.

Lemma 2.6. Let M be an R—module. We have the following.
(a) If dimR = 0 then \/Anng(M) = 0*[M],
(b) If I be an ideal of R with ht(I) > 0, then there exists d € R° such
that (0 :ps I'9) C (0 :py dz?) for every g = p°.
Proof. (a) Clearly, \/Anng(M) C 0*M]. To see the reverse inclusion,
let t € 0*IM]. Then there exists ¢ € R°, such that

(0 :37 01 C (0 257 ct?)

for all ¢ > 0. Since dimR =0, R° = R\ U P. Thus ¢ ¢ z(M).
PeSpec(R)

This implies that (0 :p7 t9) = M for all ¢ > 0. Hence \/Anngr(M) =

(b) Since I C I we have ht(I*™]) > 0. Hence I''M =<

T1,..., Ty >, where z1,...,2, € '™ N R°. For each z; € I'M (1 <
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i < n), there exists ¢; € R° and ¢; = p® such that

(000 1) C (001 i2) for every q > gi
Set d; = ¢;x%. Then it is easy to see that

(0 1a7 19) C (057 dia) for every q = pF.
Let d = dids...d,,. Then we have

(0 :p7 19 C (0 :pp dz?) for every q = p°
where d € R°.

Lemma 2.7. Let M be an R—module. Then the operation I — I*[M]
is semiprime on the set of ideals of R in the sense of [9]. More precisely
for all ideals I and J of R the following conditions hold.

(a) I C1I*C M,

(b) If I C J, then 1Ml C jIM],

(c) ([*[M])*[M} — *[M]

(d) 1+MLg=MY ()M,
Proof. (a), (b), and (c) are clear.

(d) Use Lemma 2.4 and Proposition 2.2 (b).

Corollary 2.8. Let M be an R-module and let A be an index set.
Then for every ideals I and J of R, we have
(a) ([*[M]J*[M})*[M] — ([J)*[ML
(b) (X (L) )M = (37 1)1,
1€EA

(c) (iF]A(Ii)*[MJ)*[M} = () (L)),
ieA ieA

Proof. By Lemma 2.7, the operation I — [ *[M] i semiprime on the set

of ideals of R. It is easy see that if A is an index set and I — I, is any
semiprime operation on the set of ideals of R, then we have

i€ (IS (IS €A

Definition 2.9. Let M be an R—module. The ideal I of R is tightly
closed relative to M, if "M = J.

Lemma 2.10. Let M be an R—module. Then we have the following.
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(a) The intersection of ideals tightly closed relative to M is tightly
closed relative to M.

(b) If I and J are ideals of R and I is tightly closed relative to M,
then so is (I :g J).

Proof. (a) This follovvs from Corollary 2. 8 (c).

(b) Set J = Z Ru;. Thus (I :g J) = ﬂ (I :g Ru;). So by part (a), it
=1
is enough to prove the assertion for the case that J is a principal ideal.

So let J = Ru and let = € (I : J)*™]. Then there exists ¢ € R° such
that

(0 :a7 (I w)l9) C (0157 ex?) for all ¢>> 0.
Since (I : u)ld C (119 : u9), it follows that
(0 a7 (119 w®)) C (0 131 ca?) for all ¢>> 0.
This in turn implies that
(0 a7 1) C (0 :a c(uz)?) for all ¢ > 0.
Thus uz € I*M] = I by Theorem 2.5. This yields that
(I : Ru)*™1 C (I: Ru).

The reverse inclusion follows from Lemma 2.7 (a). Hence (I : Ru)*M =

(I : Ru) as desired.

Remark 2.11. Let M be an R—module. An element r € R is said
to be M —coregular if tM = M. Further an ideal I of R is said to be
M —coregular if there exists an element x € I such that xtM = M.

Theorem 2.12. Let M be an R—module and let I, J, and K be ideals
of R. If K consists of M —regular elements or K is an M —coregular
principal ideal, then we have

(IK)*M c (Jr)M o pIM] M
Proof. Let z € I*!™], By Lemma 2.7 (d), we have
eK C (IK)*™ c (JK)*M],
Now we can find ¢ € R° such that
(0 JUKEDY C (013 ca?K

for all ¢ > 0. If K consists of M —regular elements or K is an M —coregular
principal ideal, then K9 consists of M —regular elements or K9 is an
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M —coregular principal ideal. This follows that
(0 :a7 JY C (0 :p cx?)
for all ¢ > 0. Hence z € J*IM] and the proof is completed.

Corollary 2.13 (Cancelation law). Let M be an R—module and let
I, J, and K be ideals of R. If K consists of M —regular elements or K
is an M —coregular principal ideal, then

(IK)M = (Jr)*M = M= M
Proof. This follows from Theorem 2.12.

Theorem 2.14. Let M be an R—module. Let I and K be ideals
of R. If K consists of M —regular elements or K is an M —coregular
principal ideal, then

(M ML o My = (1K) M MDY = (TR M K
= ('K . K) = "M
Proof. It is clear that
M (MM B g MYy (M g IMDy (1K) g K
and
(Ir'ME .p K) C (IK)*™M 5 K).
Hence it is enough to prove that ((IK)*™ :p K) C "Ml Since IK
is an F—reduction of (IK)*M! relative to M, there exists ¢ € R° such
that
(03 (IK)9) C (0257 ((TK)HAY for all ¢ > 0.
Since (IK)*M . KYK C (IK)*M],
(037 TWEKY C (07 o((TK)*™M g K)KY for all ¢ > 0.

If K consists of M —regular elements or K is an M —coregular prin-
cipal ideal, then K4 consists of M —regular elements or K 4l is an
M —coregular principal ideal. This implies that

(0 a7 1) C (0 :ap ((TK)™M .5 Ky for all ¢ > 0.
Thus I is an F—reduction of ((IK)*™] :p K) relative to M. So
(LK) -, ) € 1)

and the proof is completed.

Corollary 2.15. Let I be an ideal of R and let M be an R—module.
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If I consists of M —regular elements or I is an M —coregular principal
ideal, then for 0 < m < n, we have
() g (1) My = (1) M) e 1)
= (MmN ()M
= (I ) = (1)
Proof. This follows from Theorem 2.14.

Corollary 2.16. Let M be an R—module. Let I and K be ideals
of R. If K consists of M —regular elements or K is an M —coregular
principal ideal, then

Assp(R/T'™M)) C Assp(R/(I'™IK)) N Assg(R/(IK)M))
Proof. Let P € Assg(R/I*M]). Then there exists an element = € R
such that

pP= (I*[M] ‘R T).
Then by Theorem 2.14,
P=(IK)"M .p Kz) = ("MK .y K2).

So there exist a,b € R such that P = ((IK)*M! :p @) and P =
("MK g b). Hence P € Assp(R/(I"™MK)) N Assp(R/(1K)*M]),

Theorem 2.17. Let M be an R—module. Let I be an ideal of R
such that I consists of M —regular elements or I is an M —coregular
principal ideal.
(a) The sequence of sets (Assr(R/(I")*M])),en is an increasing se-
quence.
(b) If A(n) = Assg(R/(I")*™]) and B(n) = Assp((I"~")* M) /(1) M),
then A(n) = B(n) for every n € N
Proof. (a) Let n € N and let P € Assg(R/(I™)*™]). Then there exists
¢ € R such that P = ((I")*™] ;5 ¢). Now by Corollary 2.15, we have

P = (")) 1),

So there exists y € R such that P = ((I"t1)*™] . ). This implies that
P € Assg(R/(I"H1)*M]y,

(b) Let n € N. It is clear that B(n) C A(n). Let P € A(n). Then
there exists ¢ € R such that P = ((I")*M] .z ¢). By Lemma 2.7(d),
(rMhn (ML So 1M1 € P Thus ¢ € ((I")*M] .5 IM]). But
()M g My = (=1 IM] by Corollary 2.15. Hence ¢ € (171)*[M]
so that P € B(n) as required.
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We recall that (see [4]) the sequence of sets (Assg(R/I™))nen is ul-
timately constant. we will denote the ultimate constant value of this
sequence by As*(I, R).

Theorem 2.18. Let M be an R—module. Then for every ideal [
of R which consists of a regular element, the sequence of sets
(Assp((I™)*IM] /1)), e is increasing and ultimately constant.

Proof. By [8, 8.1], there exists a positive integer m such that for n > m,
we have

(1"t g 1) =17
Let n > m and let P € Assp((I")*™!/I"). Then there exists = €
(I")*IM] such that P = (I" :g z). It follows that P = (I"*! :p «I).
Now by using Lemma 2.7(d), we have

21 C ()M C (oMl M) ety

Hence there exists ¢ € (I"T1)*™] such that P = (I"*! :z ¢). Thus
for n > m, the sequence of sets (Assg((I™)*™]/I")),en becomes an
increasing sequence. Now the result follows from the fact that for large
n7

Assp((I™)y™M/™) C Assp(R/I™) C As*(I, R).

Corollary 2.19. Let E be an injective R—module. Then for every ideal
I of R which consists of a regular element, the sequence of sets

(Attr((0:5 1")/(0 :5 (I")1)))nen,

is increasing and ultimately constant.

Proof. This follows from Theorem 2.18 and the fact that for every
n € N, we have
Attg(Homp((I")*Fl /1" E)) =

{P e Assp((I")EL/I™) : P C Q for some Q € Assg(E)}
by [2, 3.2].

Lemma 2.20. Let I be an ideal of R. Further let M be a finitely gener-
ated R—module such that /Annr(M) = Anng(M). If for all minimal

primes P of R, the image of x modulo P is in the (#)*[M/PM}, then

x € *M],
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Proof. Let Min(R) ={Pi,....,P,} and let T € (#)*[M/PiM] for every
i = 1,....,n. Then for each i (1 < i < n), there exists ¢; = ¢; + P; €
(R/F;)° and ¢; = p® such that

[

) € (0 :p1/par @ T) for all ¢ > g;.

Since for each ¢ (1 < i < n), Re; + P; is not contained in Py U ... U Py,
we can find ¢, € R° such that for all ¢ > ¢,

I+ P

[

(0 :ar/pr (

(0 <ar/poa ( )4 C (0 aggpona & T).

Set ¢ = Max{q1,qo,...,qn}. Let ¢ > ¢’ and let m € (0 :p; I9). Further
n

for each i (1 < ¢ < n), choose 0 # A\; € [ Pj \ Pi. Then for every
j=1
j#i

cNixdm € \/Ann(M) M.
Since \/Ann(M) = Ann(M), ;i \z9m = 0 for every ¢ = 1,....,n. Set
n

" =35 d\. Tt follows that ¢’z9m = 0, where ¢” € R°. Therefore
i=1

1=1,...,n,

(0 a7 119 C (027 "29) for all ¢ > ¢
This completes the proof.

Definition 2.21 (see [1, 1.1, 2.5]). Let I be an ideal of R. Let T
be a subset of Spec(R). The notation I(T") will denote (I if I=R and)
, if I is a proper, the intersection of those primary terms in a minimal
primary decomposition of I which are contained in at least one member
of T (the intersection of an empty family of ideals of R is assumed to
be R itself). This definition is unambiguous and I({P}) is denoted by
I(P). 1t is clear that I(P) = (IRp)® is just the contraction back to R of
the extension of I to Rp under the natural ring homomorphism. Also

we have I(T) = () I(P) and (JNK)(T) = (J(T) N K(T)) for every
PeT
ideal J and K of R.

Lemma 2.22. Let [ be an ideal of R and M be an R—module. Then
I*(Assp(M)) € 1M,
Proof. There exists ¢ € R° such that
oI C 119 for all ¢ > 0.
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By [3, 2.7], we have (0 :ps (I*)19) = (0 :ps (I*)[9)(Assg(M))). Then
(0 :ar 1) € (0 :ar o(I7) 9 (Assp(M))).
It follows that
(0 :p7 T C (0 :pr (I (Assg(M)D) for all ¢ > 0.

Hence I*(Assg(M)) is an F'—reduction of I relative to M so that
I*(Assp(M)) € I*IM], This completes the proof.

3. Tight closure of an ideal relative to injective modules

Definition 3.1 (see [1]). Let I and J be ideals of R and let E be an
injective R—module. Then [ is said to be a reduction of J relative to £
if I C J and there exists n € N such that (0:5 IJ") = (0 :g J"!). An
element x of R is said to be integrally dependent on I relative to F if
there exists n € N such that

n
(0:2 Y 2" 'I') C (0:52™).
i=1
The set of ideals of R which have I as a reduction relative to E has a

unique maximal member, which denoted by I*(®) and called the integral
closure of I relative to E.

Lemma 3.2. Let I be ideals of R and let E be an injective R—module
suchthat () P ) P. Then Il C (8,
PcAssg(E) PeMin(R)

Proof. Let # € I*!El. Then there exists a positive integer ¢ and

ce R\ |J P suchthat
PeMin(R)

(0:5 119 C (0 :5 ca9).

q L
Since 1?7 C 3 29I,
i=1

q
(0:p Y 297 T) C(0:5 19) C (0:5 I19).
=1
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Hence (0:p Y.L, 297°I") C (0 :g cz?). Now since ¢ € R\ U P,
PcAssg(E)

q
0:g qu_iﬁ) C (0:g x7).
=1

Hence z is integrally dependent on [ relative to £ and the proof is com-
pleted by [1 , 2.7].

Proposition 3.3. Let P € Spec(R) and E = E(R/P) ( where for
an R—module L, we will use E(L) to denote the injective envelope of
L). Suppose that I is an ideal of R. We have the following.

(a) If z € I*1F) then £ € (IRp)*.

(b) If P € V(U Ass7y), then z € I*F] if and only if § € (IRp)*.
q

Proof. (a) Let € I*IFl. Then there exists ¢ € R°, such that
(0:5 119 C (0 :5 ca9).
ZRp C IMRp = (IRp)l9 by [1, 1.6]. Since ¢ € (Rp)°, £ €
(b) (=) It follows from (a). Conversely let $ € (IRp)*. Then there
exists { € (Rp)°® such that %#Rp C (IRP)[‘I] = JlWRp. Then
(0:5 119 C (0 :5 ca9).

by [1, 1.6]. By choice of P, we have ¢ € R° so that z € I*lFl. This
completes the proof.

Remark 3.4. Let I be an ideal of R and let F be an injective R—module.
Then I*¥) = I=(Assp(FE)), where I~ is integral closure of ideal I [1,
2.6].

Theorem 3.5. Let I be an ideal of R and let E be an injective
R—module.

(a) If I is generated by at most n elements, then for all m > 0 we have

(b) If I is generated by a regular sequence, then
'l = 1*(Assp(E)).
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Proof. (a) By Briangon-Skoda theorem, for all m > 0,
(mmT g
Now by using Remark 3.4 and Lemma 2.22, we have
(L) E) = (1)~ (Assp(E)) © () (Assp(E)) € (1)

(b)Wehave E~ @  E(R/P). Then I*El . FE®E/P),
PcAssg(E) PcAssg(E)
But by using Proposition 3.3 (a), for every P € Assr(FE), we have
IFE@E/P] C 1%(P). Therefore

rFlc [\ I'(P)=I"(Assr(E)).
PeAssg(E)

Now the assertion follows from Lemma 2.22 and the proof is completed.
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