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ABSTRACT

This paper studies six different AHP (Analytic Hierarchy Process) approaches and suggests that the
features of the approaches are classified by application circumstances in order to contribute to the
applicability and quality usage of the AHP. Our study investigates the hierarchical principles and
characteristics of the AHP, and historical debates on the AHP evaluation in which the six approaches
have been involved. One of six approaches is an ANP (Analytic Network Process) application that is
directly connected to AHP usage. The application differences among the six approaches are vali-
dated with a plain example. Then, the four circumstances of AHP applications are classified by two
dimensions: the first dimension is whether or not the importance (weights) of criteria is independent
of restrictively setting alternatives, and the second dimension is whether or not preference (priori-
ties) of alternatives is independent of adding alternative(s) to or removing alternative(s) from the
considering set of alternatives. Then featuring way of weighting criteria is classified. We suggest the
distinguishing manners and describe the implications of the AHP application. Finally, we discuss
rank reversal and multiplicative AHP.

Keywords: Multiple Criteria Analysis, Analytic Hierarchy Process Approaches, Application Classifi-
cation, Priority Dimensions

1. Introduction

Since full description of the AHP (Analytic Hierarchy Process) by Saaty [16], its use-
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fulness has been verified by its rich applications in almost all industries [8, 32, 37].
The context of the AHP application has been extended by the ANP (Analytic Net-
work Process) as the generalized form of the AHP [20]. The AHP application usually
employs three stages: (1) the hierarchical compositions of criteria and alternatives, (2)
the simple pairwise comparisons in order to calculate local priorities, and (3) the syn-
thesis of global priorities. The synthesis stage states that the priority of the ultimate
objective is hierarchically propagated to criteria according to the amount of contribu-
tion to the criteria (weighing criteria). The priorities of the criteria are distributed to
alternatives (prioritizing alternatives) and finally to be synthesized with respect to
each alternative in order to choose.

The phase of synthesis triggered the debates about the AHP measurement and its
rank reversal since the early 1980s. The alternate approaches to Saaty’s AHP (hereaf-
ter referred to as the Conventional AHP) have appeared from the debate. This paper
deals with the differences among 6 AHP approaches including Conventional AHP
and the ANP originally developed by Saaty [16, 20] (the ANP discussed in this paper
is confined to only certain dependency between criteria and alternatives). The other
four approaches have come out, directly or indirectly, from the AHP debates since
the early 1980s [2, 11, 21, 25].

Based on the belief there is no one basic rule that can explain or cover all kinds of
circumstances in the areas of social sciences or human psychology, we are motivated
in our research to understand the circumstances of AHP applications and to classify
the circumstances to better understanding them. In order to find the characteristics
that can classify the circumstances, we investigate what aspects of the AHP invoked
such debates as the above and explain how the aspects are related with the different
view of approaches to the Conventional AHP and with the circumstances of AHP
applications. In this paper, it is not our intention to contribute further to the debate.
Instead, it is our intention to contribute to extending and enriching the applicability
of the AHP as well as understanding the contextual features of AHP applications.

For the sake of this purpose, we set up our objectives. First, we outline the fea-
tures of the Conventional AHP [16] and five alternative approaches; Ideal mode AHP
[6, 8], Referenced AHP [25], B-G AHP [2, 3], Dominant AHP [11], and ANP [20]. Lik-
ing pin AHP [27] is regarded, in this paper, as the modification of B-G AHP. Second,
we classify the six approaches using two dimensions with respect to each of which

the approaches are commonly characterized. Finally we propose guidelines to apply
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the AHP with characteristics of application circumstances.

There have been the AHP studies using multiplicative function, rather than addi-
tive function, as an aggregation method that is free from rank reversal problem [1, 31].
However, the multiplicative AHP has been criticized with counterexamples [22, 33]
and still has not been accepted in general. Therefore we focus on the six models of
additive function and later we discuss the multiplicative AHP technique.

The next section describes two principles concerned with AHP synthesis. We,
then, briefly review the AHP debates. In Section 3, we reveal two agendas that are
involved in AHP sensitivity and rank reversal: (1) how to elicit the importance of cri-
teria, and (2) how to normalize the preference of alternatives. In this section we illus-
trate the six different AHP approaches and show how each approach deals with the
two agendas. In Section 4, we classify the six approaches into a 2x2 matrix with two
dimensions and describe application guidelines using circumstances from a practical
view. In Section 5, we discuss the model with multiplication form and application of

the AHP, and we finally conclude this paper with final remarks.

2. The AHP Synthesis

2.1 The Independence and Ratio Scale in the AHP

The AHP is characterized by its principles and axioms. Three principles are the
hierarchical composition of complexity, measurement with a ratio scale, and synthe-
sis. The 4 axioms are reciprocal, homogeneity, independence, and expectation axioms
[16,17].

We are, in this paper, concerned with the synthesis of the criteria weighs and the
alternative priorities. In accordance with this subject, we must answer the two ques-
tions: “What is the independence axiom?” and “Why is the ratio scale in the AHP?” These
two questions are also helpful in understanding the basis to spin the classification
axes (described in Section 4) for the AHP approaches that have come out of the AHP
debates. Both questions are related to the hierarchical composition of complexity.

For the question of ratio scale, the principle of hierarchical composition means
hierarchically breaking down a complex problem into smaller and smaller pieces un-
til it is possible to clearly address the smaller pieces. The priorities (or weights) of the
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elements are also broken down into the lower level elements consistently. Here is the
key point why the AHP must use ratio scales. The priorities of the elements at any
level of the hierarchy are determined by multiplying the priorities of the elements
within a group in that level by the priorities of the parent element. Thus, the sum of
priorities of elements is equal to the priority of the parent in the hierarchy. Because
the product of two interval-level measures is mathematically meaningless, ratio scales
are required for this multiplication [16].

The independency axiom, out of the 4 axioms, is also associated with the princi-
ple of hierarchical composition. The judgment about or the priorities of the elements
in a hierarchy do not depend on lower level elements. Finally the weights of the crite-

ria are independent of consideration of the alternatives [9].

2.2 A Brief Review of the AHP Debates

Watson and Freeling [34] raised a question about the meaning and interpretation
of “relative importance” which, they clamed, was meaningless without any guide-
lines (for example, a measurement scale) to respondents with respect to the relative
importance. In response to Watson and Freeling, Saaty et al. [24] replied, in their ex-
ample, that the AHP required the user to refer to the magnitude (sum or average) of
the alternatives with respect to a criterion, which was referred to as the Referenced
AHP by Shoner and Wedley [25]. Watson and Freeling [35] doubted whether or not
the restriction that the Referenced AHP imposed on the comparison of the impor-
tance of criteria was ever implemented in practice. Saaty et al. [24] replied that the
AHP approach was a unit free approach. Shoner and Wedley [25] argued that unit
free was not appropriate for the answer and pointed out that those writings on the
AHP have subsequently ignored the restriction of the Referenced AHP.

Belton and Gear [2] showed that the Conventional AHP could suffer the problem
of rank reversal by adding a new alternative that provided no additional information
on the relative ratings of existing alternatives. Later, rank reversal is defined as a
changing of rank among previously existing alternatives when irrelevant alternatives
are added to or removed form the decision. Here, the irrelevant alternative is defined
as an alternative dominated by one or more previously existing alternatives [8]. Saaty
and Vargas [23] tried to impose legitimacy to rank reversals. They observed that in-
deed rank reversal did happen in the real world and that it depended on the relation-
ship between this new alternative and the old ones under each criterion. The value
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system of human beings varies by scarcity [19]. Belton and Gear [3] highlighted the
inherent ambiguity in the term “weight.” They argued that weights for criteria were
established by paired comparisons of the relative importance of values represented
by the largest valued alternatives under each attribute. We call this approach the B-G
AHP. :

Shoner and Wedly [25] showed that the Referenced AHP and B-G AHP satisfy
the necessary condition that leads to correct estimation without unwarranted rank
reversals. Forman [7] criticized by asserting that the Referenced AHP approach was
too restrictive to apply the AHP. The example by Schoner and Wedley [25] was just
for the sake of illustration and not appropriate for an AHP application because the
restriction limits AHP to applications involving only absolute measurements on the
tangible with a single criterion. Schoner et al. [26] showed that the Referenced AHP
approach could work for multiple criteria with nonlinear objectives.

Dyer [4, 5] argued that the AHP yielded arbitrary rankings and that such a prob-
lem was the result of the fact that the weight of each criterion was independent of the
evaluation of the available alternatives over the criterion. Saaty [18] replied that the
criteria weights in the AHP can be independent of alternatives and scales with abso-
lute measurement or relative measurement. Relative measurement can involve a kind
of dependency arhong the alternatives. This dependency justifies the legitimacy of
rank reversals [10]. Based on the approach of Belton and Gear [2], the Conventional
AHP is extended to the name of Ideal mode AHP. However we distinguish, in this pa-
per, what follows the Ideal mode AHP from the B-G AHP.

Differently certified alternatives can affect primitively on getting the result of
pairwise comparisons so that alternative method is required [36]. Kinoshita and Na-
kanish [11] developed another AHP approach in arguing that it seemed more practi-
cal to judge the criteria weights depending on a preferred or well-known alternative
rather than considering all alternatives. They called the alternative used to judge the
criteria weights a dominant alternative and their approach, the Dominant AHP. Their
approach could prevent rank reversals from adding or removing alternative(s). They
extended the Dominant AHP to the CCM (Concurrent Convergent Method) which
was developed to handle any discrepancy between a criteria weights vector elicited
from a dominant alternative and corresponding estimated vectors derived from other
dominant alternatives. Hence, we deal with the Dominant AHP in this paper (See [13]
for more details about CCM and [28] for comparison between CCM and ANP).
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3. Illustrations of the AHP Approaches

3.1 An Example

In order to easily illustrate and clarify the differences among the 6 approaches,
let us set up a simple decision problem with two criteria (C1 and C2) and three alter-
natives (A1, A2, and A3) in Table 1. We assume that the two criteria with respect to
which the three alternatives are measured are represented by a monetary value. To
find how each approach deals with rank reversals, each approach is considered, at
first, with two alternatives and then with adding another later. In general, the irrele-
vant alternative is defined as an alternative that is dominated by one or more previ-
ously existing alternatives [8]. We can regard A3 as an “irrelevant alternative” in
terms of total value because if Al is greater than A2 out of the choice set {Al, A2},
then introducing a third alternative A3, thus expanding the choice set to {A1, A2, A3},
does not make A2 greater than Al, and vice versa. This paper regards the monetary
value as benefit.

Since the two criteria are represented by a monetary value, the total sum for each
alternative is simply obtained by adding the two values of the two criteria. This ex-
ample shows inequalities, A1 > A3 > A2, in Table 1.

Table 1. An example with two criteria and three alternatives

Normalized for Normalized for
C1 C2 Total
Al and A2 all 3 alternatives
Al 36 16 52 0.54 0.37
A2 12 32 44 0.46 0.31
A3 42 4 46 0.32
Sum 90 52 142 1.00 1.00

Accordingly, let us use following notations in this paper.

w, and w,: the priorities [weights] of C1 and C2, respectively, and subject to

w+tw, =1
x, and x,: the monetary values of alternative Ai for C1 and C2, respectively
v, and v,: the derived priorities corresponding to x,, and x,, respectively

z,: the aggregate value of the alternative Aiby v, w,+v, w,
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3.2 Conventional AHP and Two agendas

Applying the Conventional AHP to the example, two weights of criteria, C1 and
C2 are assumed to be derived from a pairwise comparison matrix and normalized as

w, +w,= 1. The priorities of the alternatives for a criterion j using pairwise compari-
sons are normalized as vy 0, = 1 forj=1and 2, as shown in Equation (E1). Finally,
the aggregate value of alternative Ai is represented as the composite form of z,=v,

w,+v, w, and z +z,=1 automatically. Adding the third alternative A3, we can

say 3. z =1 because the Conventional AHP still holds with z;vi}. =1 for each

i=1%i
criterion j.

Since decision making is regarded as an estimation process for the best or better
alternative(s) which is directly influenced by the criteria weights, it is possible to in-
vestigate the sensitivity of alternatives evaluation by the criteria weights. In this ex-
ample, the aggregate value of each alternative can be represented by the function of
w, because w,=1-w,.

The derived priorities of the two alternatives (Al and A2) with respect to each

criterion can be calculated from Table 1. The priorities are as follows:

1 36/12 - 3/4 for C1, and 1 16/32 - 1/3 for C2
12/36 1 1/4 32/16 1 2/3

Then, the aggregate function is shown in the following equation (E1) for the two
alternatives, Al and A2.

7= 3 / 4 1 / 3 wl - 0.42w1 +0.33 (E].)
1/4 2/3)\1-w, )~ | -0.42w, +0.67

If the third alternative (A3) is added, the aggregate functions for A1 and A2 are
modified respectively by the normalizing vectors (Zilvij =1 for j=1 and 2) which

are the same as the eigenvectors derived from the pairwise comparison matrix among

the three alternatives. The final aggregation function is given in (E2).
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2/15 8/13 ~0.48w, +0.61 (E2)

6/15 4/13 0.09w, +0.31
z= ( 1 )__
7/15 1/13 1 0.39w, +0.08

The results of two equations, (E1) and (E2), are shown in Figure 1. The range of
w, >a that keeps such a relationship of Al > A2 like Table 1 has changed to b<w,

<c¢ for Al as the best alternative among three alternatives because the aggregate
functions for A1l and A2 have shifted by adding A3. The shift of functions is caused
by normalizing the sum of the priorities to 1. Assuming that the weights of the two
criteria are equal, i.e., w,=0.5 and w,= 0.5, this example shows aggregate values z, =

0.54 and z,= 0.46 with Al and A2. However, with the three alternatives, z = 0.35,
z,=0.37 and z,=0.27 which are different from the result of Table 1. This case shows

the typical rank reversal between Al and A2 in applying the Conventional AHP (Al
>A2 - A2> Al > A3).
Accordingly, two agendas (discussion factors) in this paper are focused on here:
(1) how to elicit the importance of criteria,
(2) how to normalize the preferences of alternatives.

The first factor is involved in the sensitivity of Conventional AHP and both of
the two factors are involved in the rank reversal. According to the AHP debates, the
first one is concerned with whether or not the criteria weights can be elicited regard-
less of alternatives and the second is whether or not normalizing the sum of alterna-
tive priorities eqﬁals to 1. The first agenda is related to the independence axiom and

the second agenda is to the ratio scale prioritization.
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Figure 1. The Sensitivity of the Conventional AHP
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3.3 Other AHP approaches

3.3.1 The Ideal mode AHP

This approach is an extension of the Conventional AHP; however, the idea was
adopted from those ideas of Belton and Gear [2]. This approach sets up an ideal alter-
native that has the most preferred value, for every criterion, out of those given by al-

ternatives on hand. In the example of two criteria, the ideal alternative is established

with values, (max {x.}. max{xiz}). This ideal alternative serves as a reference to com-
i i

pare and has a priority of 1.0 for each criterion, while each real alternative has its pri-
ority relative to the ideal alternative. Although an irrelevant alternative is added to
(or removed from) the current set of alternatives, the priorities allocated to the exist-
ing alternatives under each criterion do not change.

The only operational difference between the Ideal mode AHP and the Conven-
tional AHP occurs when a synthesis is performed [8]. Both approaches conduct crite-
ria evaluation independent of alternatives. However, the Ideal mode AHP does not
change the once established priorities with either adding or removing alternative(s)
because the alternatives have been compared to the ideal alternative.

For Al = (36, 16) and A2 = (12, 32) in Table 1, the values of ideal alternative are
(36, 32). The values of Al and A2 are compared to those of the ideal alternative, re-
spectively, and have resulted in the first and the second row vectors of the matrix in
(E3).

S 1 1/2 Wi 0.50w, +0.50 (E3)
1/73 1 1—w, -0.67w, +1.00

Even if the third alternative A3 is added, the previous weights vector and the

previous ideal alternative are invariant. Thus, the previous aggregate functions of w,

for Al and A2 are invariant as in (E4). This system is not affected by adding or re-

moving alternative(s).

1 1/2 0.50w, +0.50
w
z=[1/3 1 ( : ]: —0.67w, +1.00 (E4)
- W
7/6 1/8 ' 1.04w, +0.13
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3.3.2 The Referenced AHP

The Referenced AHP originated in the debate between Watson and Freeling [34,
35] and Saaty et al. [24]. The Referenced AHP [25] requires the decision maker to refer
to the magnitude of the alternatives. In the Referenced AHP, the relative importance
of a criterion must be proportional to the sum [or average] (adjusted by its scaling
factor, if necessary) of alternative measures on that criterion. In this example, the

weights of two criteria (w, and w, ) satisfy the following equation which is the condi-

tion that distinguishes the Referenced AHP from the Conventional AHP.

(w,, w,) = k(zi=1xil, Z‘.:lxiz),where k is normalizing coefficient.

For two alternatives Al and A2, the weights of C1 and C2 are equally important
by (1/96)(36 + 12, 16 + 32) = (0.5, 0.5). The aggregate values for A1 and A2 are:

Z=[3/4 1/3](0.50]%0.54} (E5)
1/4 2/3)(050 0.46

With the addition of A3, the weights of C1 and C2 are given by (1/142)(36 + 12 +
42,16 + 32 + 4) = (0.63, 0.37). Finally, the inequality, A1> A3 > A2 is drawn in (E6).

6/15 4/13) /0 0.37
z=[2/15 8/13 ['7]= 0.31 (E6)
7/15 1/13 0.32

This approach preserves the rank order (Al > A2) by altering the weights of the
criteria. The normalized results of the alternatives priorities are the same as the real

values in Table 1.

3.3.3 The B-G approach

Belton and Gear [2] tired to reveal the AHP weakness in ordering ranks that was
caused by relatively distributing priorities to the alternatives and their aggregation in
the AHP. They considered the definition of weight as the value on a unit scale on

which the criterion was measured. To be consistent with this view, one should nor-
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malize the eigenvectors so that the maximum entry is 1 rather than the entries sum to
1. Finally, the criteria weights are established by comparisons of the maximum values
of alternatives with respect to the criteria. Applying this procedure to the example of

this paper, the weights of the two criteria (w, and w, ) are derived as follows.
(w,, w,) = k(m_ax{xﬂ}, max{xn}) , where k is the normalizing coefficient.

With respect the two alternatives, Al and A2, the weights of C1 and C2 are de-
termined as k(max{36, 12}, max{16, 32})= (1/68)(36, 32) = (0.53, 0.47). In (E7), the syn-
thesized results are 0.77 and 0.65 and they are normalized as 0.54 and 0.46 (normali-

zation is represented by “=" in this paper).
= 1 1/2)(0.53 - 0.77 - 0.54 (E7)
1/3 1 0.47 0.65 0.46

Adding A3 to Al and A2, the weights of C1 and C2 should be adjusted because
the reference unit for criterion C1 changes from 36 to 42 (See Table 1), conforming to
[3]. The normalized weights appear as k(max{36, 12, 42}, max{16, 32, 4}) = (1/74)(42,
32) = (0.57, 0.43). The normalized result of the alternatives priorities (0.37, 0.31, 0.32)
in (E8) are the same as the Reference AHP produced. Finally, we have the relation-

ship, A1 > A3 > A2. This approach preserves previous rank order (Al > A2).

6/7 1/2 0 0.70 0.37
z=12/7 1 [ ]: 0.60 | = | 0.31 (E8)
0.43
1 1/8 0.62 0.32
3.3.4 The Dominant AHP

This approach was developed by Kinoshita and Nakanishi [11]. The idea of this
approach is distinct from those ideas of the other approaches in the aspect that the
reference unit for the criteria weights is elicited from an alternative, called the domi-
nant alternative. It seems more realistic when a decision maker knows well about a
certain alternative to prioritize criteria. A dominant alternative is the reference to

compare with so that it is given 1 for every criterion. To be consistent with this point
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of view, the criteria weights are based on the measures of the dominant alternative.
If Ai is the dominant alternative in this example, the values in Ai provide the

weights, w, (Ai) and w, (Ai), which are regarded as w;, and w,. That is,
(w,, w,)=k(w,(Ai), w,(Ai)) = k(xi1 , x,.z), where k is the normalizing coefficient.

Since this approach derives the weights of criteria with regard to which alterna-
tive has been realized as the dominant alternative, a set of new weights has to be gen-
erated if the dominant alternative changes.

For the example described in this paper, let Al be the dominant alternative. Then
the weights of C1 and C2 are derived as k(x,,, x,,)= k (36, 16). Since the criteria val-

ues are assumed to be monetary values in this example, k = 1/(36+16) and the weights
become (0.69, 0.31). In a given alternative set, the weight of the criteria would be var-
ied by altering the dominant alternative. If A2 becomes the dominant alternative,
then the criteria weights are (1/44)(12, 32) = (0.27, 0.73). However, whatever is selected
as the dominant alternative, the dominant AHP guarantees the same normalized pri-
orities of aggregation among the multiple alternatives. The results of applying this
approach to the case of the two alternatives, Al and A2, are shown in (E9). The nor-
malized values are same as (0.54, 0.46) for the two alternatives and the values are

consistent with those of the actual values in Table 1.
1 1){0.69 1.00
Applying Al, z = =
PPIyIg £, 2 [1/3 2) (0.31] [O.SSJ
3 1/2)(0.27 1.18
PPLINE 22, % [1 1 j[o.mj [1.00)

Even though A3 is added, this approach, unlike the Referenced AHP and the B-G
AHP, keeps the weights of C1 and C2 unless the previous dominant alternative alters.

0.54
- (0.46J )

However, if A3 becomes the new dominant alternative, the weights vector is k(x,,,
x5, )= (1/46)(42, 4) = (0.91, 0.09).
This approach draws the same normalized priorities of alternatives as those of

the Referenced AHP and the B-G AHP. (E10) shows the case when Al is the domi-

nant alternative. All the alternatives draw the same normalized vectors and show the
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inequality A1> A3 > A2, Thisis compatible with the previous rank order, Al > A2.

L R o 1 0.37
Applying A1, | 1/3 2 (0'31j= 0.85 (= | 0.31 (E10)
7/6 1/4)% 0.89 0.32

If A2 or A3 is chosen as the dominant alternative in (E10), respectively, but nor-
malized priorities vector of alternatives is same as that of Al.

In accordance with the case of multiple dominant alternatives, the Concurrent
Convergence Method (CCM) that extends the dominant AHP [12] is activated when
there is any discrepancy between normalized criteria weight vectors elicited from
multiple dominant alternatives. Vectors with such discrepancies are guaranteed to

converge on one vector using the CCM algorithm (See [13] for more details).

3.3.5 The ANP (Analytic Network Process) Approach

Saaty’s ANP [16, 20] is the generalized form of the AHP. The AHP holds the idea
of a linear propagation of properties of a given objective to the alternatives at the bot-
tom of the hierarchy. The dominance of a property is assumed to flow from criteria to
alternatives. If this assumption is violated, that is, any influence from alternatives to
the criteria is necessary to be incorporated. The ANP is triggered to contain the struc-
ture of mutual influences. However, this approach requires an elaborate network de-
sign and high density of data to fit to the network. The ANP is represented graphi-
cally as a network instead of a hierarchy and algebraically as a column stochastic ma-
trix (supermatrix, S) incorporating, among criteria and alternatives, all influences
whose sum is normalized to a unit in every column. The S of this paper is formulated

as follows.

S= ["’; ‘;’] (E11)

where the sub-matrix W is the column eigenvectors of criteria with respect to
each alternative and the sub-matrix V is the column eigenvectors of alternatives with

respect to each criterion. ¢ is a null matrix. The eigenvector of the initial supermatrix

converges to a stationary matrix (so called limit supermatrix) by the infinite power
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method, that is, S”.

Constructing the initial supermatrix (S) in Table 2, we input the normalized al-
ternatives ratios for each criterion from Equation (E2) (the same as those given by
Conventional AHP) and criteria ratios on behalf of the three alternatives, respectively,
(the same as those given by the Dominant alternative approach in Equation (E10)).

The results in Table 3 are given by lim §**1 (see [20] for more details).

Table 2. Initial Supermatrix Table 3. Limiting Supermatrix
C1 C2 Al A2 A3 Cl C2 Al A2 A3
C1 0 0 0.69 0.27 0.91 C1 0 0 0.63 0.63 0.63
Cc2 0 0 0.31 0.73 0.09 C2 0 0 0.37 0.37 0.37
Al |6/15 4/13 0 0 0 Al |0.37 037 0 0 0
A2 |2/15 8/13 0 0 0 A2 1031 031 0 0 0
A3 |7/15 1/13 0 0 0 A3 10.32 0.32 0 0 0

The weights of the criteria and the aggregate value of the three alternatives have
resulted as completely the same as those of the real value or the Referenced AHP
above. The resulting weight vector is the overall weight vector of the three different

weight vectors.

4. Classification of the AHP Application Circumstances

This paper proposes to classify the various AHP approaches that have emerged from
historical debates, in addition to the Conventional AHP and ANP. The classification
model, as such, should have the implication that guides the circumstances of AHP
applications. The classification is given by 2 dimensions, one of which is associated

with prioritizing criteria and the other is with prioritizing alternatives.

4.1 Criteria Prioritization

Watson and Freeling [34] argued that if the AHP question (which is better and
how much?) would be asked to a decision maker without further explanation, it
should become meaningless. In their behalf, it is obvious that the prioritizing criteria
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have no choice but to depend on alternative measurement because the explanation
about comparing units with which the importance of criteria are evaluated is realized
by alternative measurement. Belton and Gear [2] and Dyer [4] argued that rank rever-
sal in the AHP is because of the fact that the weight of each criterion is independent
of the evaluations of the available alternatives over this criterion. Their argument is

concerning the manner in which these weights are elicited.

To the contrary, Saaty et al. [24] described

“However in practice, when the alternatives are not known in advance, one
may simplify the analysis initially by attempting to elicit priorities on the at-
tributes without knowledge of the particular alternatives. -,

The AHP approach is not affected by a change of scale on the attribute. -+

Thus, it is unit free approach.”

This view is consistent with the independence axiom. Therefore, prioritizing cri-
teria in the Conventional AHP is independent of the alternative value or scale. Con-
sistent with the Conventional AHP, the Ideal mode AHP establishes the weights
based on the decision maker’s judgment unit. The criteria weights, if once established
by the Ideal mode AHP, are maintained consistently no matter which new alternative
is added or removed (See (E3) and (E4)).

Depending on a set of alternatives implies that the criteria weights are required
to particularly correspond to alternatives' measures which are shown in the four ap-
proaches: Referenced AHP, B-G AHP, Dominant AHP, and ANP. On the behalf of the
alternative-dependent approaches, the criteria weights are not invariant because the
relative importance of criteria is constrained to the measures realized in the alterna-
tives and to the measures generally changed with alternatives altering. The B-G AHP
constrains the relative importance of criteria to the ratios among the maximum values
of given alternatives with respect to each criterion. If adding or removing an alterna-
tive causes any change to the maximum values with respect to any criterion, then
such change should be accompanied with a change in the relative importance of the
criteria. Accordingly, the weights of the criteria in B-G AHP depend on alternative
measures. The example of this paper shows the case where adding the third alterna-
tive, A3, causes a modification of the maximum value and then a change of their ratio
(See (E7) and (E8)). In the Referenced AHP, the criteria weights are elicited on the
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basis of the average (or sum) of the alternative measures with respect to each criterion.
It is trivial to show that the average (or sum) of the alternatives’ measures changes
with adding or removing alternative(s) (See (E5) and (E6)). The Dominant AHP pro-
vides the judgment standards for the criteria weights depending on the dominant
alternative. Altering the dominant alternative is accompanied with the change of
judgment bases and, thus, the criteria weights (See (E9) and (E10)). The ANP gener-
ates the criteria weights through the supermatrix operation. The supermatrix in the
example of this paper, as in (E11), shows that the overall weight vector is changeable

depending on weight vectors that constitute the sub-matrix, W.

4.2 Alternatives Prioritization

The Conventional AHP uses the relative ratio scale because ratio scales are ap-
propriate for hierarchical decomposition. The sum of priorities of the children ele-
ments, at any level of the hierarchy, becomes equal to the priority of their parent by
multiplying the priority of the parent and priorities of children whose priorities are
summed to one at first. This hierarchical propagation of priorities is consistent with
the meaning of hierarchical decomposition. The eigenvector solution for a pairwise
comparison matrix is unique by summing elements to one. Accordingly, the Conven-
tional AHP normalizes the alternatives priorities, at the bottom level of the hierarchy,
derived from the pairwise comparison matrix by dividing their sum.

Such normalization, as summing to one, is also concerned with rank reversals in
the Conventional AHP. Rank reversal or adjustment in the AHP does not occur be-
cause of eigenvector calculations, nine point scale used in the AHP, inconsistencies in
judgments, nor because “exact” copies are included in an evaluation. Rank reversal
occurs because of scarcity (an abundance or dilution effect) [7, 18, 23, 24]. Even more,
it can take place not only with the legitimacy of scarcity but also with any technique
that decomposes and synthesizes, regardless of whether it uses the AHP. Perez [15]
showed this phenomenon with the example of multidistrict proportional elections
and concluded that it is necessary to identify the kind of situations in which the AHP
is suitable.

Forman and Gass [8] introduce a closed or an open system. To be a closed system
or an open system is concerning the aspect that scarcity is legitimate in the evaluation
of alternatives and that the sum of priorities distributed to the alternatives increase or

decrease if new alternatives are added or existing alternatives are removed from con-
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sideration. The sum of the alternatives’ priorities is usually subject to 1 in the closed
system, but it is not the case in the open system. The AHP originally started from a
closed system.

The alternatives’ priorities of the Referenced AHP and the ANP also should sum
to 1 because they are exactly the same as the Conventional AHP in eliciting alterna-
tives priorities. However, the Ideal mode AHP does not change the alternatives pri-
orities that have been once established when some alternatives are added to or re-

moved from current consideration. Let us see the following description by Saaty [21]:

“In accordance with the ideal mode, by deriving priorities from paired com-
parisons, rank is always preserved if one idealizes only the first time, and
then compares each alternative with the ideal alternative, allowing the value
to exceed one. On the other hand, idealizing repeatedly only preserves rank

from irrelevant alternatives.”

The B-G AHP does not change the alternatives priorities while the current set of
the maximum values of the alternatives with respect to each criterion is kept with
adding or removing alternative(s). Neither does the Dominant AHP providing that a

dominant alternative has not caused an alteration.

4.3 Classification of Circumstances

We construct a 2X2 classification matrix by 2 dimensions: alternative-dependent
or independent for the relative importance of criteria and closed or open prioritiza-
tion for the preferences of the alternatives.

The first dimension of vertical axis is concerned with how to elicit judgments for
the relative importance of criteria. This dimension represents the circumstance under
which the independence axiom of the AHP that implies judging the criteria weights
in a hierarchy do not depend on alternatives is kept or violated. In general, the judg-
ments require a reference unit under which a decision maker compares the amount of
contributions among criteria to a given objective. The distinguishing point in the first
dimension is whether or not such judgments units depend on a set of alternatives at
hand when the decision maker evaluates relative importance of criteria.

Meanwhile, the second dimension (closed or open system) is how to normalize

the preference of alternatives in terms of each criterion, which finally characterizes
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the aggregation of such preferences for the alternatives. In other words, allocating
priorities to alternatives are given by relative comparison or by absolute standard
among alternatives. Finally, the total amount of priorities for alternatives is fixed or
not (closed or open). The fixed number is usually 1 in the AHP, that is, in the example

above, » . =1 for each criterionij.
i Y

Criteria
Prioritization
| L 4 4
Dependent on ANP Approach Dominant AHP
Alternatives Referenced AHP B-G AHP
Independent of Conventional AHP Ideal mode AHP #
Alternatives
‘ FY @ Alternatives
Closed (sum) System Open (sum) System Preferences

Figure 2. Classification of AHP Applications

4.3.1 Criteria Prioritization: Independent of or Dependent on Alternatives

For the characteristic of criteria, it is alternatives-independent if we elicit judg-
mental bases independent of alternatives measurements. Hence, the Conventional
AHP and Ideal mode AHP are alternatives-independent and the other approaches are
alternative-dependent.

Let us assume that there is a decision maker to choose a most appropriate auto-
mobile out of three or four candidates. However, the decision maker has enough ex-
perience and knowledge about not only the alternatives at hand but also all kinds of
automobiles which are latent or implicit alternatives. When the decision maker
evaluates the importance of the criteria and judges the relative importance not based
on the limited alternatives but on all alternatives that he/she has experienced or vir-
tually expects, it is not necessary for him/her to change the criteria weights with add-
ing or deleting alternatives because the weights are elicited by considering all the al-
ternatives.

According to the above interpretation, it is possible for a human being to elicit
one’s own judgment unit, consciously or unconsciously, considering all the possible

alternatives that one can expect with one’s experience or knowledge. This interpreta-
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tion is available when a decision maker or an evaluator certainly has pre-experience
or pre-knowledge about the judgment beyond the limited alternatives. Accordingly,
the criteria weights are independent of limited alternatives and a decision maker can
judge the criteria weights without specific alternative(s).

Such a way of interpretation is meaningful in applying the alternative-dependent
AHPs. If the criteria weights by the pre-experience or pre-knowledge are quite differ-
ent from those by a set of given alternatives, the alterative-dependent AHPs are acti-
vated to incorporate the adjustment of the criteria weights. If a decision maker re-
evaluates the criteria weights in a given hierarchy until he/she is satisfied with the
AHP results, then the reevaluation process also can be a part of the alternative-de-
pendent AHPs.

4.3.2 Alternatives Preferences: Closed or Open System

AHP application situations can be divided into two kinds with respect to which
preference of alternative is affected, or not, by adding or removing alternatives. The
situation is named closed or open system, in this };aper, which also can be decided by
regarding the alternatives' priorities as resources or budgets, or by checking the
number of alternatives to be evaluated.

Open system includes such circumstance as a decision maker wants to prevent
reversals in rank order of the original set of alternatives from occurring when a new
dominated alternative is added. If the amount of priorities for alternatives has been
once allocated, it is not necessarily adjusted by adding or removing alternative(s) be-
cause priorities can be added or removed as required. As a result, the previously as-
signed priorities of alternatives are invariant and rank reversals among previously
existing alternatives cannot occur. Otherwise, the allocation of a fixed amount of re-
sources or budget is an appropriate example in which scarcity is meaningful.

Open system can cover the circumstance where there are many alternatives, usu-
ally more than 10 [21], because one can use the rating approach in which alternatives
are evaluated one at a time after the base alternative such as an ideal alternative in the

Ideal mode AHP or a dominant alternative in the Dominant AHP is established.

4.4 Suggestion of Choice Rule

It is not uncommon that the decision maker can judge or must judge criteria

without specific alternatives. In this circumstance, the interpretation of criteria inde-
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pendence can be conducted so that the decision maker does not depend on a specific
set of alternatives but considers all the explicit and implicit alternatives he/she has
experienced or can imagine. Hence, the associated choice for criteria will be given as
the answer for the question Q1: “Is it possible to evaluate criteria without alternative(s)?”
or “Are the criteria weights stable even if the set of alternatives changes?” If the answer is
“yes,” then the prioritizing criteria is independent of explicit or changing alternatives.
Otherwise, dependence on explicit or changing alternatives is adopted.

Concerning features of criteria with alternatives to classify application circum-
stances, we can add the question Q1+: Which is the most appropriate reference to feature
criteria among three modes-Sum [Average], Ideal, or Each alternative(s) consideration? This
question is more obvious in case of the alternatives-dependent criteria evaluation be-
cause of explicit alternatives. Getting sum [average] of explicit alternatives is allowed
for the Reference AHP and dependence on Ideal case out of explicit alternatives is for
the B-G AHP. The ANP approach and the Dominant AHP depend on each alternative
for prioritizing criteria. Otherwise the decision maker uses his/her own units or Ideal
alternative out of implicit [latent] alternatives.

To be open or to be closed is guided by the simple question Q2: “Is it possible to
regard the alternatives priorities as closed (limited) sum [resources or budget] for the given
criterion?” or “Can adding or removing alternatives(s) affect the previous alternatives priori-
ties?” If the answer is “yes,” then closed system of alternatives priorities is appropri-
ate. Otherwise, open system is adopted. Additionally, according to Saaty [21], if the
number of alternatives is greater than or equal to 10, then open sum of priorities ap-
proaches are considered (Q2+). Otherwise, reorganizing alternatives hierarchically is
necessary to use pairwise comparisons.

For more details, we compare the AHP approaches as follows and summarize

guidelines to choose in Table 4.

4.4.1 Ideal mode AHP, B-G AHP, and Dominant AHP

They are all classified into Open system but differentiated by prioritizing criteria.
Even though the idea of the Ideal mode AHP is adopted from Belton and Gear’s [2, 3],
the basic operations of the two approaches are quite different when considering a
new alternative that has any value exceeding the current maximum values with re-
spect to criteria. Allowing the value to exceed one implies that the Ideal mode AHP
does not adjust the criteria weights once derived because the Ideal mode AHP is
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based on the implicit alternatives rather than given or limited alternatives. However,
for the same cases, the B-G approach requires adjusting the criteria weights, instead
of assigning the value to exceed one, which shows scaling the criteria weights de-
pending on the given alternatives. Comparing (E4) and (E8), it is trivial to show such
a difference. However, if the same data set is used for the two equations, the results
of syntheses normalizing to 1 are the same.

The Dominant AHP is differentiated from the Ideal mode AHP and the B-G AHP
in light of eliciting comparing units with which the relative importance of criteria is
derived. The Dominant AHP provides a judgment unit from an alternative but the
other AHP approaches should investigate all alternatives at hand. The relative impor-
tance, depending on a dominant alternative, is independent of adding or removing
alternatives like depending on the Ideal alternative. In the Dominant AHP, the only
case that causes any change to the criteria weights is to alter the dominant alternative.
Meanwhile, the B-G AHP permits any change to the criteria weights unless a chosen

ideal alternative is preserved.

4.4.2 ANP approach and Referenced AHP

It is not rare to have complex decision problems where the judgment of the crite-
ria, such as ambience or food quality of restaurant, is psychological and conceptual
[27]. For such kinds of criteria, it is not easy for a decision maker to take the total sum
or the average of alternatives. In this circumstance, the ANP approach seems to be
logically better than the Referenced AHP because the ANP compares criteria as such
with respect to each alternative. However, the ANP approach requires more input
data than the Referenced AHP does.

4.4.3 ANP approach and Dominant AHP

In the example of this paper, if there are the criteria weights prior to the derived
priorities for the criteria with respect to each alternative, the previous criteria weights
are absorbed into the limiting supermatrix of the ANP without any effect on its result
(See Appendix for mathematical proof). In case of such feedback from alternatives to
criteria, it is necessary for the ANP to calculate the criteria weights for each alterna-
tive. As shown in the ANP example, the criteria weights with respect to each alterna-
tive can be regarded as the results by the Dominant AHP questioning. However, the

Dominant AHP could be effective where the confidence or certainty levels in measur-



38 YOON AND KINOSHITA

ing alternatives are not equal. The most confident or reliable alternative will be the
dominant alternative. In addition, prioritizing alternatives distinguish the two meth-

ods into the closed or the open system.

4.4.4 Guidelines for Choice

As represented in Table 4, ranking irregularity as adding or deleting alterna-
tive(s) is acceptable only to the Conventional AHP. The other AHP approaches pre-
serve previous ranks of alternatives. However, the way of keeping ranks is different.
The ideal mode uses the Ideal alternative which has nothing to do with change of al-
ternatives. The B-G AHP and the Dominant AHP preserve previous ranks but their
criteria weights change when the Ideal or Dominant alternative alters. In the Domi-
nant AHP, a dominant alternative receives the numerical value 1 representing the
standard priority to compare for every criterion. Each of the other alternatives re-
ceives a priority by comparing its preference to that of the dominant alternative with
respect to each criterion. Accordingly, the numerical values to be assigned to the
other alternatives for each criterion are positive but free upper limit, which is unlike
the B-G AHP.

Table 4. Guidelines for choice

. i Ranks of
Q1: Criteria . Q2: Alternative R
. Q1+: Featuring . ... Q2+: Numerous aggregation as
Approach weights- . . priorities i )
. criteria weights alternatives? changing
Alternatives measurement .
alternatives
. o .. Irregularity
Conventional | Independence | Implicit unit Closed Reorganizing
acceptable
Ideal mode | Independence | Implicit Ideal Open Yes Preserved
ANP Incorporating all
Dependence | Each alternative Closed Reorganizing . P 8
approach bilateral relations
Explicit unit Need to change
Referenced Dependence xphicttunt Closed Reorganizing . N . . &
(sum or average) criteria weights
- Preserved
. Open ) -
B-G Dependence Explicit Ideal . Yes - Different criteria
(Maximum = 1) )
weights per Ideal
- Preserved
Open - Different criteria
Dominant Dependence | Each alternative P Yes ' . ren
(Standard =1) weights per
Dominant
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The ANP and the Referenced AHP preserve previous ranks by weights change.
The Referenced AHP requires that the sum or average of the alternatives measures
with respect to each criterion should be recalculated and compared when adding or
removing alternative(s) is required. The ANP also can prevent rank reversals by in-
corporating the weight vectors with respect to alternatives as is the case for the
Dominant AHP (See E(10) and Table 2). The ANP logically constrains rank adjust-
ments, if needed, by adjusting the criteria weights. Adjusting the criteria weights is
conducted in the supermatrix by adding or removing weight vector(s) based on the

correspondingly added or removed alternative(s).

5. Discussion and Concluding Remarks

5.1 Rank Reversals and Multiplicative AHP

While the approaches in the open system do not allow for scarcity and do not
permit rank reversals, the closed prioritization admits the scarcity legitimacy as such.
However the approaches in the closed system can prevent rank reversals by keeping
a required condition (See [24] for the condition in tail). In addition, there have been
the AHP studies that have treated ranking irregularities by different approach using
multiplicative function rather than additive function.

Barzilai and Lootsma [1} proposed to use a multiplicative variant of the AHP in
order to model power relationships in group decision making. Triantaphyllou [31]
used a similar approach for single decision-maker problems. In these studies, the
ranking irregularity which occurs when one compares the rank derived when all the
alternatives are considered and the rank derived when subset of alternatives are con-
sidered occurs often. It is also testified that ranking irregularities are not possible
when a multiplicative variant of the AHP is used.

However, Vargas [33] showed the relative weights of the objects obtained with
the muiltiplicative principle are different from the real outcome given in an example.
This indicates that multiplicative synthesis gives the wrong result in relative meas-
urement. Saaty [22] also showed that multiplicative composition is faulty because, for
example, an alternative with the same value under two criteria receives a smaller

value for the more important criteria. In addition, enforcing ranking preservation all
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the time is a mistake when paired comparisons are involved.

In contrast, Stam and Silva [29] explored difference between the additive AHP
and multiplicative AHP by theory and simulation experiment and suggest the rela-
tive attractiveness of the multiplicative AHP and its situation. In addition to the com-
parativeness between two modes of AHP [30], Ishizaka et al. [14] argued that the
variation of multiplicative AHP such as usage of the logarithmic scale is in agreement
with consumer choice theory. There is special case such as imperfection of human
behavior that the AHP should deal with [38].

Always preserving ranks with adding or deleting alternative(s) is a part of AHP
application and many of AHP approaches meet such requirement, which has been
shown in this paper. Concerning ranking irregularity, the fact that in performing
paired comparisons there is dependence of the measurement of one element on the
quality of what it is compared with need not be overlooked. Examining real-life cases,
ranking irregularities are likely to occur. We consider the additive AHP as a valid
MCDM technique still widely used in practice, however further research should con-

centrate on properties that the AHP variations argue.

5.2 Concluding Remarks

The Conventional AHP starts with hierarchical composition, pairwise compari-
son and its eigenvector method. However, reviewing the AHP debates with alterna-
tive approaches, and recognizing the principle of hierarchy, we have illustrated that
the AHP decision making is sensitive to two factors (how to elicit the criteria weights
and how to normalize the alternative priorities), which are related to the independ-
ency axiom and the priorities of ratio scale measures. These two factors are separated
into two dimensions: (1) the criteria prioritization-dependent on or independent of
limited alternatives, (2) the alternatives prioritization-closed or open system. 6 differ-
ent views for AHP synthesis including the ANP approach are classified with two di-
mensions, which can be resulted in the four application circumstances and additional
features for the AHP application.

“Which approach is best to apply or most accurate for all?” is not our intention in
this paper. Instead, we note that there are differences, among the approaches we have
dealt with, in the way of thinking to apply the AHP. According to the consequence,
we can define 4 types of AHP application: (a) Criteria prioritization independent of

alternatives and Closed alternative priorities, (b) Criteria prioritization independent
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of alternatives and Open alternative priorities, (c) Criteria prioritization dependent on
alternatives and Closed alternative priorities, and (d) Criteria prioritization depend-
ent on alternatives and Open alternative priorities. (a) and (b) are covered by only the
Conventional AHP and the Ideal mode AHP, respectively. If a decision maker is in-
volved in a choice problem with sufficiency of associated information, it is reasonable
for him or her to be independent of the given alternatives for the judgments of the
related criteria importance. (c) is by the ANP approach and the Referenced AHP. The
ANP approach is more recommended than the Referenced AHP when it is uncom-
mon and almost impossible for a decision maker to sum up or take average with such
kinds of qualitative alternatives measures. The ANP also can cover trade-off between
efficiency in the number of pairwise comparisons and accuracy in results. If accuracy
is more prioritized, then the weight vectors with respect to all alternatives are input
data into the supermatrix. Under (d), the Dominant AHP and the B-C AHP are differ-
entiated in the circumstance that the criteria prioritization is more based on one alter-
native or not. Additionally, the ANP approach incorporates the viewpoint of the
Dominant AHP to allocate criteria priorities based on each alternative.

We believe that there is no one basic rational decision model, and admit that the
definition of rational decision does not lay out a set of rules but rather guides a deci-
sion maker in selecting an appropriate set of rules [8]. We recommend that the deci-
sion maker be guided by 6 types in 4 categories from the two dimensions of our study.
We also provided more guidelines to apply the AHP.

Note that the AHP is not only a method but also a paradigm to think about. Un-
der such a paradigm, we can apply the AHP to the four described circumstances ap-
propriately. It is obvious that the 6 approaches we have treated are representative
AHP approaches and their circumstances are clearly classified in this paper. We hope
this study contributes to understanding the AHP and the circumstances of its applica-
tions, enhancing AHP applications and improving the application quality of the AHP. .
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Appendix

Let us adopt the following notations. Let S be the supermatrix with simple de-
pendency between criteria and alternatives. Let S* be the supermatrix where the cri-
teria weights vector (w"), that is independent of alternatives, is added to S at the
first column representing any influence from the ultimate objective. S* shows that
the null vector is added at the first row of S because there is no feedback from the

criteria or alternatives to the objective.

0
S:(qj W]’ and S+= w+
4

<9 8
| 2%

where the sub-matrix W is composed of vectors of criteria weights with respect to
each alternative and the sub-matrix V is of eigenvectors of alternatives priorities

with respect to each criterion. ¢ is a null matrix.

Theorem: If we let y" =(w, v), where w and v are the criteria weights vector and

the alternatives priorities vectors, respectively, be the eigenvector of S that

satisfies

Sy=4

m,

Ly, then y'7 =(O, yT) is the eigenvector that satisfies S'y* =4__ y*.

max

Proof: Since S and $* are column stochastic matrices, then 4, =1 in both cases [18].

By the definition,

(e DM

Now we need to show only S*y* =" as follows;
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0 ¢ ¢]}f0 0 0 0
Syt=lw' @ Wlw|=|Wol|=|w =[j
o V o \lv Vw v y

Accordingly, w* does not affect the eigenvector, y of the supermatrix, S. Thatis,

the criteria weights independent of alternatives measurements remain no longer. From

the relationship w=Wv and v=Vw, v is determined by v=VWv (without any effect

of w*) because VW is a stochastic matrix.



