J. Appl. Math. & Informatics Vol. 28(2010), No. 3 - 4, pp. 639 - 649
Website: http://www.kcam.biz

INTERVAL-VALUED FUZZY REGULAR LANGUAGE

RAVI K M* AND ALKA CHOUBEY

ABSTRACT. In this paper, a definition of interval-valued fuzzy regular lan-
guage (IVFRL) is proposed and their related properties studied. A model
of finite automaton (DFA and NDFA) with interval-valued fuzzy transi-
tions is proposed. Acceptance of interval-valued fuzzy regular language by
the finite automaton (DFA and NDFA) with interval-valued fuzzy transi-
tions are examined. Moreover, a definition of finite automaton (DFA and
NDFA) with interval-valued fuzzy (final) states is proposed. Acceptance of
interval-valued fuzzy regular language by the finite automaton (DFA and
NDFA) with interval-valued fuzzy (final) states are also discussed. It is
observed that, the model finite automaton (DFA and NDFA) with interval-
valued fuzzy (final) states is more suitable than the model finite automaton
(DFA and NDFA) with interval-valued fuzzy transitions for recognizing the
interval-valued fuzzy regular language. In the end, interval-valued fuzzy
regular expressions are defined. We can use the proposed interval-valued
fuzzy regular expressions in lexical analysis.
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1. Introduction

Fuzzy languages and grammar were formerly defined by Lee and Zadeh [3]. A
fuzzy language ‘f’, in the set of finite alphabet ¥, is a class of strings w € ¥*
along with a grade of membership function w7 (w). This membership function
pi(w), w € ¥, assigns to each string a grade of membership in [0, 1][5].

Using the concept of interval-valued fuzzy sets, an attempt has been made to
generalize this membership function. The language so obtained is termed as an
interval-valued fuzzy language. Here, the membership degree of each string is a
closed subinterval in [0,1]. This membership function approximates the correct
(but unknown) membership degree of each string in the given language. If each
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string of such language is regular, then the language is termed as interval-valued
fuzzy regular language. The concept of interval-valued fuzzy language provides
us with a flexible mathematical framework to cope with imprecise information.
The finite automaton (DFA and NDFA) accepting these interval-valued fuzzy
regular language, is termed as an interval-valued fuzzy automaton. An interval-
valued fuzzy regular language can be generated by interval-valued fuzzy regular
expression.

The main contributions of this paper are fourfold. Firstly, we have stated the
basic definitions of interval-valued fuzzy set, fuzzy language and fuzzy regular
language which has been already done. Secondly, we have proposed the defini-
tion of interval-valued fuzzy language and interval-valued fuzzy regular language
and studied their related properties. Thirdly, we have discussed the acceptance
of interval-valued fuzzy regular language through finite automaton (DFA and
NDFA) with interval-valued fuzzy transitions and interval-valued fuzzy (final)
states. Finally, we have proposed the definition of interval-valued fuzzy regular
expressions.

2. Preliminaries

Definition 2.1. Let ‘U’ denote a universe of discourse. Let I]0,1] denote the
set of all closed subintervals of the interval [0,1]. An interval-valued fuzzy set
(IVFS for short) ‘A’ is a mapping pua : U — I[0,1].

For all u € U, pa(u) = [p4(u), p4(w)], where p(u) : U — [0,1] and p%(u) :
U — [0, 1] represents the lower and the upper membership values of each element
u € U in ‘A’ such that

0 < ply(u) < pl(u) <1, Vu eU.
Therefore, an interval-valued fuzzy set is characterized by an interval-valued
membership function p4 denoted as A = {(u, pa(u)) |u € U}.

Definition 2.2. Let X be a finite alphabet set and J ¥ — M a function,
where M is a set of real numbers in [0, 1]. Then the set L = {(w, f(w)) | w € ¥*}
is called a fuzzy language [5] over ¥ and f the membership function of L.

Definition 2.3. Let ‘L’ be a fuzzy language over X the finite alphabet set and
fz : &* — M, where M is a set of real numbers in [0, 1] the membership function

of ‘L. Then, ‘L is a regular fuzzy language [5] if
(1) the set {m € M | Sz (m) # 0} is finite and
(2) for each m € M, S;(m) isregular, where Sz (m) = {w € £* | fz(w) = m}
and f; the membership function of ‘L.

3. Interval-valued fuzzy regular language

Definition 3.1. Let ¥ be a finite alphabet set. Then we call the set L =
{(w, [ f]ij(w), fg (w)]) | w € ¥*} an interval-valued fuzzy language (IVFL for

short), where fl%(w) : X" — |0, 1],fg(w) : ¥* — [0, 1] represents the lower and
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the upper membership functions of L respectively. For any w € £%,0 < ff% (w) <
fFlw) <1

In short, L = {(w, fi(w)) | w e X*}, where fr(w) = [ff(w),fg(w)] Yw € ¥*.
In particular, f;(w) : £* — I[0, 1] denotes the membership function of L. Here,
fz(w) € I[0, 1] and not a real number in [0, 1] which is assigned to each string of
the language L.

Example 3.1. If ¥ = {a,b} and f;(w) : ¥* — I[0, 1], then
L = {(a*,[0.3,0.5]), (a*b,[0.4,0.7]) | a*, a*b € £*} represents an IVFL.

Let ‘L’ be an IVFL over ¥ the finite alphabet set and fi(w) : ¥* — I]0, 1] the
membership function of ‘L’. Then, for each [m,n] € I[0, 1], denote by S;[m,n]
the set

Sylm,n] = {w € 5 | fz(w) = [m,n}.

Note that S7 as a function is just fg !

Definition 3.2. Let ‘L’ be an IVFL over ¥ the finite alphabet set and fr(w):

¥* — I[0, 1] the membership function of ‘L’. Then we call ‘L’ an interval-valued
fuzzy regular language (IVFRL for short) if;

(1) the set {[m,n] € I[0,1] | Sz[m,n] # 0} is finite and
(2) for each [m,n] € I[0,1] the string Sj[m, n| is regular.

Definition 3.3. Let El and Zg be two interval-valued fuzzy languages over X the
finite alphabet set with the membership function f; and gz respectively. Then
the basic operations such as union, intersection, complement concatenation and
star operations on L1 and L2 can be defined in the following way.

(1) Union: The union of Ly and Lo is defined by
L=LUL; = {(w, [maz{ff (w), 9§ (w)}, maz{fy (w), g7 (w)}])|we
¥*}
(2) Intersection: The intersection of Ll and Lg is defined by
L=1I,nLy = {(w, [min{f (w), g (w)}, min{f{ (), g7 (w)})|w e
T}
(3) Complement: The complement of L; is defined by
L=Lf = {(w,[1 - f{ (), 1~ f} (w)}) |we £7}.

(4) goncgtengtion: The concatenation of L1 and L is defined by
L =Ly Ly = {(w, [maz{min(f} (), 97 (¥))},
maz{min(fY (2), 9% W)} | w = oy, 2,y € B}, w € T°.
(5) Star: The star operation on L, is defined by
L=L; = {(w, [ma:z:{min(ff1 (z1), fi (z2), ...,fZLl(wn))},max{min
(fZU1 (z1), fgl (z2), ,fgl(xn))}]) | w = T122T3...Tn, T1, T2y oo, Ty € L7,
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n > 0} assuming that minX = [0,0], where A being the empty string.
Hence, we have L*= J;2, L' = L°UL* UL*U.... i.e., Kleene Closure
is satisfied. The + operation on L, is defined by

L=L} = {(w, [mam{min(fé(:cl), ff‘l (z2), ..y ff[:l(:cn))}, mcm:{mz'n(fl—l:]1
(561), fgl (IL'Q), ,fgl(.’l,'n))}]) I W = T1XT2L3...LTp, T1, X2,y ey Ly € 25,1 2>
1}.

Hence, we have Lt = Uie, Li =I'UIL2?U... ie., Positive Closure is
satisfied. ‘

Since interval-valued fuzzy languages are the special class of interval-valued
fuzzy sets, the equivalence and inclusion relations between two interval-valued
fuzzy languages are the equivalence and inclusion relations between two interval-
valued fuzzy sets.

Let L, and L, be two interval-valued fuzzy languages over ¥ the finite alphabet
set. Then |

{:1 = {,/2 iff fz (w) = g5, (w), Vw € £* and

L, C Ly iff le(w) C gzz(w), Yw € ¥,

Theorem 3.1. Interval-valued fuzzy regular languages are closed under union,
intersection, complement, concatenation and star operations.

Proof. Let Zl and Eg be two IVFRL’s over ¥ the finite alphabetgv set. LNet
f51 : X* — M and 9z, ° ¥* — N be the membership function of L; and Lo
respectively, where M and N represents the set of all closed subintervals in [0,
1]. Obviously, O C M U N (in the case of union, intersection, concatenation
or star operation) and O = {[1 - f{ |1~ ff[:l] [ %1, 7’;]1] € M} (in the case
of complementation) is finite and corresponding strings are regular. Note that,
O represents the membership function of new IVFRL obtained after an opera-
tion (union, intersection, complement, concatenation or star). It is described as
follows.

(1) Union:
St [m,n] = Ul n)>[mn) Sz, [msn)',  if [m,nj € M — N,
5| | St, m,n] — U[m,n]/>[m,n]Szl-[m, n)’, if [m,n] € N — M,
=[m,n] = ,
L ((Sz,[m,n]U St [m, n]) = Utm,n)>[m.n] S, M, n] )
- U[m,n]">[m,n] Sf,z [m7 ’I’L] 3 if [m, ’I’L] e MNN.

(2) Intersection:

Sil[my n] - U[m,n]1<[m,n]Sf12[m, n]’, if [m, n] €EM-N,
Sz, [m,n] = Upn ) <fmin) Sz, [monl's  if [m,n] € N — M,
((Sil [my n] U ng [m’ n}) ",“, U[’I‘I'L,’I‘L}’<[m,n] SZ} [m’ n] )
- U[m.n]"<[m,n] SZ2 [m1 n] ’ if [my n] € M NN.

Si[m,n] =
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(3) Complement:

O={([1-n,1-m])|[m,n]e M},  Sz(lm,n])=5; [1-n,1-m]
(4) Concatenation:

SE [m’ ’I’L] = Umin({ml,nl].[mz,ng]):[m,n]. Szl [mla 7?/1]552 [m27 7?,2] -

[m1 .nl]EA[
[m2 ,n2]EN

Umz’n([zm.n1]'.[m2,n2]’)>[m,n] Sﬁl [, nl]/SEQ [m2, na]’.
[ml,nl]/EAI
[m2,n2]' €N
(5) Star:
Assuming that M = {[m1,n;], [mz2, n2], ..., [mu, ni]} and
[1, 1] > [ml,nl] > [mg,’ng] > > [mlanl] > [Oa ]
Sg[ma, na] = (Sg, [ma, na])”, 1f [m1,n1] = [1,1],5z[1,1] = A and

Sglmi,ma] = (Sg [ma, ma])* = A if [ma, na] # [1,1].
Si[mi,ni] = (Ujgi Sgl[mj,nj])+ — (Uk<i L[mk,nk]) -\Nifl<i <.
Hence Kleene Closure is satisfied. O

4. Finite automata with interval-valued fuzzy transitions

Definition 4.1. A nondeterministic finite automata with interval-valued fuzzy
transitions (NDFA-IVFT for short) A is a 5-tuple
A= (Q, 2,9, S, F'), where Q = set of finite states, ¥ = set of finite input alpha-
bets, 6 : QX ExQ — I [0,1] is the degree function of state transitions, S is the
initial state and F' C @ represents the set of final states.

For x € ¥* and p, q € Q, define

[0,0], if z =\ and p#q,

[1,1], if z =\ and p=q,

max,co{min(6*(p, z’,7),8(r, a,q)) | ¢ = z'a¥z’ € *,a € L},
otherwise. ‘

5 (p,x,q) =

Then we say that, the string = € £* is accepted by A with the degree d (),
where d ;(r) = max{d*(s,z,q) | g € F}.
Also, we denote it as L(A) the set L(A4) = {(z, dz(z)) |z € ¥*}.

Example 4.1.
In the above example,

L(4) = {(2,[0.3,0.7)) | = € ab*ab*} U {(y,[0.3,0.8]) | y € ab*}

Definition 4.2. A deterministic finite automaton with interval-valued fuzzy
transitions (DFA-IVFT for short) is a NDFA-IVFT with the condition that for

eachpe @ and a € X, if g(p, a,q) > [0,0] and g(p, a,q') > [0,0] then ¢ = ¢'.

Theorem 4.1. ‘L’ is an interval-valued fuzzy regular language if and only if L
is accepted by a NDFA-IVFT A with the exception of A the empty string.
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a/i0.3,0.8]

b/{0.5,0.8]

FiGure 1. NDFA-IVFT

Proof. Let L be an interval-valued fuzzy regular language and f; : ¥* — M be
the membership function of I, where M is the set of all closed subintervals in [0,
1]. Let M = {m1,mg, ..., my,} for some n > 1. Then S;(m;) is regular for each
m; € M,1 < i < n. Note that Sz(m;) N Sz(m;) = @ for i # j since, f; is a
function.

Let 4; = (Q:, %, i, S;, Fi) be a DFA (or a NDFA) such that S;(m;) = L(4;),
1< <n. B _
We construct A; = (Q;, %, d;, Si, F;), where

~ ) my, if (p, a, q) € 4,
%i(p,a,q) = { [0, 0], otherwise

We assume that Q; N Q; = 0 for ¢ # j. Define, A= (@, 29,5, F) such that
RQ=0Q1UQU...UQ,U{S}, S¢Q1U@U..UQ,, F=FLUFRU..UF,,
_ (i(p,a,q), if p,g€ Q; forsomeic1,2,..,n,
é(p,a,q) = 0;(Si,a,q), if p=SandqeQ; forsomei€l,?2,..,n,

[0, 0], otherwise

It is clear that, A accepts L with the exception of A the empty string.

Conversly, Let A = (@Q,%, 5,8, F') be a NDFA-IVFT. Define an interval-valued
fuzzy language L with f7(w) = dz(w) for each w € X* (here f;(A\) = [0,0]). Now
we need to show that L is regular (i.e., IVFRL).

Let M = {[m,n] | 6(p,a,q) = [m,n] for some p,q € Q,a € I}. Obviously,
M is finite. Assume that M = {mj, ma,...,mp} with m; > mo > ... > my,
n > 1 for each i, 1 < i < n, define a NDFA-IVFT A; = (Q,%,6;, S, F), where
% = {(p,a,q) | g(p, a,q) > m;}. Define the languages L;, 1 < i < n, as shown
below in the increasing sequence of i:

Ly = L(A,),



Interval-valued fuzzy regular language 645

Li = L(4;) = U2 Ly.
Then L; = S;(m;) and L; is regular for each i, 1 < ¢ < n. Hence, L is an
IVFRL. a

Theorem 4.2. Let L be an interval-valued fuzzy regular language. Then L is
accepted by a DFA-IVFT iff it satisfies the following condition: For z,y € L,
u€ X"

(1) z = yu and fz(y) > [0, 0] implies that f;(x) < f7(y)-

Proof. Let L be accepted by a DFA-IVFT A = (Q,%,0, S, F). We show that L
satisfies the given condition (i.e.,(1)). Let £ = yu for z,y € £, and v € T*. If
di(z) = 0 then, f;(z) < fL(y) is true. Otherwise,

f;(@) = dz(a) = min{0*(s,9,9),0*(q,u, /)} < 8" (s,9,9) = dz(v) = fz (),
where ¢, f € F. _

For the reverse proof, let L be an IVFRL, with f; : ¥* — M as membership
function, where M is the set of all closed subintervals in [0, 1] satisfy the given
condition (i.e.,(1)). Assume that M = {m1, ma, ms, ..., m,} for some n > 1. It is
clear from the theorem 4.1 that we can construct a DFA A = (QZ, %, 6,5, F3)
such that L(A ) = Sz(m;) foreach i, 1 <i < n.

Note that for 1 <i,j < nand i # j, L(4;) N L(Aj) = S;(m;) N Sz(m;) =0
Now we construct a DFA A = (Q,%,4, S, F'), where

Q=0Q1xXQ2%X ..xQn,S=1(51,52,...,5.),0 : QxXE—=Q

is defined by 6((‘117(12’ ~-‘aQn)aa) = (51((11’0‘)352((12,0')7 -"’6n(Qn1a)) and

F = F{UF,U..UF!, where F/ = {(q1,92,--,qn) € Q | ¢; € Fyand ¢; €
F; fori # j},1 < ¢ < n. From this it is clear that F ﬂFJf = () for i # j and
Sz (m;) = {w € £* | 6*(s,w) € F/}. Based on the above DFA A, we define a

DFA-IVFT A = (Q, %, 4, S, F) such that

mi, if 6(p,a) = q € F},

3(p,a,q) =1 [1,1], ifd(p,a)=q¢F,
[0,0], otherwise

It remains to show that d 3(w) = fz(w), for each w € E*. But first we show that

A has the following property:

For each w € Lt with w=za,forz € ¥* anda € &,

(2) dz(w) = m; > [0,0] iff 6*(s, z, p) > m; and é(p, a, q) = m; for some q € F;,
1<2<n. '

The if part holds simply. For the only if part, it holds trivially when = A. For
T # A, we assume that contrary, i.e., 6*(s,z,p) = m; and (p, a,q) = m; > m,.
Then there exists a decomposition of x = ybz, where y,z € ¥* and b € ¥, such
that 6*(s,y,r) > m;, 6(r, b, t) = m; and 6(¢, z, p) > m,;. By the definition of A, we
know that ¢ € F; and q € F;. Thus, we have f;(yb) =m; and f;(w) = m;. Since
we assume that m; > m;, this is a contradiction to the given condition (i.e.,(1)).
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So, (2) holds. Furthermore, the righthand side of (2) implies that za € S;(m;)
i.e., ff(w) = m;. Hence this completes the proof. O

5. Finite automaton with vague (final) states

In this section, the definition of finite automaton with interval-valued fuzzy
(final) states (NDFA-IVF'S and DFA-IVFS for short) is proposed. Unlike previous
models (NDFA-IVFT and DFA-IVFT), in this model, NDFA-IVFS and DFA-
IVFES are equivalent in accepting interval-valued fuzzy regular language. Interval-
valued fuzzy regular language is accepted by NDFA-IVFS and DFA-IVFS without
any restrictions and vice versa. So, this model is more suitable for the study of
interval-valued fuzzy regular languages.

Definition 5.1. A nondeterministic finite automaton with interval-valued fuzzy
(ﬁnal) states (NDFA-IVFS for short) is a 5-tuple A= (@, Z‘,g, S, F3), where Q
is the finite set of states, X the finite set of input alphabets, 5 Q x ¥ — 29 the
transition function, S the starting state and F'y : @ — I[0, 1] the membership
function of interval-valued fuzzy (final) state set. Define d3(z) = maz{F3(q) |
(s,z,q) € 3*}, where §* is the reflexive and transitive closure of 5. Then we say
that the string ‘z’ is accepted by A with the degree d (). So the interval-valued

fuzzy language accepted by A i.e., L(A) is given by the set {(z,d 4(x)) |z € &}
Example 5.1.

[0.3, 0.5] [0.4,0.7] [0.6,0.5]
o poecniany
S Wf - d_. { qz\\f ,,,,,,, / \>
q a2 e % g3
NS — :
N g

FIGURE 2. NDFA-IVFS

Let A = (Q,%,8,5, F;) be a NDFA-IVFS (Figure 2) with Q = {1, 2,3},

Y = {d, o0}, q1 = S the 1nterval—valued fuzzy starting state with membershlp value

A(ql) =[0.3,0.5],0 : Q x & — 29 the transition function given as 8(q1, d) =

qi1, (ql,d) = g2 and (5(q2,0) = g3, and F37 : Q — M, where M is the set of

all closed subintervals in [0, 1] the membership function of interval-valued fuzzy

(final) state set given as Fz(q1) = [0.3,0.5], F4(q2) = [0.4,0.7) and F3(q3) =
[0.6,0.9]. Then, dz(do) = [0.6,0.9], d z(d) = [0.4,0.7] and d z(dd") = [0.4,0.7].

Definition 5.2. A deterministic finite automaton with interval-valued fuzzy
(final) state (DFA-IVFS for short) A = (Q,%,4, 5, F7) is a NDFA-IVFS with
0 being function @ x ¥ — @ instead of a relation. Thus for each z € ¥*,



Interval-valued fuzzy regular language 647

di(z) = Fz(q), where ¢ = 0*(s,x). Define, dz(xz) = [0,0] if 6*(s,z) is not
defined.

Theorem 5.1. Let L be an interval-valued fuzzy language. Then L is an interval-
valued fuzzy regular language iff it is accepted by a DFA-IVFS.

Proof. Let L be an interval-valued fuzzy language with the membership function
f; : &* — M, where M is the set of all closed subintervals in [0, 1]. Assume that
L is an interval-valued fuzzy regular language. Then M is finite and for each
m € M, the string S3(m) is regular.

Assume that M = {m1,ma, ..., My }. We~construct a DFA, A; = (Qi, 2,51', Si,

F;) for each i, 1 < i < n such that L(A4;) = S;(m;). Define a DFA-IVFS
A= (@,%,4, S, F3) to be the cross product of A;, 1 <4 < n with

Fo(qW,q?, . g™ = m;, if ¢ € F; for some 4,1 <i < n,qY¥) ¢ F},Vj # i,
A e [0, 0], otherwise.

Note that (g1, ¢, ..., ¢™) is reachable from (S;, S, ..., S,) in A, then it is
not possible to get ¢*) € F; and ¢\¥) € F; for i # j, since L(/TZ) N L(Zj) = { for
i1 # 7,1 <14,5 < n. Hence, A accepts L.

Conversely, Let A = (Q,E,g, S,F3) be a DFA-IVFS. Define M = {m |
F3(q) = m for some ¢ € Q}. So, M is finite. For each m € M define A,, =
(@Q,%,6,8, Fy), where F, = {q | Fz(q) = m}. Let L = L(A) ie., fz(w) =
di(w). Then clearly, for each m € M, Sz(m) = L(Ap,) is regular. Thus, L is an
interval-valued fuzzy regular language. : g

Theorem 5.2. An interval-valued fuzzy language is accepted by a NDFA-IVFS
iff it is accepted by a DFA-IVFS. |

Proof. Here we have to show if A is a NDFA-IVFS and L = L(A) then L = L(4’),
where A’ is a DFA-IVFS. Let A = (Q, 2,5, S, F';) represents a NDFA-IVFS, we
construct a DFA-IVFS A’ = (@', 8,8 F %) by using the method of standard
subset construction and, for each P € Q'(P C @), define F7(P) = maz{m |
F3(q) = m,q € P}, where m C [0, 1] represents the membership value of the
strings in the language. Hence L = E(Z’) O

6. Interval-valued fuzzy regular expressions (IVFREs)

Every string in an interval-valued fuzzy regular language has finite membership
value in I[0, 1]. Set of all strings that are associated with these subinterval [0, 1]
forms a regular language. Interval-valued fuzzy regular language can be described
by a modified regular expressions having membership values in I[0,1]. This
modified interval-valued fuzzy regular expression can be used in lexical analysis
of IVFRL.

For example: (a + b)*/[0.4,0.8] + ab*(b+ a*)/[0.6,0.9] represents a modified
interval-valued fuzzy regular expression.
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We give a formal definition of interval-valued fuzzy regular expression as men-
tioned below.

Definition 6.1. Let X be a finite set of alphabet and M = I[0, 1] a finite set of
closed subintervals in [0, 1].
(1) Let ‘€’ be a regular expression over ¥ and m € M. Then, we call e =
(e)/m an interval-valued fuzzy regular expression (IVFRE for short),
where m represents the membership value of ‘e’
(2) Let €1 and é2 be two IVFRE’s, then the following will hold.
(a) @ € IVFRE with membership value [1, 1],
(b) A € IVFRE with membership value [1, 1],
(¢) a € IVFRE with membership value m € I[0,1] Va € £,
(d) forall €1 and é; € IVFRE’s, (€1 + €2) € IVFRE’s,
(é1 - €2) € IVFRE’s and (é1)* € IVFRE’s.
(3) By applying above mentioned steps((1) and (2)) finite number of times,
an interval-valued fuzzy regular expression can be obtained.

Definition 6.2. Let € be an interval-valued fuzzy regular expression. Then, the
language associated with it. i.e., interval-valued fuzzy regular language (IVFRL
for short) is defined to be

L=L(E) ={(z,m)|z € L)}

Here, L(e) represents language for regular expression ‘e’ and m € I[0, 1] the
membership value of the string x in I[0,1]. If € = (€1 + €3), € = (€1) - (€2) or
€= (é1)*. Then L(&) = L(&1) U L(&), L(e) = L(&1) - L(&3) or L(&) = (L(é1))"
respectively.

Definition 6.3. An interval-valued fuzzy regular expression over ¥ is said to be
normalized if it is of the form e;/m; + ea/mo + ... + €, /m,, where ey, e, ..., e,
represents regular expressions over ¥ and mq,mg, ..., m, represents the closed
subintervals in I[0,1],n > 1. Note that, if m = [1, 1] then e/m can simply be

written as ‘e’.
Example 6.1. The following are all valid IVFRE’s.
(1) (a+b-¢)* - (c+ ¢)/[0.3,0.5],
(2) (04 1)*00(0 + 1)*,
(3) (b+ ab*a)*ab™b(a + b)*/[0.5,1] + a*b/[0.4,0.9].
The following is not a valid IVFRE.
(a*/[0.5,0.8])/[0.2,0.5] + ca/[0.4,0.5].

Definition 6.4. An interval-valued fuzzy regular expression e is said to be
strictly normalized if it is normalized. i.e., € = e;/mi +e2/m2 + ... + €, /m,, and
for any m; # m;, L{e;) N L(e;) = 0

Example 6.2. '
(1) ab/[0.3,0.5]+ ac/[0.4,0.7] +bc/[0.5,0.9],
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(2) ((11 +110)*0)/[0.5,1]}+ ({0,1}*{10})/[0.4,0.8],
shows the IVFREs which are strictly normalized.

(1) a*b/[0.4,0.9]+ (a + b)*a(a + b)*b/[0.3,0.7]
shows an IVFRE which is not strictly normalized. It is clear from the above
definitions that the families of languages as represented by IVFRESs, normalized
IVFRESs, and strictly normalized IVFRESs, respectively, are same as the family
of interval-valued fuzzy regular languages.
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