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A NOTE ON THE ZEROS OF THE ¢-BERNOULLI
POLYNOMIALS
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ABSTRACT. It is the aim of this paper to observe an interesting phenome-
non of ‘scattering’ of the zeros of the g-Bernoulli polynomials By, 4(x) for
—1 < ¢ < 0 in complex plane. Observe that the structure of the zeros of
the Genocchi polynomials Gr, () resembles the structure of the zeros of the
g-Bernoulli polynomials B, 4(z) as ¢ — —1.
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1. Introduction

In [8], we introduced the g-Bernoulli numbers and g-Bernoulli polynomials
and observed the behavior of complex roots of g-Bernoulli polynomials, using
numerical investigation. Using computer experiments, S.C.Won [10] verified a re-
markably regular structure of the complex roots of Bernoulli polynomials. Also,
A.P. Veselov and J.P. Ward [9] proved the regular lattice behaviour of almost
all of the real roots of the Bernoulli polynomials. C.S.Ryoo (8] demonstrated a
remarkably regular structure of the complex roots of g-Bernoulli polynomials.
Therefore, using computer, a realistic study for g-Bernoulli polynomials B, 4(x)
is very interesting. It is the aim of this paper to an interesting phenomenon of
‘scattering’ of the zeros of the g-Bernoulli polynomials B, 4(z) for -1 < ¢ < 01in
complex plane. Observe that the structure of the zeros of the Genocchi polyno-
mials G, (z) resembles the structure of the zeros of the g-Bernoulli polynomials
B, 4(z) as ¢ — —1. We introduce the g-Bernoulli polynomials B, 4(z) and
Genocchi polynomials G, (z). g-Bernoulli polynomials B,, 4(z) was introduced
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806 C. S. Ryoo
in [8]. First, we introduce the g-Bernoulli numbers and ¢-Bernoulli polynomials.

Let ¢ be a complex number with |g| < 1. Let us define the ¢-Bernoulli numbers
B, 4 and polynomials B,, 4(x) as follows:

Fi)= o=y = X Buagy o 19 (1.1)

Fy(z,t) =

= Z B, q(x (1.2)

Now, we introduce the Genocchi numbers and Genocchi polynomials. The
Genocchi numbers G,, are defined by the generating function:

qet—l

F(t) =

t+1—ZGn (It <) (1.3)

where we use the technique method notation by replacing G™ by Gp(n > 0)
symbolically. For x € C, we consider the Genocchi polynomials as follows:

ZG ,, see [8]. (1.5)

F(z,t) = F(t)e** =

Since

ZGn(l—x)( )n—F(l—x,—-t)-— —2t_ (-2)(-1)

n=0 + 1
-2t ad
= o le = —F(z,t) nZ::O n"
we obtain
Gnp(z) = (—1)“+1Gn(1 - ). (1.6)

In [5], we observed the behavior of complex roots of the Genocchi polynomials
Gn(z), using numerical investigation. Prove that G,,(z),z € C, has Re(x) = 1/2
reflection symmetry in addition to the usual Im(z) = 0 reflection symmetry
analytic complex functions. The obvious corollary is that the zeros of Gy (z)
will also inherit these symmetries.

If Gp(zg) =0, then Gp(1 —z¢) = 0= Grn(zy) = Gu(1 — z3) (1.7)

x denotes complex conjugation (see [5], Figure 2). Prove that G,(z) = 0 has
n — 1 distinct solutions. If Go,(z) has Re(z) = 1/2 and Im(z) = 0 reflection
symmetries, and 2n— 1 non-degenerate zeros, then 2n—2 of the distinct zeros will
satisfy (1.7). If the remaining one zero is to satisfy (1.7) too, it must reflect into
itself, and therefore it must lie at 1/2 (see Figure 9), the center of the structure
of the zeros, ie.,

G,(1/2) =0 V even n.
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We calculated an approximate solution satisfying G,(x),z € R. The results are

given in Table 1.

Table 1. Approximate solutions of G,,(z) =0,z € R

degree n

T

0.500000000

0.000000000,

1.000000000

—0.366025404,

0.500000000,

1.366025404

—0.61803399, 0.0000000,

1.00000000, 1.61803399

—0.6180, —0.6180, O.

50000000, 1.618, 1.618

0.0000000,

1.0000000

0.4977314,

0.5000000,

1.497731

ST IO <IN BN B B >R ) B IS U I

—0.932328,

0.0000000,

1.000000, 1.9323

ja—
o

—-1.21973, —0.500080,

0.500000, 1.5001, 2.220

—
—

—1.3652, —1.0150,

0.0000000,

1.0000, 2.015, 2.37

Since
oo tn
Y Gz +1) +Gn(2) =
n—0 n:

we have the following difference equation.

o0 tn
= Z 2nz" ! —
—= n!

Gn(z + 1) + Gp(z) = 2nz™ !

It is known that from (1.8),
Grn(1)=Gr(0) =G, =0

Y odd n > 3.

(1.8)

This shows the distribution of real zeros of G,(z) for 1 < n < 30(Figure 1). We
investigate the beautiful zeros of the G, (z) by using a computer. We plot the

zeros of Gzo(z)(Figure 2).

2. Zeros of the ¢g-Bernoulli polynomials B, ,(z)

In this section, observer that the structure of the zeros of the Genocchi poly-
nomials G, () resembles the structure of the zeros of the g-Bernoulli polynomials

By 4(z) as ¢ — —1. Since

o<

Y (aBng(z +1) = Bpy(z))

n=0

n st n
n! Z n!’
n=0
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FIGURE 1. Plot of real zeros of G,(z),1 <n < 30
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FIGURE 2. Zeros of Gso(z)

we have the following difference equation.
qBn.q(z + 1) — By 4(z) = nz" !
It is known that from (2.1), |
qBn.q(1) = Bn.4(0).
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(2.1)

(2.2)

We plot the zeros of g-Bernoulli polynomials B, 4(x) for n = 30,¢q = —0.2, —0.6,

—0.999, —0.999999999 and = € C (Figure 3). Since



A note on the zeros of the ¢g-Bernoulli polynomials 809

10 10
7.5 7.5
Im(x) Im(x)
-7.5 -5 =2.5 0 2.5 5 7.5 10 -7.5 -5 -2.5 0 2.5 S 7.5 10
Re(x) Re(x)
10 10
7.5 7.5
@
]
2. 2. S
Im(x) od Im(x)
-2.5 e -2.5 @ ]
& S D ]
- Y e - ® ®
-7.5 -7.5
-7.%5 -5 -2.5 0 2.5 5 7.5 10 -7.5 -5 =2.5 0 2.5 5 7.5 10
Re(x) Re(x)
FIGURE 3. Zeros of Bsg(x)
o0
(—t)" —t (1—z)(~1)
ZBn’q_l (1 —513) ol = Fq(l - X, —t) = q—_ﬁ'e
n=0
t > "
— t __ _
= qqe—t__lex = Fy(z,t)=q) By q(z)—,
n=0
we obtain
Bnq(x) = (—l)nq_an.q—l (1 - 33) (23)
Clearly,
) 1 . 1
2y Prale) = =5 Cnla), - im, Brg = =5 G
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By (2.3), we obtain
1im]L B,,(1) =

q——

_i)IE_ll B, ,~1(0)=0 Yoddn>3.

q
Figures 4 and 5 show the distribution of real zeros of B, 4(z) for 1 <n < 30.
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FIGURE 4. Plot of real zeros of B,, —o.6(z),1 <n <30
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Observe that the structure of the zeros of the Genocchi polynomials G, (z)
resembles the structure of the zeros of the g-Bernoulli polynomials B, ,(x) as
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g — —1 (see Figures 1, 2, 3, 4, 5). The author has no doubt that investigation
along this line will lead to a new approach employing numerical method in the
field of research of the g-Bernoulli polynomials B, 4(z) to appear in mathematics
and physics. For related topics the interested reader is referred to [2, 3, 4, 5, 6,

7,

[

10.

8,9, 10].

REFERENCES

. L. CARLITZ, g-Bernoulli numbers and polynomials, Duke Math. J., 15(1948), 987-1000.

. T. K, C.S. Ryoo, L.C. Jang, S.H. R, Exploring the g-Riemann Zeta function and
g-Bernoulli polynomials , Discrete Dynamics in Nature and Society, 2005(2)(2005), 171-
181.

. C.S. Ryoo, T. KiM, R.P. AGARWAL, Ezploring the multiple Changhee ¢-Bernoulli poly-
nomials, Inter. J. Comput. Math., 82(4)(2005), 483-493.

. C.S. Ryoo, T. Ky, R.P. AGARWAL, The structure of the zeros of the generalized Bernoulli
polynomials, Neural Parallel Sci. Comput., 13(2005), 371-379.

. C.S. Ryo0, A numerical investigation on the zeros of the Genocchi polynomials, Journal
of Applied Mathematics and Computing, 22(2006), 125-132.

. C.S. Ryo0, A numerical computation on the structure of the roots of q-extension of Genoc-

chi polynomials, Applied Mathematics Letters, 21(2008), 348-354.

C.S. Ryoo0, Calculating zeros of the twisted Genocchi polynomials, Advan. Stud. Contemp.

Math., 17(2008), 147-159.

C.S. Ryoo, A numerical computation of the roots of q-Bernoulli polynomials, to appear

in Journal of Computational Analysis and Applications.

. A. P. VESELOV AND J.P. WARD , On the real zeroes of the Hurwitz zeta-function and

Bernoulli polynomials, math. GM/0205183, (2002).

S.C. WOON , Analytic Continuation of Bernoulli Numbers, a New Formula for the Rie-

mann Zeta Function, and the Phenonmenon of Scattering of Zeros, DAMTP-R-97/19,

(1997). DAMTP-R-97/19

Cheon Seoung Ryoo received his Ph.D. degree from Kyushu University in 1998. His
research interests focus on the numerical verification method and scientific computing.

Department of Mathematics, Hannam University, Daejeon, 306-791, Korea.
e-mail :ryoocs@hnu.kr



