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HYPERBOLIC EQUATION FOR FOURTH ORDER WITH
MULTIPLE CHARACTERISTICS

LAZHAR BOUGOFFA

ABSTRACT. In this paper, a class of initial value problem of hyperbolic
equations for fourth order with multiple characteristics is considered and
can be solved analytically by variable transforms. Also, similar to Gour-
sat’s problem we present a direct integration technique for finding a new
solutions of an inhomogeneous hyperbolic equation of fourth order such
that the attached conditions are given on its multiple characteristics.
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1. Introduction

Partial differential equations of higher order are encountered when studying
mathematical models for certain natural and physical processes. The Cauchy
problem for general linear hyperbolic differential equations has been studied
much more thoroughly in the case of operators which are strictly hyperbolic,
i.e., have simple real characteristic than in the case of operators with multi-
ple characteristics. A. Lax [1] has studied hyperbolic equations with multiple
characteristics involving one space variable.

In [6] a class of equations with fourth order partial differential equations
with multiple characteristics and dominated low terms is considered. The exis-
tence and uniqueness of a Riemann function for this equation is proved. Also,
in [5] Adomian decomposition method is applied to the solvability of nonlin-
ear hyperbolic equations of higher order with initial conditions. In particular,
the hyperbolic equation of fourth order is chosen as example to illustrate this
method.

The reader is referred to[1], [2], [3], [6], [7], [8], [9], [10] for further studies.
As an example of such type of equations, is the linear hyperbolic equation of
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fourth order with multiple characteristics x —¢t =0 and z +t = 0,

52 97\*
— — =] u=0.
(8152 8x2>
This paper is concerned with a direct integration technique for solving this type
of equations with initial conditions . Also, similar to Goursat’s problem an inho-

mogeneous hyperbolic equation of fourth order with multiple real characteristics
is considered and can be solved analytically.

2. The Cauchy problem for hyperbolic equation of fourth order in &

Consider the following hyperbolic equation of fourth order with multiple real

characteristics
92 82\’
(@‘%ﬂ“=& D
for z € § and ¢t > 0 with initial conditions
(9' .
o —(0,z) = pi(z), 1 =0,...,3. (2)

Our purpose is to look for the general solution of problem (1)-(2). The basic key
of this method is to transform PDEs into integrable PDEs by introducing new
variables w = x 4+t and z = x — . We shall prove

Theorem 1. The solution of problem (1)-(2) can be expressed in the form
u(t,z) = (x+t)P1(x —t) + (x — ) Vi(z + t) + Pa(z — ) + Va(z + 1),

where the function ®; and ¥;, i = 1,2 are given by

[ P1(z) = §(o(z) - pi(e) — [y pa(e)dz+ [§ [ ps(x)dzdz),

| ) Ui(z) = 3 (pb(e)+er(z) = [ pa(a)dz = [§ [§ ps(a)dedz),
Oy(x) = o) — 5 fo pr(@)dz — [ (P1(2) + 2] (2)) dz + 1,
[ U2(z) = Zwolz)+ 3 [J ei(@)de = [ (B1(x) + 2P (z)) dz + 72,

where v;, i = 1,2 are constants and y1 + vy = 0.

Proof. To find the general solution of problem (1)-(2), make the substitutions
w= x4+t and z = z — t into equation (1), and applying the chain rule to obtain

Ou Ou  Ou ou ou Ou

r 0w 9. ot ow 0z

Ou 9%u 49 0*u " 0%u *u _ 0%u Ly 0%u N ou
or2  Ow? Owdz = 022’ otz Ow? Owdz 022’
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0% _ Pu 43 3u +3 3u + Pu

ord  Owd w20z Owdz?2 823’
0ty _ d*u 4 otu 6 otu 4 dtu N otu
ort  Owt + Ow30z + w2022 Owdz3 = 0z%’
otu  O*u o*u otu otu oty

ot ~ duwt 4810382 + 68w2822 B 43w3z3 + 0z4

and

o'v 9 _y 0ty N oty
ot20x2  Owt Ow?0z2 = 0z%°

Then equation (1) becomes

otu
—  _ =0. 3
ow?0z? 3
The successive integrations of equation (3) give us
u=wP(2) + 291 (w) + P2(z) + Y2 (w), (4)

where ®; and V¥;, ¢ = 1,2 are arbitrary functions. Now, we return to the original
variables ¢ and z, we obtain

u(t,z) = (x+)®1(x —t) + (x — )V (z+t) + Po(z —t) + Wa(z +1).  (5)
Taking into account the initial conditions (2), and from equation (5) we obtain
z®1(z) + oV (z) + Ba(z) + Ua(z) = polz), (6)

®1(z) — z®1(z) — Vi(z) +2¥)(2) — P5(z) + V3 (2) = 1 (), (7)

— 2@} (z) — 2V (z) + 2@ (z) + 2¥7(2) + 3 (z) + T3 (z) = p2(z),  (8)

3®1(z) — 307 (z) — 2®{"(z) + 217" (z) — ®5'(2) + V3" () = wa(z),  (9)

Taking the third, second and first derivatives of equations (6), (7) and (8) with
respect to x respectively, we obtain

307 (z) + 3¥)(z) + z®7'(z) + ¥} (z) + ®5'(z) + V' (z) = ¢} (z),  (10)
— & (x) — 29 (z) + U{(z) + 20" (z) — &Y (z) + Uy (z) = p)(z)  (11)
— &Y (z) — WY (z) + By’ (z) + U5 (z) + z@]'(z) + =V (z) = ¢h(z).  (12)

Now, solving equations (10) and (12) simultaneously for ®] and ¥ immediately
gives

1
i (2) + ¥i(z) = 7 (¢5'(z) = (), (13)
and equation (9) with equation (11) for ®] and ¥/, we obtain
' 1
®Y(z) — VY(z) = < (p3(@) — ¢ (2)). (14)

4
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It follows that ®(z) = & (¢0'(z) — ¥h(z) + p3(z) — ¢ (z)) and
1 n

W)(z) = 5 (¢ (3) = #h(a) — ws(2) + $1(2))

Thus

0.0) = 5 (@) - @) - [ eaeito+ [ [ pa(addode) (15
and

01(0) = § (@) + 01(0) - [ (oo | [ erasaz). o

Also, from (6), we have

Do (z) + Va(z) = po(x) — 2P1(x) — 201 (z). (17)
and from (7), we have
— ®5(z) + Ua(z) = p1(z) — ®1(2) + @) (z) + V1 (2) — 2T} (2). (18)

Taking the first derivative of equation (17) with respect to z, then gives
03 (2) + Us(z) = ¢p(z) — D1(2) — V1(2) — 2@i(x) — 2 ¥i(z),  (19)
and solving equations (18) and (19) simultaneously for ®, and ¥, we obtain
1
&) = 5 (po(2) — ¢1(2)) - Vi (2) — 2@ (2),

and W) = 1 (p)(x) + p1(z)) — ®1(z) — 2V} (). Thus

0a(0) = 300) - 5 [ p@da- [ (o) +oB@)dorn (@0)
and
Toa) = goo@) +5 [ ez = [ (@@ +o¥ @) et @D

where v;,7 = 1,2 are constants. Further, we use equations (6), (20) and (21),
we obtain ¢ (0) = ®2(0) + ¥2(0) and consequently v; + y2 = 0.

So plugging equations (15), (16), (20) and (21) into equation (5) then gives the
solution of (1)-(2) as (5). This completes the proof of Theorem 1. O

In order to illustrate a possible practical use of Theorem 1, we shall give in
the following a simple example.
Example 1. Consider equation (1) with initial conditions
pilz)y=€e*—e%, i=0,..,3.

Using Theorem 1, and straightforward computation yields
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0i(0) = 1 (ebl0) - at0) - [ et [ [ n(odads) = f0-o)
0w = § (@) + 1) - [ a(@da= [ [ o) = 1 42),
Ba(z) = gnla) = 5 [ wiloddo— [ (0r(a) + o (@) o+

0 0

_ -z 1
= —e +1—4x+’}’1,

Pa(z) = %‘PO(x) + %/O’” p1(z)dz — /OC‘ (®1(z) + 2V (z))dz + 72

1
:e“-l-zz+72.

Then, the solution of this problem is expressed as
u(t,z) = (z +8)®1(z —t) + (x — ) T1(z + t) + Po(x — t) + Vo (z + t).

Thus u(t,z) = e*™* — e'~*, which is the exact solution of this initial value
problem.

3. The Goursat’s problem for hyperbolic equation of fourth order

The Goursat’s problem concerns a class of hyperbolic partial differential in
two independent variables with given values on two characteristics curves. For
example, for the hyperbolic equation

1
Uty — c—zum = h(t, a:)

Goursat’s problem is posed as follows:

Ut — E%UCL'I — h(t, :1:)
u(t,z) = f(z) for z = ct,
u(t,z) = g(z) for z = —ct,

In a manner parallel to the Goursat’s problem, we study a linear hyperbolic
equation of fourth-order with multiple characteristics curves. The Goursat’s
problem for this equation is formulated as follows:

8 8\
To equation (22), we attach the following conditions
u(t,z) = po(z) for x —t =0, (23)
ou Ou
E—a—xzapl(:t:) forz —t =0, (24)
u(t,z) = pa(z) forz +t =0, (25)

and
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ou n ou

ot Oz
We mention that the attached conditions are given on the multiple characteristics
curves x —t =0 and = + t = 0 of equation (22). We have

p3(z) forz +t=0. (26)

Theorem 2. The solution of problem (22)-(26) can be expressed in the form
x+t -1
u(z,t) = po(——) + p2(——) — u(0,0)
z—1 T+t T+t T—1 x—t
—2901(2)+2é03(2)+2
©1(0)

x+t (:E—I~t)(x t)
/ dr/ ds/ drf f(r,s)

©3(0) +
Proof. Let u be a solution of equation (22), make the transformations z = x —
t, w =z + t, and applying the chain rule to obtain

©1(0)

o*u 1l , w—2z w+=z
ow20z2 Ef( 2 72 ) (27)
and the given conditions (23)-(26) can be converted into
w
u(w,0) = po(3) (28)
ou 1w
5(“’70) - "“5(P1(‘2—), (29)
z
u(0,2) = ¢2(3), (30)
ou 1z
350 2) = 503(5)- (31)

Then, the boundary value problem (22)-(26) is now (27)-(31). The successive
integrations of equation (27) give

u(w, z) = u(w, 0) + u(0, z) u(0,0)

+z§—lf( O)+w (0 z)-«za (0,0) — g

0z
0%u Y -z w+z
wags~ ——(0,0) + —/ / f o )dwdzdwdz,

where u(0,0) = ¢0(0) = p2(0), 22(0,0) = ~1p}(0), %%(0,()) = ~L1(0) and

g:f (0,0) = ,cp3(0). We return to the original variables t and x, we obtain

(0,0)
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u(z,6) = go(T3) +oa(T) ~ u(0,0)

r—t -+t x+t x—t r—t
— 3 o1 ( 2 )+ 5 ©3( 5 )+ 5 ¢1(0)

:E-*-t(p (0)+(a:+t)( t) 2 (0)

ol e [ e

This completes the proof. O]

Example 2. Consider Goursat’s problem (22)-(26) with
u(t,z) = po(z) = x*for z —t = 0,

ou Ou _ 9 L
E—Eﬁ_(’ol(m)—x forx—t=0,

1
u(t,z) = pa(z) = Z:z:2 forz+t=0,

ou Ou
a-’ré;—go?,(x)—Oforx%-t—-O

and f(t,z) = 0. Then, from Theorem 2, and direct calculation produces the
exact solution

ulte) = o2 (@0 — (@ - 0]

Example 3. Consider Goursat’s problem (22)-(26) with
pi(z)=0forz—t=0, :=0,1,

pi(z)=0forz+t=0, i=2,3

and f(t,z) = 64. Then, from Theorem 2, and direct calculation produces the
exact solution u(t,z) = (z + t)*(z — t).

Example 4. Finally, Consider Goursat’s problem (22)-(26) with
wo(z) =2cos2zx forz — t =0, pi1{(z)=0forz -t =0,

w2(x) = 2cos2z for z + ¢ =0, p3(x) =0forz+t=0

and f(t,z) = 16(cos2t + cos2z). Then, by Theorem 2, we obtain u(t,z) =
2cos(z +t) + 2 cos(z — t) — 2+ [cos 2t + cos 2z — 2 cos(x + t) — 2 cos(z — t) + 2]
so that

u(t, x) = cos 2t + cos 2z,

which is the exact solution to this problem.
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