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SEVERAL NEW PRACTICAL CRITERIA FOR
NONSINGULAR H-MATRICES

HONGMIN MO

ABSTRACT. H-matrix is a special class of matrices with wide applications
in engineering and scientific computation,how to judge if a given matrix
is an H-matrix is very important,especially for large scale matrices.In this
paper,we obtain several new practical criteria for judging nonsingular H-
matrices by using the partitioning technique and Schur complement of ma-
trices. Their effectiveness is illustrated by numerical examples.
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1. Introduction

H-matrix is a special class of matrices with wide applications in numerical
algebra,cybernetics theory,electrical system theory and so on,it has close re-
lations with diagonally dominant matrices,M-matrices,positive definite matri-
ces,positive stable matrices.At present,many scholars have obtained numerous
criteria for judging H-matrices by applying some techniques in matrix theory
and inequalities,and iterative algorithm.For details of such criteria,the reader
can see [1]-[5].But for large scale matrices,these criteria mentioned above may
have some difficulties resulting from matrix calculation.In this paper,we use the
partitioning technique and Schur complement of matrices to reduce the order
of matrices,and get several new practical criteria for judging H-matrices.As a
special case,we also get two necessary and sufficient conditions for an Z-matrix
being an H-matrix.In the last of this paper,we present two numerical examples
to illustrate the effectiveness of our results.

Let M, (C)(My,(R)) denote the set of all n x n complex(real) matrices, N =
{1,2,...,n}. For A € M, (C),nonempty index sets o, 3 C N,we denote by
A(a, B) that submatrix of A lying in the rows indicated by « and the columns
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indicated by f,especially the submatrix A(a, «) is abbreviated A(«), | o | equals
the cardinality of a.

A = (ai;) € M,(€), u(A) = (my;) € M,(R) is called the comparison matrix
of A,where m;; =| a;; |,mi; = — | as; |,¢ # j,4,5 € N.

Definition 1[1]. Z, = {4 = (aij) € M(R) : ai; < 0,i # j,i,7 € N}LIf
A € Z,,then A is called an Z-matrix.

Definition 2[1]. M, = {A€ M,(R): A€ Z,,A"! > 0}.If A € M,,then A is
called an nonsingular M-matrix.

Definition 3[6]. Let A € M,,(C),a C N,a’ = N — a, A(e) be nonsingular,then
Afa 2 A/A(@) = Ae) — A/, @) [A(e)] T Aler @)

is called the Schur complement with respect to A(«),in addition,we appoint that

A/D = A.

Definition 4[2]. Let A = (a;;) € Mp(C),if| asi |[> Y. | ai; |,Vi € N,then A
jeN—{i}

is called a strictly diagonally dominant matrix;if there exists a positive diagonal

matrix D such that AD is a strictly diagonally dominant matrix,then A is called

a generalized strictly diagonally dominant matrix.

It is well known that nonsingular H-matrices are equal to generalized strictly
diagonally dominant matrices.

2. Main results
At first,we introduce the following lemmas.

Lemma 1[1]. Let A € Mn(C’),theh A is an nonsingular H-matriz if and only if
p(A) is an nonsingular M-matriz.

Lemma 2[1]. If A€ M,,B € Z, and B > A,then B € M,,.

Lemma 3[2]. Let A € M,(C) be an nonsingular H-matriz,then strictly diagonal
dominance holds for at least one index i € N.

Theorem 1. Let A € M,(C) be partitioned as

1= (e ) @

Then the necessary condition for A being an nonsingular H-matriz is A(a), A/«
are nonsingular H-matrices. Where ) # o C N,&’ = N — a,and A(a) is nonsin-
gular:

Proof. By Lemma 1, A is an nonsingular H-matrix,then p(A) is an nonsingular
M-matrix,therefore pu(A)(a),u(A)/a are nonsingular M-matrices(see[1]).
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Obviously u(A)(a) = p(A(e)),noting that p(A)(e,a) < 0,u(4)(a,o’) <
0, [u(A)(@)] ™" = 0,then p(A) (o, a)[u(A) ()]~ 1(A)(e, @) = 0,thus

wA) /o = pA)(o') - p(A) (o, ) [u(A) ()] u(A) (e, o)
= plA()] — p(A) (e, o) {p[A()]} ~ u(A) (e, @)
< AW) - A/, 0)[Ale)] Al )}
= p(d/a) -
By Lemma 2,we get that u(A(e)), u(A/«) are nonsingular M-matrices.Further
by Lemma 1,we obtain that A(a), A/a are nonsingular H-matrices. O

Remark 1. The sufficiency of Theorem 1 does not hold,i.e.,A(a), A/ are non-
singular H-matrices, A unlikely is an nonsingular H-matrix.For example,let

2 -2 0 O
-2 3 -1 0
-1 1 3 -2

0 0 -2 2

A=

Taking a = {1,2},a’ = {3,4},it is easy to know that A(a) = ( _; —?3 >,

3 -2
A/O‘:(—Q 2

nonsingular H-matrix.

are nonsingular H-matrices,but by Lemma 3?A is not an

Corollary 1. Let A € Z, be partitioned as (1),then A is an nonsingular H-
matriz if and only if A(a), A/a are nonsingular H-matrices.

Proof. Necessity: From Theorem 1, it is obviously hold. ,

Sufficiency: Since A € Z,, then A(a) € Z}4|.So if A(c) is an nonsingular H-

matrix,then A(a) is an nonsingular M-matrix,and [A(a)]™! > 0. At the same

time noting that A(e/) € Z,_jq|, A(¢, @)[A(e)] " 'A(a,¢) > 0, thus A/a =

A(d) — A(d/, 0)[A(a)] " A(a, @) € Z,,_|4|- Therefore A/ is an nonsingular H-

matrix, A/« is also an nonsingular M-matrix,and (4/a)~! > 0. :
Taking

o= (awar 1% )= (g ),

then

U 'ATIUT = (D AUR) =( “‘E,“) A(}a ) = ( (A(f)é))—l (A/(;)"I >

(U8 Yo

By the definitions of Uy, Us and the previous proof,we easy to know that A=1 >

0.From Definition 2,4 is an nonsingular M-matrix,thus A is an nonsingular H-
matrix. O

Hence
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Theorem 2. Let A € M,(C) be partitioned as

[ Ale) Al 8) Ala,7)
A=1| AlB,a) A(B)  A(B7)
A, ) A, 8) A(Y)

Then the necessary condition for A being an nonsingular H-matriz is that A(a),
Hy,,Hsy — Hy1H 1_11H 12 are nonsingular H-matrices, where

Hi = A(B) —A(B,0)[A(a)] " A, B),
Hyp = A(v) = A(y, a)[A(a)) " Ale, ),
Hy = A(B,7) - A(B, &)[A(a)] " A(a, ),
Hy = A(v,8) — Ay, o)[A(e)] " A(a, B),

D#4oa,B8,vyC N aUBU~y=N.
Proof. If A is partitioned as (2),by the definition of Schur complement,we have

_(A®) 4B (ABS) Y\ a0 ( A s Al
Ala = A(v,B)  A() ) (A(v,a) )(A( ) (A( B8)  Ala,7) )

_ ([ AB) - AB,a)[A(a)] T Ae, B)  A(B,7) — A(B,0)[A(e)] T A(e, ) )
A(r,8) = A(r, )[A(@)] T A, ) A(Y) — Ay, )[A(@)] M A(e, )

_( Hu Hi

~ \ Hai Hpxp

(2)

=H

By Theorem 1,4 is an nonsingular H-matrix,then A(a), A/ov = H are non-
singular H-matrices. Further by Theorem 1,H is an nonsingular H-matrix,then
Hy1,H/Hyq = Happ — Hngﬁlle are also nonsingular H-matrices. O

Corollary 2. Let A € Z,, be partitioned as (2). Then A is an nonsingular H-

matriz if and only if A(a), Hyy, Hag — Ho1 H l_llH 12 are nonsingular H-matrices,
where Hy1, Hi2, Ha1, Hoo are the same as in Theorem 2.

Proof. Necessity: From Theorem 2.,it is obviously hold.

Sufficiency: Since A € Zy,,then A(a) € Z|o. So if A(a) is an nonsingular H-
matrix, then A(c) is a nonsingular M-matrix,and [A(a)]~! > 0. Noting that
A(B) € Zj5), A(B, @) < 0, A(ex, B) < 0, therefore Hy; = A(B) — A(B, a)[A(a)] ™!
A(a, ﬂ) € Zlﬁ|'

With the same reason, we easy to know that Hap = A(y) — A(y, o)[A(a)] 1
A(O(, 7) S Z]'y[aHIZ = A(,B, 7) - A(ﬁa O[){A(Oj)]_lA(Of,’}/) < 07 H21 = A(’Ya /8) -
A(y, a)[A(a)] 71 A(a, B) < 0.Consequently, H = ( gu gm ) € Zn—|a|- By

21 122
Corollary 1,if Hy,, Hoo—Ho1 H 1_11H 12 = H/Hjy; are nonsingular H-matrices, then
H = A/a is an nonsingular H-matrix. A(«a) is an nonsingular H-matrix,further
by Corollary 1, we get that A is an nonsingular H-matrix. O
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Remark 2. By Corollary 2, if A € Z,, is partitioned as (2),then to judge if
the given matrix A is an H-matrix,just to judge if A(a), H11, Ho2 — H21H1—11H12
are H-matrices. In order to escape computing the inverse of matrices, we let
A(a), H1; be 1 x 1 matrices,thus only to make some subtraction,multiplication of
matrices, we can judge if the matrix A is an H-matrix. In addition,for large scale
matrices, noting that to judge if A(a), Hi1, Hao — Ho1 H7 ' Hyo are H-matrices
is independent, so we also take account of using parallel algorithm, judging if
A(a), H11, Hog — Hngl‘llng are H-matrices respectively. In general, if n =
3k(3k+1or3k+2), we let A(a), A(B) be k x k matrices,A(y) be (k+1) x (k+1)
or (k +2) x (k + 2) matrix.

3. Numerical examples

In this part,we illustrate the following examples to show the effectiveness of
our results.

Example 1.
6 -1 -1 -1
—1 6 -1 -1
-3 -3 6 -3
-3 -3 -3 6
Let A(a), Hy; be 1 x 1 matrices, by direct calculations with MATLAB 7.1, we
have

frequency | A(a) Hi Hiz — Ho1 Hy; Hio
4.8000 —4.2000 )

—4.2000 4.8000
By Corollary 2, it is obviously that A is an H-matrix.

first 6.0000 | 5.8333 (

Example 2.
3 -1 0 0 -1 0 -2
-1 2 0 0 0 0 -1
-1 -2 5 =2 0 0 0
A= 0 0o -1 9 0 -1 0
0 0o -1 0 6 -1 -1
-1 0 0 -1 0 4 0
0 -1 0 -2 0 0 10 )

Firstly,as Example 1,we let A(«), Hy; be 1 x 1 matrices,by direct calculations
with MATLAB 7.1,we get the following table:

frequency A(a) H11 H22 - H21H1_11 H12

5.0000 —2.0000 —0.8000 0 —=3.0000
—1.0000 9.0000 0 —1.0000 0
first 3.0000 | 1.6667 —1.0000 0 6.0000 —-1.0000 -—1.0000
0 -1.0000 —0.4000 4.0000 -—-1.0000
0 -—2.0000 -0.2000 0 9.0000

5.8326 —1.0465 —1.6279

second 5.0000 | 8.6000 —0.4186 3.8837 —1.0698

—0.2372 -0.2326 8.8605

third 5.8326 | 3.8086 8.7086
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By the definition of H-matrices and Corollary 2, it is obviously that A is an

H-matrix.

Next, we use the parallel algorithm mentioned in Remark 2 to judge if A

matrix is an H-matrix.
Let A(a), A(B), A(y) be 2 x 2,2 x 2,3 x 3 matrices respectively, by direct
calculations with MATLAB 7.1, we have

matrices A(a) Hyq Hoo —~ H21H1_11 Hqso

5.8326 —1.0465 —1.6279
original matrices (_?8883 —;8388 (_?8888 _ggggg —0.4186 3.3387 —1.0698
i ) ) i —0.2372 —0.2326 8.8605

= 0.1766 0.0499 0.0385

inverse matrices ( 8'3888 8‘2838 ( g‘gggg 8'(1)‘1125’ 0.0205 0.2651  0.0358

) ) : ) 0.0053 0.0083 0.1148

conclusions M — matriz M — matrix M — matrix

By the Definition 2, Lemma 1 and Corollary 2, we easy to know that A is an

H-matrix.
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