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FIXED POINT THEOREMS IN
d-COMPLETE TOPOLOGICAL SPACES

SEoNG-HooN CHO* AND JAE-HYUN LEE

ABSTRACT. We prove the existence of common fixed points for three self map-
pings satisfying contractive conditions in d-complete topological spaces. Our re-
sults are generalizations of result of Troy L. Hicks and B. E. Roades[Troy L. Hicks
and B. E. Roades, Fixed points for pairs of mappings in d-complete topological
spaces, Int. J. Math. and Math. Sci., 16(2)(1993), 259-266).

AMS Mathematics Subject Classification : 47H10, 54H25
Key words and phrases : Fixed point, w-continuous function, d-complete topo-
logical space '

1. Introduction and preliminaries

Banach fixed point theorem plays an important role in several branches of
mathematics. For instance, it has been used to show the existence of solutions
of nonlinear equations, nonlinear Volterra integral equations, nonlinear integro-
differential equations and sysytems of linear equations and to show the conver-
gence of algorithms in computational mathematics. Beacause of its importance
for mathematical theory, Banach fixed point theorem has been extended in many
directions|1,2,3,4,7,11,12,13].

The generalizations to a large class of non-metric spaces which include d-
complete symetric(semi-metric)spaces and complete quasi-metric spaces are enor-
mouse too. One of these generalizations is the following Theorem 1.1.
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Hicks[8] and Hicks and Rhoades[9,10] gave several fixed point theorems in d-
complete topological spaces. In [10], Hicks and Rhoades obtained the following
theorem.

Theorem 1.1. Let (X,t) be a Hausdorff d-complete topological space and f :
X — X be w-continuous functions. Then f has a fized point in X if and only if
there exist a k € (0,1) and a w-continuous function g : X — X which commutes
with f and satisfies ‘

(1) 9(X) C f(X),

(4) d(gz, gy) < kd(fz, fy) for all z,y € X.
Indeed, if (i) and (ii) hold then f and g have a unique common fized point in
X.

In this paper we give generalizations of above theorem.

Let (X,t) be a topological space and d : X x X — [0, 0) ba a function such
that d(z,y) = 0 if and only if z = y. A topological space (X, t) is said to be d-

complete if Z d(zp, zp+1) < oo implies that the sequence is convergent to some

n—
z € X in (X,t). Complete metric spaces and Complete quasi-metric spaces are
examples of d-complete topological spaces.

A function f : (X,t) — (X, t) is w-continuous at z € X if lim z, = r implies
n—oo
lim fz, = fz.
n—oo

Denote A as the family of all nondecreasing and continuous function ¢ : R™ —
R* such that

(¢1) #(0) =0 and 0 < ¢(t) <t for all t > 0,

(92) 22 9" (t) < oo for all t > 0,
where ¢"(t) is n-th iteration of ¢(t).

Note that lim ¢"(t) =0 for all ¢t > 0.
n—oo
Lemma 1.2. Let (X,t) be a d-complete topological space and let {z,} be a

sequence in X. If, for ¢ € A, d(zn,xn+1) < d(d(Tn-1,%s)) forn=1,2,3, -,
then {z,} converges to a point z in (X,t).

Proof. Assume that d(zn,zn+1) < ¢(d(zn-1,2n)), for n =1,2,3,---. Then we
have

d(xnaxn—l—l) < ¢(d($n—1a xn)) < ¢2(d(xn—2’ xn-—l)) <--- < Qén(d(an wl))
Thus we obtain Z d(Zn, Tnt1) < 00 by (¢2). It follows from the d-completeness

n=0
of X that there exists an x € X such that lim z, = z. O

n—aoo

2. Fixed point theorems
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Our first main result is the following.

Theorem 2.1. Let (X,t) be a Hausdorff d-complete topological space and f,h
X — X be w-continuous functions. Then f and h have a common fized point
in X if and only if there exist a ¢ € A and w-continuous function g : X — X
such that

(1) g commute with f and g commute with h,

(1) g(X) C f(X) Nh(X),

(iii) d(gz,gy) < ¢<max{d(fx, hy), d(hz, gz), d( fy, gy)}), forallz,y e X.
Indeed, if (i), (i1) and (i17) hold then f,g and h have a unique common fized
point in X.

Proof. Let z € X be a common fixed point of f and h. Put g(z) = z for all
z € X. Then g is a w-continuous function. Also, ¢(X) C f(X)Nh(X), and g
commute with f and g commute with h.

For ¢ € A, d(g, gy) = d(2,2) = 0 < ¢ (maz{(fz, hy), d(hz, gc), d(fy, 99)} )
for all z,y € X.

Suppose that there exist a ¢ € A and w-continuous function g : X — X such
that (2), (¢4) and (¢i7) are satisfied.

Let xg € X and z, be such that gz, = fr,41 = hTp+1.
If d(9xng—1,9%n,) < d(gZngy, 9Tne+1) for some ng, then

d(g:I)nO, gxno+1)
< ¢(ma${d(f$nov hxno—i-l), d(hxnoa gwno)’ d(f$n0+1 y Tno+1 }>

< ¢(max{d(gxno—lagxno)a d(gxno—h gxn0)7 d(gxnov gxno-i-l)})
< ¢ ({d(9ng: 97no+1)} )
< d(gxnmgxno-l-l)

which is a contradiction. Thus we have d(g9zn, 9zn+1) < d(g9Tn—1,9zy,) for all n.
Then we have

d(gxnagxn-{-l)
< ¢(max{d(fa:n, h$n+1), d(hxn) gl’n)7 d(fxn—f;la g$n+l})

< ¢<max{d(g:cn 1,9Zn), A(gTn—1, 9Tn), d(gxn,9$n+1)})
(ma,a:{d(g:r,n 1,9Tn), d(gxmgxn+1)}>

ol d(gxn—1,9Tn) )



1012 Cho and Lee

By Lemma 1.2, there exists a p € X such that lim gz, = p. Then lim fz, =
n—oc n—co
lim hz, = p.
n-—-—oc

By w-continuity of f and g; lim fgz, = fp and lim gfz, = gp. From (i)
n—oo n—o

fp = gp since (X, t) is Hausforff.
Also, lim ghz, = gp and lim hgz, = hp and so gp = hp. Thus z = fp =
n—oo n—oo

gp = hp.
From (i) we have ggp = fgp = gfp = ghp = hgp. Then we have
d(z, gz)
= d(gp, 99p)
< ¢(max{d(fp, hgp), d(hp, gp), d(fgp, ggp})

< ¢>(maw{d(gp, 9gp), d(9p, gp), d(ggp, ggp})

= ¢(d(gp, ggp))
= ¢(d(z, g2))

which implies d(z, gz) = 0 and so z = gz. Thus we obtain z = gz = fz = hz.
For the uniqueness, let u = gu = fu = hu.

Then
d(z,u)

= d(gz, gu)

< ¢><max{d(fz, hu),d(hz, gz),d( fu, gu})
< ¢(max{d(z, u),d(z, z), d(u, u)})

= ¢(d(z7 u))

Thus we obtain z = uv.

If we have ¢(t) = kt,k € (0,1),¢ > 0 in Theorem 2.1, we obtain the following
result.

Corollary 2.2. Let (X,t) be a Hausdorff d-complete topological space and f, h :
X — X be w-continuous functions. Then f and h have a common fized point in
X if and only if there exist a k € (0,1) and w-continuous function g : X — X
such that |

(i) g commute with f and g commute with h,

(%) g(X) C f(X) N h(X),
(121) d(gz, gy) < kmaa:{(fx, hy), d(hz, gz), d(fy, gy)} forall xz,y € X.
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Indeed, if (i), (i1) and (iii) hold then f,g and h have a unique fized point in
X.

By Theorem 2.1 and Corollary 2.2, we obtain the following two corollaries.

Corollary 2.3. Let (X,t) be a Hausdorff d-complete topological space and f, h :
X — X be w-continuous functions. Then f and h have a common fized point
in X if and only if there exist a ¢ € A and w-continuous function g : X — X
such that

(1) g commute with f and g commute with h,

(1) 9(X) C f(X) Nh(X),

(idi) d(gz, gy) < $((fz, hy)) for all 5,y € X.
Indeed, if (i), (it) and (iit) hold then f,g and h have a unique fized point in X.

Corollary 2.4. Let (X,t) be a Hausdorff d-complete topological space and f,h :
X — X be w-continuous functions. Then f and h have a common fized point in
X if and only if there exist a k € (0,1) and w-continuous function g : X — X
such that

(7) g commute with f and g commute with h,

(1) g(X) C f(X) Nh(X),

(iti) d(gz, gy) < k(fz,hy) for all z,y € X.
Indeed, if (i), (i) and (iit) hold then f,g and h have a unique fized point in X.

If we have f = h in Corollary 2.3, then we obtain the following corollary.

Corollary 2.5. Let (X,t) be a Hausdorff d-complete topological space and f :
X — X be w-continuous function. Then f has a fized point in X if and only if
there exist a ¢ € A and w-continuous function g : X — X such that

(i) g commute with f ,

(1) g9(X) C f(X),

(17) d(gz,gy) < ¢((fz, fy)) for allz,y € X.
Indeed, if (i), (it) and (iii) hold then f and g have a unique fized point in X.

Remark 3.1. The above corollary generalize Theorem 1.1(theorem 2.1[10]).

Theorem 2.6. Let (X, t) be a Hausdorff d-complete topological space and f,h :
X — X be w-continuous functions. Then f and h have a common fized point in
X if and only if there exist nonnegative constants a; satisfying a; + as +as < 1
and w-continuous function g : X — X such that

(1) g commute with f and g commute with h,

(17) g(X) C f(X) NA(X),

(1i2) d(gzx, gy) < ard(fz, hy) + axd(hz, gx) + as3d(fy, gy), for all x,y € X,



1014 Cho and Lee

Indeed, if (i), (ii) and (iii) hold, then f,g and h have a unique common fized
point in X.

Proof. Let z = fz = hz, and let gz = z for all z € X. Then conditions (7), (%)
and (7i¢) are satisfied.

Assume that there exist nonnegative constants a; satisfying a; + a2 + a3 <1
and w-continuous function g : X — X such that (i), (#4) and (44i) are satisfied.
Then as in the proof of Theorem 2.1, we have a sequence {z,} in X such that
9Tn = fTn4+1 = hzn+1. Then we have | |

d(gwm gmn-!—l)
< a1d(fTn, hTpi1) + a2d(han, 9zn) + a3d(fTni1, gTn41)
= a1d(gTn—_1, 9Tn) + a2d(9Tn—1, 9Tn) + a3d(gTn, gTni1)

which implies d(9%y, 9Tn+1) < kd(9Tn—1,9Tr), Where k = all S

o By Lemma

‘ - as

1.2, there exists a p € X such that lim gz, = p. Then lim fz, = lim hx, =
N—>0C 7~ 00 71— OO

p.
As in the proof of Theorem 2.1, z = fp = gp = hp. From (i) we have

ggp = fgp = gfp = ghp = hgp. Thus we obtain
d(z, 9z)
= d(gp, 99p)
< a1d(fp, hgp) + a2d(hp, gp) + aszd(fgp, ggp)
= a1d(gp, 9gp) + a2d(gp, gp) + asd(ggp, ggp)
= a1d(gp, 9gp)
= a1d(z, gz)

which implies d(z, gz) = 0 and so z = gz. Thus we obtain z = gz = fz = hz.
Assume that u = gu = fu = hu. Then we have

d(z,u)

= d(g2, gu)

< a1d(fz, hu) + azd(hz, gz) + aszd(fu, gu)
= a1d(z,u) + dgd(z, z) + azd(u, u)

= a1d(z, u).

Thus we obtain z = uv. O

If we have f = h in Theorem 2.6, then we obtain the following corollary.
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Corollary 2.7. Let (X,t) be a Hausdorff d-complete topological space and f :
X — X be w-continuous function. Then f has a fized point in X if and only if
there exist nonnegative constants a; satisfying a1 +az+az < 1 and w-continuous
function g : X — X such that

(i) g commute with f,

(1) g(X) C f(X),

(#11) d(gz, gy) < ard(fz, fy) + a2d(fz, gz) + asd(fy, gy), for all z,y € X,
Indeed, if (i), (i1) and (iii) hold, then f and g have a unique common fized point
in X.

Remark 3.2. The above corollary generalize Theorem 1.1(theorem 2.1[10]).
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