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CHAOTIC PROPERTY OF WEIGHTED

COMPOSITION OPERATORS

Hamid Rezaei

Abstract. In the present paper, we study the chaotic property of wei-
ghted composition operators acting on the holomorphic function space
H(U).

1. Introduction

A continuous linear operator T acting on a separable Frechet space X is
called hypercyclic provided there exists a vector x ∈ X such that its orbit
orb(T, x) = {Tnx : n = 0, 1, . . .} is dense in X. A periodic point for T is a
vector x ∈ X such that Tnx = x for some n ∈ N. Finally, T is said to be
chaotic if it is hypercyclic and its set of periodic points is dense in X.

In 1929, Birkhoff [1] showed that the translation operator Ta : H(C) → H(C)
defined by (Taf)(z) = f(z+a), a ̸= 0, is hypercyclic on the Frechet space H(C)
of entire functions. This result was generalized by Godefroy and Shapiro [7]
who proved that each operator on H(CN ) which commutes with all translations
and is not a scalar multiple of the identity, is chaotic. Other classical examples
of hypercyclic and chaotic operators are weighted shifts on ℓp spaces [8, 10] and
adjoints of multiplication operators on Hilbert spaces of holomorphic functions
[7].

Let U stand for the open unit disk in C. Each φ ∈ H(U) and each holo-
morphic self-map ψ of U induce a linear weighted composition operator Cφ,ψ :
H(U) → H(U) defined by (Cφ,ψf)(z) = φ(z)f(ψ(z)) with f ∈ H(U) and z ∈ U.
In fact, we have Cφ,ψ =MφCψ, where Mφ denotes the operator of multiplica-
tion by φ, and Cψ stands for the composition operator defined by Cψf = f ◦ψ
with f ∈ H(U). Hence, the class of weighted composition operators includes
the two important classes of composition operators and multiplication opera-
tors.

The chaotic property of composition operators on general holomorphic func-
tion spaces was studied in [12]. It is known that if ψ is a holomorphic self-map
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of U and Cψ is hypercyclic on H(U), then ψ must be univalent and cannot have
a fixed point in U. Conversely, if ψ is a univalent holomorphic self-map of U
with no fixed point in U, then Cψ is chaotic on H(U) (see [12, Theorem 4.7]).

In this paper, we first extend the property of chaoticity to any nonzero
multiple of Cψ. Then we show that, under certain assumptions, Cφ,ψ has a
nonzero eigenvalue. This implies that the chaoticity of Cφ,ψ can be derived
from the chaoticity of Cψ.

2. Main result

Let P stand for the open right half-plane in C. In what follows, we will
assume that ψ is a holomorphic self-map of U and φ is a holomorphic map on
U. Yousefi and the author [13, Proposition 2.1] showed that if the weighted
composition operator Cφ,ψ is hypercyclic, then ψ is univalent and has no fixed
point in U. Moreover, the function φ must be nonzero on all of U. Since we
aim to study chaotic weighted composition operators, we will focus on univalent
holomorphic self-maps ψ of U with no fixed point in U, and we will assume that
φ is nonzero on all of U.

In this case, the Denjoy-Wolff Theorem [2, 11, 12] implies that there is
a unique point w ∈ ∂U (called the Denjoy-Wolff point) such that ψn → w
uniformly on compact subsets of U where ψn = ψ◦ψ◦· · ·◦ψ, n times. Moreover,
the angular derivative ψ′(w) of ψ at w is real, positive, and less than or equal
to one.

The mapping ψ is called hyperbolic if 0 < ψ′(w) < 1 and parabolic if ψ′(w) =
1. Parabolic maps can be further distinguished into parabolic-automorphic
and parabolic-nonautomorphic type depending on whether the distance in the
hyperholic metric between successive points ψn(z) stays bounded away from
zero or not.

The Linear Fractional Model Theorem ([2, 11, 12, 4]). Let ψ be a uni-
valent, holomorphic self-map of U which has no fixed point in U. Then there
exist a univalent map σ : U → Ω (Ω being either P or C) and a linear-fractional

map ψ̂ mapping Ω onto Ω such that σ ◦ ψ = ψ̂ ◦ σ. In particular, there are the
following possibilities:

(a) If ψ is hyperbolic, then ψ̂ can be taken to be a dilation, ψ̂(z) = rz for
some 0 < r < 1, and σ(U) ⊆ Ω = P.

(b) If ψ is parabolic-automorphic, then ψ̂ can be taken to be a translation,

ψ̂(z) = z ± i, and σ(U) ⊆ Ω = P.
(c) If ψ is parabolic-nonautomorphic, then ψ̂ can be taken to be a translation,

ψ̂(z) = z + 1, and σ(U) ⊆ Ω = C.

Moreover, σ(U) is a so-called fundamental set for Ω [5], i.e., for each compact

subset K of Ω there exists an n such that ψ̂n(K) ⊆ σ(U).
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Note that this theorem asserts that in some sense linear fractional maps are
models for univalent self-maps of U that fix no point of U.

Assume that T and S are two continuous linear operators on separable
Frechet spaces X and Y . We will call S a quasi-factor of T , and T a quasi-
extension of S if there exists a continuous linear operator V : X → Y which
has a dense range and satisfies V T = SV . It is easy to check that if T is chaotic
on X, then S is also chaotic on Y .

The following lemma will be crucial to our result on the chaotic property of
weighted composition operators. Therein, the operator Cψ acts on H(U) and
the operator Ta acts on H(C).

Lemma 2.1. Let ψ be a univalent holomorphic self-map of U with no fixed
points in U. Then the operator Cψ is a quasi-factor of the translation Ta for
some complex number a ̸= 0.

This result was already used by Shapiro in [12], but it is not stated explicitly
there. For this reason, we sketch a proof of this lemma:

Proof. By the Linear Fractional Model Theorem, there exist a linear-fractional

map ψ̂ and a univalent map σ : U → C such that σ ◦ ψ = ψ̂ ◦ σ. We have two
possibilities (corresponding to the hyperbolic and parabolic case):

Case I: ψ̂(z) = rz for some 0 < r < 1, and σ(U) ⊆ P. Consider the following
chain of maps:

U σ−→ P ψ̂−→ P L−→ S j−→ C
where L = log is the principal branch of logarithm taking P univalently onto
the horizontal strip S = {w ∈ C : |Im(w)| < π

2 }, and j is the embedding map
from S to C. Let a = log r, f = j ◦ L ◦ σ, τa(z) = z + a, and V = Cf . Then

f ◦ψ = j ◦L ◦σ ◦ψ = j ◦L ◦ ψ̂ ◦σ = τa ◦ j ◦L ◦σ = τa ◦ f . Hence the following
diagram is commutative:

H(C) V−→ H(U)yTa yCψ
H(C) V−→ H(U)

that is V Ta = CψV . The set G = f(U) is a simply-connected domain. As
a consequence of Runge’s theorem the polynomials are dense in H(G). This
implies that V has a dense range, and thus Cψ is a quasi-factor of Ta.

Case II: ψ̂(z) = z+ a for some a ∈ C. Consider the following chain of maps:

U σ−→ C τa=ψ̂−→ C

where τa(z) = z + a as before. Let f = σ and V = Cf . Then f ◦ ψ = σ ◦ ψ =

ψ̂ ◦σ = τa ◦ f , and the preceding diagram is again commutative. As in the last
case, V has a dense range, and its follows that Cψ is a quasi-factor of Ta. □
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Theorem 2.2. Suppose ψ is a univalent self-map of U and λ is a nonzero
scalar. Then λCψ is chaotic if and only if ψ has no fixed point in U.

Proof. If ψ has a fixed point z ∈ U, then it is easy to check that the linear
functional Λz : H(U) −→ C by Λz(f) = f(z) is an eigenvector of λC∗

ψ, and

hence λCψ is not hypercyclic [7]. Now assume that ψ has no fixed point in
U. Then by the last lemma, Cψ is a quasi-factor to a translation Ta for some
complex number a ̸= 0 and consequently λCψ is also a quasi-factor of λTa. But
by [7, Theorem 6.2], λTa is chaotic, and hence λCψ is also chaotic. □

Definition 2.3. For any w ∈ U and positive real number β, we denote by
Lipβ(w), the class of holomorphic functions φ satisfying

(1) |φ(z)− φ(w)| = O(|z − w|β) (z → w).

For example, if φ ∈ H(U) is analytic at w, then φ ∈ Lipβ(w) for β ∈ (0, 1].

Moreover, if φ(i)(w) exists and equals to zero for i = 1, . . . , n, then φ ∈ Lipβ(w)
for β ∈ (0, n+ 1].

Yousefi and the author [13, Proposition 2.4] have shown that if φ ∈ Lipβ(w)
for some real number β > 0, φ(z) ̸= 0 for all z ∈ U, and φ(w) ̸= 0, where
w ∈ ∂U is the Denjoy-Wolff fixed point of the univalent self map ψ, then
g(z) =

∏∞
n=0

1
φ(w)φ(ψn(z)) defines a non-vanishing holomorphic function on U

and indeed an eigenfunction for Cφ,ψ whenever ψ is hyperbolic and β > 0 or
ψ is a parabolic automorphism and β > 1. Moreover Cφ,ψ is hypercyclic if
|φ(w)| = 1.

We extend these results from [13] in two directions: we eliminate the re-
quirement that |φ(w)| = 1, and, in the parabolic case, we allow ψ be any map
of parabolic-automorphic type (but we do require β = 2).

Lemma 2.4. The series
∑+∞
n=1 |ψn(z) − w|β converges uniformly on compact

subsets of U, whenever ψ is of hyperbolic type and β > 0, or ψ is of parabolic-
automorphic type and β = 2.

Proof. If ψ is hyperbolic and w ∈ ∂U, then 0 < ψ′(w) < 1, and by the Julia-
Caratheodory inequality [2, Theorem 3] we have

|ψ(z)− w|2

1− |ψ(z)|2
< ψ′(w)

|z − w|2

1− |z|2
(z ∈ U).

By substituting ψn(z) for z, we obtain

|ψn(z)− w|2

1− |ψn(z)|2
< (ψ′(w))n

|z − w|2

1− |z|2
(z ∈ U, n ≥ 0).

Now if K is a compact subset of U, then the right hand side of the above
inequality is bounded on K. Hence it follows that

(2) |ψn(z)− w| < const · (ψ′(w))
n
2 (z ∈ K).

Thus in this case,
∑∞
n=0 |ψn(z)− w|β converges uniformly on K for β > 0.
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Next, let ψ be of parabolic-automorphic type. The Linear Fractional Model
Theorem [2, 11, 12] then provides a function σ holomorphic on U with values
in the right half-plane such that σ ◦ ψ = σ + ib for some real b ̸= 0. Hence
σ ◦ψn = σ+ nib. Let K be an arbitrary compact subset of U . For n ≥ 1, pick
zn ∈ K such that |ψn(zn)| ≤ |ψn(z)| for all z ∈ K.

The Blaschke condition for a sequence in U is equivalent, via the map w =
1+z
1−z , to the condition

(3)
∑
n

Re(wn)

|1 + wn|2
<∞

for sequences (wn) in P. Since the sequence (σ(zn)) is bounded, (3) is satisfied
by the sequence wn = σ(zn) +nib. Hence there exists a non-constant bounded
holomorphic function F on the right half-plane whose zeros are the numbers
wn (see [5, Theorem 11.3]). Since σ(U) ⊆ P, the function f = F ◦ σ is then a
non-constant bounded holomorphic function on U, and for n ≥ 1:

f(ψn(zn)) = F (σ(ψn(zn))) = F (σ(zn) + nib) = 0.

It follows that the sequence (ψn(zn)) satisfies the Blaschke condition on U, that
is

+∞∑
n=0

(1− |ψn(zn)|2) < +∞.

On the other hand, the Julia-Caratheodory inequality implies that

|ψn(z)− w|2 ≤ const · (1− |ψn(z)|2) ≤ const · (1− |ψn(zn)|2)

on K. Thus in this case,
∑∞
n=0 |ψn(z)−w|2 converges uniformly on K and the

proof is complete. □

Our main result is now the following.

Theorem 2.5. Let ψ be a holomorphic self-map of U with Denjoy-Wolff fixed
point w ∈ ∂U. Suppose that φ ∈ Lipβ(w) is holomorphic and nonzero on all of
U, and that φ(w) ̸= 0. Then Cφ,ψ is chaotic, whenever ψ is of hyperbolic type
and β > 0, or ψ is of parabolic-automorphic type and β = 2.

Proof. Assume that φ ∈ Lipβ(w) for some real number β, and let K be a
compact subset of U. Since ψn → w uniformly on K, by substituting ψn(z) for
z in (1), we get

|φ(w)− φ(ψn(z))| = O(|w − ψn(z)|β) (z ∈ K,n→ ∞),

whence

|1− 1

φ(w)
φ(ψn(z))| = O(

1

|φ(w)|
|w − ψn(z)|β) (z ∈ K,n→ ∞).
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Now, if ψ is hyperbolic and β > 0 or ψ is parabolic-automorphic and β = 2,
then Lemma 2.4 implies that

∑∞
n=0 |1−

1
φ(w)φ(ψn(z))| <∞, and consequently

g(z) =
∞∏
n=0

1

φ(w)
φ(ψn(z))

converges uniformly on K. Thus g defines a nonzero holomorphic function
on U satisfying φ(z)g(ψ(z)) = φ(w)g(z). Hence Cφ,ψg = φ(w)g, i.e., g is an
eigenfunction of Cφ,ψ to the nonzero eigenvalue φ(w).

Consequently, Cφ,ψMg = φ(w)MgCψ. Note that the range of the multipli-
cation operator Mg is dense in H(U) because the function g(z) does not vanish
on U. Hence Cφ,ψ is a quasi-factor of φ(w)Cψ. Since φ(w)Cψ is chaotic, by
Theorem 2.2, it follows that Cφ,ψ is also chaotic. □
Acknowledgments. The author is very grateful to the referee for many help-
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