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Abstract. Duality in the optimal harvesting for a nonlinear age-spatial structured pop-

ulation dynamic model is studied in the framework of optimal control problem. In this

paper the duality theory that displays the conjugacy of the primal problem is established

and an application is given. Duality theory plays an important role in both optimization

theory and methodology and the results may be applied to a realistic biological system on

the point of optimal harvesting.

1. Introduction

One of the main aim of duality theory is to show that the suprimum (or infi-
mum) for an objective functional of given a control system is equal to the infimun
(or suprimum) for the objective functional of its dual system. It is well-known that
duality theory is important in both optimization theory and methodology and dual-
ity often makes it possible to simplify the computational procedure and to construct
a generalized solution of variational problems that not have classical solutions. Ex-
istence of an optimal solution to dual problems provides a certificate of optimality
for the primal problem. So many authors studied the duality theory for various sys-
tems [3, 17, 7, 15]. Park and Lee [12, 13] derived the duality theory for linear and
nonlinear hyperbolic optimal control systems. Bulatov and Krotov [6] dealt with
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the case which Pontrygin maximum principle is inapplicable to the initial problem
but it is applicable to the dual problem.

In particular, many authors studied optimal harvesting problems for age-
dependent population dynamic systems [2, 10, 8]. Fister and Lenhart [9] dealt with
a optimal control problem of a competitive population system with age structure.
Optimal control problems for age structured systems are of interest for many areas
of application, as harvesting, birth control, epidemic disease control [1, 4, 5, 16].

In order to formulate our dual problem on the harvesting problem, we let Ω be
a bounded domain in RN with a smooth boundary ∂Ω, A > 0, T > 0. We denote
by u(x, t, a) the distribution of individuals of age a ≥ 0 at time t ≥ 0 and location
x in Ω̄. Let β(x, t, a) ≥ 0 be the natural fertility rate and µ(x, t, a, u) ≥ 0 be the
natural death rate of individuals of age a at time t and location x and density u,
where we note that the death rate µ is related to the density u. In fact, until now,
most of study for models of age structured population considered the death rate
depending on only time and age[2, 5]. However, in more realistic situation, it may
be natural to assume that the death rate also depends on the population density
and the location x as well as the time and age.

The model we address is given by the following nonlinear age-spatial structured
population dynamic system:

∂u

∂t
(x, t, a) +

∂u

∂a
(x, t, a)− k∆xu(x, t, a) + µ(x, t, a, u(x, t, a))u(x, t, a)

+ Φ(Pw(x, t))u(x, t, a) = −v(x, t, a)u(x, t, a) in Q = Ω× (0, T )× (0, A),

(1.1)

(1.2)
∂u

∂η
(x, t, a) = 0 on Σ = ∂Ω× (0, T )× (0, A),

(1.3) u(x, 0, a) = u0(x, a) in Ω× (0, A),

(1.4) u(x, t, 0) =

∫ A

0

β(x, t, a)u(x, t, a)da in Ω× (0, T ),

(1.5) Pw(x, t) =

∫ A

0

w(x, α)u(x, t, α)dα in Ω× (0, T ).

Here Φ(Pw(x, t)) is the total population with special weight at time t and location
x where A is the maximal age of the individual. The weight function w in Pw is
positive in L∞(Ω× (0, A)) and can help with explaining the variety realistic model,
as virus, earthquake and storm waves which give effects differently on each ages.
So Φ(Pw(x, t)) can be considered as effects of external environment for population
system such as emigration and earthquake and so on. In a biological system, we
may apply the model system (1.1)-(1.5) to animal, fish, plant dynamic models.
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Recently, Kang et al.[14] studied an optimal harvesting problem as follows:

(P) sup
v∈U

J(v) =

∫
Q

v(x, t, a)g(x, t, a)u(x, t, a)dxdtda

subject to the model system (1.1)-(1.5), where U is the set of controllers defined by

U =

{
v ∈ L∞(Q) : ν1(x, t, a) ≤ v(x, t, a) ≤ ν2(x, t, a) a.e., (x, t, a) ∈ Q

}
for some ν1, ν2 ∈ L∞(Q), 0 ≤ ν1(x, t, a) ≤ ν2(x, t, a), a.e., in Q, g is a given bounded
function and u is a solution of the model system (1.1)-(1.5). The crucial part to
these developments is to establish the optimality systems which characterize the
optimal control.

In this paper, we study the duality problem of the case that some nonlinear
terms in the primal problem can be changed to some linear terms in the dual
problem. The purpose is to derive the dual problem corresponding to the control
problem (P) and to establish the duality theory which finds some conditions that
the primal and dual problems can be connected by the duality relation. Lastly, a
theoretical example to illustrate our results is given. The method of proof is based
on game theory and the similar method with some inequality techniques given in
[13].

2. Preliminaries

In place throughout the paper, we need the following hypotheses for the control
problem (P):

(H1) The fertility rate β satisfies β ∈ L∞(Q), β(x, t, a) ≥ 0 a.e. (x, t, a) ∈ Q and
is decreasing.

(H2) The death rate µ satisfies µ ∈ L∞(Ω̄ × [0, T ] × [0, A) × L∞(Q)) and µ is
Lipschitz continuous with respect to the variable u.

(H3) Φ : [0,∞) → [0,∞) is bounded and Lipschitz continuous, i.e., there exist a
constant L > 0 such that

|Φ(ψ1)− Φ(ψ2)| ≤ L|ψ1 − ψ2|

and Φ : [0,∞) → [0,∞) is continuously differentiable.

(H4) u0 ∈ L∞(Ω× (0, A)), u0(x, a) ≥ 0 a.e., (x, a) ∈ Ω× (0, A).

(H5) g ∈ L∞(Q), g(x, t, a) ≥ 0 a.e., (x, t, a) ∈ Q.

(H6) w is a nonnegative bounded and measurable function in L∞(Ω× (0, A)) with
0 ≤ w(x, a) ≤ 1 for all (x, a) ∈ Ω× (0, A).
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(H7) µ(u)u is a concave function of u, i.e. µ(u)u satisfies the following condition

µ(u◦)u◦ − µ(ū)ū ≥ (µu(u
◦)u◦ + µ(u◦))(u◦ − ū),

where µu means the derivatives of µ with respect to u.

(H8) Φ(ψ(u))u satisfies the following condition

Φ(ψ(u◦))u◦ − Φ(ψ(ū))ū ≥ Φψ(ψ(u
◦))(ψ(u◦)− ψ(ū))u◦ +Φ(ψ(u◦))(u◦ − ū),

where Φψ is the derivatives of Φ with respect to ψ.

Theorem 2.1([14]). Let the hypotheses (H1) − (H6) hold. Then there exist a
nonnegative solution pair (u, v) and a adjoint solution p to State Equation(SE)
and Adjoint Equation(AE), respectively. Also, there exists a solution pair (u, v, p)
satisfying the necessary condition for optimality.

• State Equation(SE):

∂u

∂t
(x, t, a) +

∂u

∂a
(x, t, a)− k∆xu(x, t, a) + µ(x, t, a, u(x, t, a))u(x, t, a)

+Φ(Pw(x, t))u(x, t, a) = −v(x, t, a)u(x, t, a) in Q = Ω× (0, T )× (0, A),

∂u

∂η
(x, t, a) = 0 on Σ = ∂Ω× (0, T )× (0, A),

u(x, 0, a) = u0(x, a) in Ω× (0, A),

u(x, t, 0) =

∫ A

0

β(x, t, a)u(x, t, a)da in Ω× (0, T ),

Pw(x, t) =

∫ A

0

w(x, α)u(x, t, α)dα in Ω× (0, T ).

• Adjoint Equation(AE):

− ∂p

∂t
(x, t, a)− ∂p

∂a
(x, t, a)− k∆xp(x, t, a)

+ µu(x, t, a, u(x, t, a))u(x, t, a)p(x, t, a)

+ µ(x, t, a, u(x, t, a))p(x, t, a) + Φ(Pw(x, t))p(x, t, a)

+

∫ A

0

w(x, a)ΦPw
(Pw(x, t))u(x, t, α)p(x, t, α)dα− β(x, t, a)p(x, t, 0)

=− v(x, t, a)g(x, t, a)− v(x, t, a)p(x, t, a) in Q

=Ω× (0, T )× (0, A),

(2.1)

(2.2)
∂p

∂η
(x, t, a) = 0 on Σ = ∂Ω× (0, T )× (0, A),
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(2.3) p(x, T, a) = p(T ) = 0 in Ω× (0, A),

(2.4) p(x, t, A) = p(A) = 0 in Ω× (0, T ).

Here µu is the derivatives of µ with respect to u and ΦPw is the derivatives of
Φ with respect to Pw.

• Necessary condition for optimality : Suppose that (u◦, v◦) is a optimal solu-
tion pair for the control problem (P). If p is a solution of the adjoint system
(2.1)-(2.4) then we have

v◦(x, t, a)=

 ν1(x, t, a) if (g + p)(x, t, a) < 0 and u◦(x, t, a) ̸= 0,
[ν1(x, t, a), ν2(x, t, a)] if (g + p)(x, t, a) = 0 or u◦(x, t, a) = 0,
ν2(x, t, a) if (g + p)(x, t, a) > 0 and u◦(x, t, a) ̸= 0.

Here ν1, ν2 are the functions in the controllers set U.

3. Dual problem

We associate another control problem dual to the control(primal) problem (P)
so called the dual problem. In order to describe it we need a functional K defined
by

K(p(x, t, a), u(x, t, a))=sup
v∈U

{
v(x, t, a)g(x, t, a)u(x, t, a)+p(x, t, a)v(x, t, a)u(x, t, a)

}
.

We call the following control problem the dual problem (D) corresponding to the
control problem (P ) :

(D) inf
p∈V

∫
Q

K(p(x, t, a), u(x, t, a)) + p(x, t, a)

(
∂u(x, t, a)

∂t
+
∂u(x, t, a)

∂a

−k△xu(x, t, a) + µ(x, t, a, u(x, t, a))u(x, t, a) + Φ(Pw(x, t))u(x, t, a)

)
dxdtda

subject to the adjoint system (2.1)-(2.4). Here V, the set of controllers, is given by

V =

{
v ∈W 1,∞(Q) : p is a positive solution of (AE)

}
.

In this section, we establish a duality theorem saying that the primal problem
(P) is equal to the dual problem (D). For the proof of the main theorem, we need
the following lemma, which is the result of Theorem 1.1 in [11].
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Lemma 3.1. Assume that the function v → J(v) is strictly concave Gateaux
differentiable and v ∈ U. Then the unique element v◦ in U satisfying J(v◦) =
supv∈U J(v) is characterized by

(3.1) J ′(v◦)(v − v◦) ≤ 0.

Remark 3.2. The objective functional J(v) =
∫
Q
v(x, t, a)g(x, t, a)u(x, t, a)dxdtda

is strictly concave Gateaux differentiable for v ∈ U.

Thoerem 3.3. If the assumptions (H1)− (H8) hold and (u◦, v◦) attains the supre-
mum of the primal problem (P) then there exists p◦ which is positive adjoint solution
of the adjoint system (2.1)-(2.4) such that (p◦, u◦) attains the infimum of the dual
problem (D). Furthermore, the supremum of the primal problem (P) is equal to the
infimum of the dual problem (D) .

Proof. First, we prove the weak duality theorem i.e., the infimum of the dual prob-
lem (D) is equal to or greater than the supremum of the primal problem (P). Let
v(·) ∈ U be any admissible control and fix it for a moment. Due to Theorem 2.1,
there exists a solution u of the model system (1.1)-(1.5). Let ū be a solution of the
model system (1.1)-(1.5) corresponding to v. To this v we associate the following
problem (Du):

inf
p∈V

∫
Q

v(x, t, a)g(x, t, a)u(x, t, a) + p(x, t, a)v(x, t, a)u(x, t, a)

+p(x, t, a)

(
∂u(x, t, a)

∂t
+
∂u(x, t, a)

∂a
− k△xu(x, t, a)

+µ(x, t, a, u(x, t, a))u(x, t, a) + Φ(Pw(x, t))u(x, t, a)

)
dxdtda.

If there is no solution (p, u) satisfying the adjoint system (2.1)-(2.4) then we define
the infimum of the problem (Du) to be∞. If (p◦, u◦) is an arbitrary positive solution
of the adjoint system (2.1)-(2.4) then we can show that∫

Q

v(x, t, a)g(x, t, a)u◦(x, t, a) + p◦(x, t, a)v(x, t, a)u◦(x, t, a)

+p◦(x, t, a)

(
∂u◦(x, t, a)

∂t
+
∂u◦(x, t, a)

∂a
− k△xu

◦(x, t, a)

+µ(x, t, a, u◦(x, t, a))u◦(x, t, a) + Φ(P ◦
w(x, t))u

◦(x, t, a)

)
dxdtda

−
∫
Q

v(x, t, a)g(x, t, a)ū(x, t, a)dxdtda ≥ 0.

To do this, using conditions (H7), (H8) and integration by part, we obtain that
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∫
Q

v(x, t, a)g(x, t, a)u◦(x, t, a) + p◦(x, t, a)v(x, t, a)u◦(x, t, a)

+p◦(x, t, a)

(
∂u◦(x, t, a)

∂t
+
∂u◦(x, t, a)

∂a
− k△xu

◦(x, t, a)

+µ(x, t, a, u◦(x, t, a))u◦(x, t, a) + Φ(P ◦
w(x, t))u

◦(x, t, a)

)
dxdtda

−
∫
Q

v(x, t, a)g(x, t, a)ū(x, t, a)dxdtda

=

∫
Q

v(x, t, a)g(x, t, a)u◦(x, t, a)−
∫
Q

v(x, t, a)g(x, t, a)ū(x, t, a)dxdtda

+

∫
Q

p◦(x, t, a)

(
v(x, t, a)u◦(x, t, a) +

∂u◦(x, t, a)

∂t
+
∂u◦(x, t, a)

∂a

−k△xu
◦(x, t, a) + µ(x, t, a, u◦(x, t, a))u◦(x, t, a) + Φ(P ◦

w(x, t))u
◦(x, t, a)

)
dxdtda

+

∫
Q

p◦(x, t, a)

(
− v(x, t, a)ū(x, t, a)− ∂ū(x, t, a)

∂t
− ∂ū(x, t, a)

∂a

+k△xū(x, t, a)− µ(x, t, a, ū(x, t, a))ū(x, t, a)− Φ(P̄w(x, t))ū(x, t, a)

)
dxdtda

=

∫
Q

v(x, t, a)g(x, t, a)(u◦(x, t, a)− ū(x, t, a))dxdtda

+

∫
Q

p◦(x, t, a)v(x, t, a)(u◦(x, t, a)− ū(x, t, a))dxdtda

+

∫
Q

p◦(x, t, a)

(
∂u◦

∂t
(x, t, a)− ∂ū

∂t
(x, t, a)

)
dxdtda

+p◦(x, t, a)

(
∂u◦

∂a
(x, t, a)− ∂ū

∂a
(x, t, a)

)
dxdtda

+p◦(x, t, a)(−k△xu
◦(x, t, a) + k△xū(x, t, a))dxdtda

+

∫
Q

p◦(x, t, a)

(
µ(x, t, a, u◦(x, t, a))u◦(x, t, a)− µ(x, t, a, ū(x, t, a))ū(x, t, a)

)
dxdtda

+

∫
Q

p◦(x, t, a)

(
Φ(P ◦

w(x, t))u
◦(x, t, a)− Φ(P̄w(x, t))ū(x, t, a)

)
dxdtda

≥
∫
Q

{
v(x, t, a)g(x, t, a) + p◦(x, t, a)v(x, t, a)− ∂p◦

∂t
(x, t, a)− ∂p◦

∂t
(x, t, a)

−p◦(x, t, 0)β(x, t, a)− k△xp
◦(x, t, a) + p◦(x, t, a)µu(x, t, a, u

◦(x, t, a))u◦(x, t, a)

+p◦(x, t, a)µ(x, t, a, u◦(x, t, a)) + Φ(P ◦
w(x, t))p

◦(x, t, a)

+ΦPw(P
◦
w(x, t))

∫ A

0

w(x, a)p◦(x, t, α)u◦(x, t, α)dα

}(
u◦(x, t, a)− ū(x, t, a)

)
dQ

= 0.
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Let us denote by d(v) the infimum of the problem (Du). Then the above argument
shows that

(3.2) d(v) ≥ J(ū, v)

holds for every v ∈ U. If we denote by L(p, u, v) the objective function of the
problem (Du), that is,

L(p, u, v) =

∫
Q

v(x, t, a)g(x, t, a)u(x, t, a) + p(x, t, a)v(x, t, a)u(x, t, a)

+p(x, t, a)

(
∂u(x, t, a)

∂t
+
∂u(x, t, a)

∂a
− k△xu(x, t, a)

+µ(x, t, a, u(x, t, a))u(x, t, a) + Φ(Pw(x, t))u(x, t, a)

)
dxdtda

then it follows from (3.2) and a well-known inequality of game theory that

inf
p
sup
v
L(p, u, v) ≥ sup

v
inf
p
L(p, u, v) = sup

v
d(v) ≥ sup

ū,v
J(ū, v).

For given v(·) ∈ U, we have∫
Q

K(p(x, t, a)) + p(x, t, a)

(
∂u(x, t, a)

∂t
+
∂u(x, t, a)

∂a
− k△xu(x, t, a)

+µ(x, t, a, u(x, t, a))u(x, t, a) + Φ(Pw(x, t))u(x, t, a)

)
dxdtda

= sup
v
L(p, u, v).

If we denote by inf(D) the infimum of (D) and sup(P) the supremum of (P), then
we obtain that

inf(D) ≥ sup(P).

We next prove the duality theorem that under certain conditions sup(P) coincides
with inf(D). If (u◦, v◦) attains sup(P), then, by Theorem 2.1 and Lemma 3.1, there
exists p◦ > 0 satisfying

−∂p
◦

∂t
(x, t, a)− ∂p◦

∂a
(x, t, a)− k∆xp

◦(x, t, a)+ µ◦
u(x, t, a, u

◦(x, t, a))u◦(x, t, a)p◦(x, t, a)

+µ(x, t, a, u◦(x, t, a))p◦(x, t, a) + Φ(P ◦
w(x, t))p

◦(x, t, a)

+

∫ A

0

w(x, a)ΦPw(P
◦
w(x, t))u

◦(x, t, α)p◦(x, t, α)dα− β(x, t, a)p◦(x, t, 0)

= −v◦(x, t, a)g(x, t, a)− v◦(x, t, a)p◦(x, t, a) in Q,

∂p◦

∂η
(x, t, a) = 0 on Σ,

p◦(x, T, a) = p◦(T ) = 0 in Ω× (0, A),

p◦(x, t, A) = p◦(A) = 0 in Ω× (0, T ),
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and ∫
Q

vu◦p◦ + vgu◦dxdtda ≤
∫
Q

v◦u◦p◦ + v◦gu◦dxdtda.

Moreover, we have

K(p◦(x, t, a)) = v◦gu◦ + p◦v◦u◦ a.e., (x, t, a) ∈ Q.

Therefore, we conclude that∫
Q

K(p◦(x, t, a)) + p◦(x, t, a)

(
∂u◦(x, t, a)

∂t
+
∂u◦(x, t, a)

∂a
− k△xu

◦(x, t, a)

+µ(x, t, a, u◦(x, t, a))u◦(x, t, a) + Φ(P ◦
w(x, t))u

◦(x, t, a)

)
dxdtda

=

∫
Q

v◦(x, t, a)g(x, t, a)u◦(x, t, a) + p(x, t, a)

(
∂u◦(x, t, a)

∂t
+
∂u◦(x, t, a)

∂a

−k△xu
◦(x, t, a) + µ(x, t, a, u◦(x, t, a))u◦(x, t, a) + Φ(P ◦

w(x, t))u
◦(x, t, a)

+v◦(x, t, a)u◦(x, t, a)

)
dxdtda

=

∫
Q

v◦(x, t, a)g(x, t, a)u◦(x, t, a)dxdtda.

By the weak duality theorem, the supremum of the primal problem (P) is equal to
the infimum of the dual problem (D) and that (p◦, u◦) attains the infimum of the
dual problem (D). This completes the proof. 2

We now briefly illustrate how our results apply to optimal control problems.

Example 3.4. We consider an optimal control problem as follows:

(P′) sup
v∈U

J(v) =

∫
Q

v(x, t, a)g(x, t, a)u(x, t, a)dxdtda

subject to

∂u

∂t
(x, t, a) +

∂u

∂a
(x, t, a)− k∆xu(x, t, a) +

1√
u(x, t, a)

u(x, t, a)

+

(
K − (

∫ A

0

1√
2π
e−

α2

2 u(x, t, α)dα)2
)
u(x, t, a) = −v(x, t, a)u(x, t, a)

in Q = Ω× (0, T )× (0, A),

∂u

∂η
(x, t, a) = 0 on Σ = ∂Ω× (0, T )× (0, A),

u(x, 0, a) = u0(x, a) in Ω× (0, A),

u(x, t, 0) =

∫ A

0

β(x, t, a)u(x, t, a)da in Ω× (0, T ),

Pw(x, t) =

∫ A

0

1√
2π
e−

α2

2 u(x, t, α)dα in Ω× (0, T ).
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Here, we take µ(u) = 1/
√
u, w(x, α) = 1√

2π
e−

α2

2 , 0 ≤ α ≤ A and

Φ(ψ) =

{
K − ψ2, K > 0, 0 ≤ ψ ≤

√
K,

0, otherwise.

We will check hypotheses (H7) and (H8).

For u◦ > ū ≥ 0, we get

(µu(u
◦)u◦ + µ(u◦)) = (−1

2

1√
u◦

+
1√
u◦

) =
1

2

1√
u◦

≤ 1√
u◦ +

√
ū

=

√
u◦ −

√
ū

u◦ − ū
=
µ(u◦)u◦ − µ(ū)ū

u◦ − ū
.

Since P ◦
w =

∫ A
0

1√
2π
e−

α2

2 u◦dα ≥ P̄w =
∫ A
0

1√
2π
e−

α2

2 ūdα for u◦ ≥ ū, we obtain

Φ(P ◦
w)u

◦ − Φ(P̄w)ū

= Φ(P ◦
w)u

◦ − Φ(P̄w)u
◦ +Φ(P̄w)u

◦ − Φ(P̄w)ū

= (K − (P ◦
w)

2)u◦ − (K − (P̄w)
2)u◦ + (K − (P̄w)

2)u◦ − (K − (P̄w)
2)ū

≥ − 2P ◦
w(P

◦
w − P̄w)u

◦ + (K − (P ◦
w)

2)(u◦ − ū)

= ΦPw(P
◦
w)(P

◦
w − P̄w)u

◦ +Φ(P ◦
w)(u

◦ − ū).

The dual problem to (P′) can be formulated via the dual problem of this abstract
one. In order to obtain it, we need to evaluate K(p(x, t, a), u(x, t, a)) which given
by

K(p(x, t, a)) = sup
v∈U

{
v(x, t, a)g(x, t, a)u(x, t, a) + p(x, t, a)v(x, t, a)u(x, t, a)

}
.

Hence the dual problem to (P′) becomes

(D′) inf
p∈V

∫
Q

K(p(x, t, a)) + p(x, t, a)

(
∂u(x, t, a)

∂t
+
∂u(x, t, a)

∂a
− k△xu(x, t, a)

+
1√

u(x, t, a)
u(x, t, a) +

(
K − (

∫ A

0

1√
2π
e−

α2

2 u(x, t, α)dα)2
)
u(x, t, a)

)
dxdtda
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subject to

− ∂p

∂t
(x, t, a)− ∂p

∂a
(x, t, a)− k∆xp(x, t, a)−

1

2

1√
u(x, t, a)

p(x, t, a)

+
1√

u(x, t, a)
p(x, t, a) +

(
K − (

∫ A

0

1√
2π
e−

α2

2 u(x, t, α)dα)2
)
p(x, t, a)

+

∫ A

0

1√
2π
e−

a2

2

(
− 2

∫ A

0

1√
2π
e−

α2

2 u(x, t, α)dα

)
u(x, t, α)p(x, t, α)dα

− β(x, t, a)p(x, t, 0)

=− v(x, t, a)g(x, t, a)− v(x, t, a)p(x, t, a) in Q,

(3.3)

(3.4)
∂p

∂η
(x, t, a) = 0 on Σ,

(3.5) p(x, T, a) = p(T ) = 0 in Ω× (0, A),

(3.6) p(x, t, A) = p(A) = 0 in Ω× (0, T ).

From the above facts and Theorem 3.3, we obtain the following result:

Theorem 3.5. If the assumptions (H1) − (H8) are satisfied and (u◦, v◦) attains
the supremum of (P′) then there exists p◦ which is a positive adjoint solution of the
adjoint system (4.1)-(4.4) such that (p◦, u◦) attains the infimum of (D′). Further-
more, the supremum of (P′) is equal to the infimum of (D′).
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