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ON QUASI-CLASS A OPERATORS

In Hyoun Kim, B. P. Duggal and In Ho Jeon∗

Abstract. LetQA denote the class of bounded linear Hilbert space
operators T which satisfy the operator inequality

T ∗|T 2|T ≥ T ∗|T |2T.
Let f be an analytic function defined on an open neighbourhood U
of σ(T ) such that f is non–constant on the connected components
of U . We generalize a theorem of Sheth [10] to f(T ) ∈ QA.

1. Introduction

Let B(H) denote the algebra of bounded linear operators on a Hilbert
space H. Recall ([3]) that T ∈ B(H) is called p-hyponormal if (T ∗T )p ≥
(TT ∗)p for p ∈ (0, 1] and T is called paranormal if ||T 2x|| ≥ ||Tx||2 for all
unit vector x ∈ H, and we say that T ∈ B(H) belongs to classA if |T 2| ≥
|T |2. We shall denote classes of p-hyponormal operators, paranormal
operators, and class A operators by H(p), PN , and A, respectively. It
is well known that

(1) H(p) ⊂ A ⊂ PN .

In [6] Jeon and Kim considered an extension of the notion of class A
operators; we say that T ∈ B(H) is quasi-class A if

T ∗|T 2|T ≥ T ∗|T |2T.
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We shall denote the set of quasi-class A operators by QA. Class QA
properly contains class A. Actually, as shown in [6, Lemma 1], an oper-
ator T ∈ QA has a matrix representation

(2) T =

(
A B
0 0

)(
T (H)
T ∗−1(0)

)
,

where A ∈ A. It is well known that

(3) H(p) ⊂ A ⊂ QA.

In view of inclusions (1) and (3), it seems reasonable to expect that the
operators in class QA are paranormal. But there exists an example of
a class QA operator which is not paranormal ([6]).

We denote the spectrum and the closure of numerical range of an
operator T ∈ B(H) by σ(T ) and W (T ), respectively. I. H. Sheth [10]
showed that if T is a hyponormal operator and S−1TS = T ∗ for an
operator S such that 0 /∈ W (S), then T is self-adjoint.

In this paper we extend this result to f(T ) ∈ QA, where f is an
analytic function defined on an open neighbourhood U of σ(T ) such
that f is non–constant on the connected components of U : this also
generalizes results proved in [8] and [7].

2. Sheth’s theorem

For T ∈ B(H), let H(T ) denote the set of functions f which are
analytic on an open neighbourhood U of σ(T ); let Hc(T ) denote those
f ∈ H(T ) which are non–constant on the connected components of U .
Generalizing a result of Sheth [10], we show in the following that if

f(T )∗S = Sf(T ), where f(T ) ∈ QA and 0 /∈ W (S), then T = T0 ⊕ T1

for some nilpotent operator T0 and an operator T1 quasisimilar to a
self-adjoint operator. We start with some complementary results.

Lemma 2.1. (i) [2, Theorem 2.1] If T ∈ A, then |T |T is semi–
hyponormal and σ(|T |T ) = {r2eiθ : reiθ ∈ σ(T )}.

(ii) [7, Lemma 3] For every T ∈ B(H), (T ∗|T |2T ) 1
2 ≥ |T |2 ⇐⇒

(|T ∗||T |2|T ∗|) 1
2 ≥ |T ∗|2.
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(iii) [5, Theorem 1(i)] If M,N ∈ B(H) are positive operators and
p, r ≥ 0, then

(N
r
2MpN

r
2 )

r
p+r ≥ N r =⇒ (M

p
2N rM

p
2 )

r
p+r ≤ Mp.

We say that a pair of operators X,Y ∈ B(H) are semi–similar if
there exists a sequence of mutually orthogonal self–adjoint projections
{Pi} commuting with X and Y such that

∑
i Pi = I and for each i

there exists an invertible operator Li on PiH so that L−1
i XLi = Y |PiH.

Observe that semi–similarity implies quasi–similarity.

Theorem 2.2. Let T ∈ B(H) be such that f(T ) ∈ QA. If

Sf(T ) = f(T )∗S

for some operator S ∈ B(H) such that 0 /∈ W (S), then T is the direct
sum of a nilpotent operator T0 and an operator T1 which is semi similar
to a self–adjoint operator. In particular, if f(z) = zn for some odd
integer n ≥ 1, then T is the direct sum of an n-nilpotent operator and
a self–adjoint operator.

Proof. LettingR denote the real line, the hypothesis Sf(T ) = f(T )∗S
implies that f(σ(T )) = σ(f(T )) ⊆ R [11, Theorem 1]. Set f(T ) = E;
then E ∈ QA, and so

E =

(
A B
0 0

)(
E(H)
E∗−1(0)

)
,

where A ∈ A and σ(E) ⊆ σ(A) ∪ {0} [6, Lemma 1]. Let S1 = S|E(H).

Then S1 ∈ B(E(H)), 0 /∈ W (S1) and S1A = A∗S1. Hence σ(A) ⊆ R,
and this (by Lemma 2.1(i)) implies that the semi–hyponormal operator
|A|A has real spectrum. Since a semi–hyponormal operator with real
spectrum is necessarily self–adjoint, |A|A is self–adjoint. Consequently,

|A||A|2|A| = A∗|A|2A = |A2|2, and hence

|A2| = (|A||A∗|2|A|)
1
2 = (A∗|A|2A)

1
2 .

Observe that A ∈ A implies that |A|2 ≤ |A2| = (A∗|A|2A) 1
2 . Applying

Lemma 2.1(ii), it follows that (|A∗||A|2|A∗|) 1
2 ≥ |A∗|2. Choose p = r = 2,

M = |A| and and N = |A∗| in Lemma 2.1(iii); then (|A||A∗|2|A|) 1
2 ≤

|A|2. Hence |A|2 = |A2|, which implies that A∗(A∗A− AA∗)A = 0, i.e.,
A is quasihyponormal. Since a quasihyponormal operator A with real
spectrum (hence, Lebesgue area measure m(σ(A)) = 0) is normal [1], it
follows that A is self–adjoint.
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Let

|E| =
(

A11 A12

A∗
12 A22

)(
E(H)
E∗−1(0)

)
.

Then A11 = |A| and

|E|2 =
(

|A|2 + |A∗
12|2 ∗

∗ |A12|2 + |A22|2
)

=

(
|A|2 AB
B∗A |B|2

)
,

which implies that A12 = 0 and |E| = |A| ⊕ |B| with AB = 0. Since
E2 = A2 ⊕ 0, |E2| = |A2| ⊕ 0 and it follows that

E∗{(|A2| ⊕ 0)− (|A|2 ⊕ |B|2)}E = E∗{0⊕−|B|2}E ≥ 0.

Hence B = 0, which implies that E = f(T ) is self–adjoint. Applying
[4, Theorem 3.1] to the equation f(T ) = E, E self-adjoint, it follows
that T is the direct sum of a nilpotent operator T0 and an operator T1

semi–similar to a self-adjoint operator.
Now let f(z) = z2m+1 for some non–negative integer m. Then

T = T0 ⊕ T1 = T0 ⊕H ⊕
(

B C
0 −B

)
,

where T0 is (now) 2m + 1-nilpotent, H is self-adjoint and B, C are
commuting one–one positive operators [9, Theorem 3]. Evidently,

F =

(
B C
0 −B

)
∈ QA.

Hence

F ∗{|F 2| − |F |2}F

= F ∗
[(

B4m+2 0
0 B4m+2

)
−
(

B4m+2 CB4m+1

CB4m+1 B4m+2 + C2B4m

)]
F

= F ∗
[(

0 −CB4m+1

−CB4m+1 −C2B4m

)]
F

=

(
0 CB8m+3

CB8m+3 C2B8m+2

)
≥ 0.

This, however, is impossible. Hence the part F is absent, i.e., T =
T0 ⊕H.
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