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STUDY ON THE PERTURBED PIECEWISE LINEAR
SUSPENSION BRIDGE EQUATION WITH VARIABLE
COEFFICIENT

TACKSUN JUNG AND Q-HEUNG CHOTI*

ABSTRACT. We get a theorem that there exist at least two solutions
for the piecewise linear suspension bridge equation with variable
coefficient jumping nonlinearity and Dirichlet boundary condition
when the variable coefficient of the nonlinear term crosses first two
successive negative eigenvalues. We obtain this multiplicity result
by applying Leray-Schauder degree theory.

1. Introduction and statement of main result

The suspension bridge equation is considered as a model of the nonlin-
ear oscillations in differential equation. We consider a one-dimensional
beam of length 7 suspended by cables. When the cables are stretched,
there is a restoring force which is assumed to be proportional to the
amount of the stretching. But when the beam moves in the opposite di-
rection, then there is no restoring force exerted on it. If u(x,t) denotes
the displacement in the downward direction at position z and time ¢,
then a simplified model is given by the equations.

Upy + K1 Uggee + Kou™ = W(ZE) + Ef(l‘, t),
u(0,t) = u(L,t) =0, Uz (0,1) = Uy (L, 1) = 0,
where ut = max{0,u}. Let b(z) be a Hélder continuous function. In

this paper we investigate the multiplicity of the piecewise linear suspen-
sion bridge equation with variable coefficient and Dirichlet boundary
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condition
(11) g + Upgew + b(z)ut =1+ eh(z,t)  in [—g, g] x R,
(1.2) w(E 1) = U (£, 1) = 0,
2 2
(1.3) u is m — periodic in ¢ and even in x and ¢,

where u™ = max{0,u}. McKenna and Walter [3] proved that if b(x) =
b constant and 3 < b < 15, then (1.1) with (1.2) and (1.3) has at least
two solutions by degree theory. Choi and Jung [1] also proved that if
3 < b < 15, then (1.1) with (1.2) and (1.3) has at least three solutions
by the variational reduction method, with replacing the condition for
u(t,z) in (1.3) by
(1.4) u is m — periodic in ¢ and even in z.
Micheletti and Saccon [4] proved that there exists a number d; > 0 such
that for any b with A, —d, < —b < A, and A, < A7 (1.1) with free-ends
boundary conditions, and replacing the right hand side of (1.1) by ¢ > 0
has at least four nontrivial solutions via the critical point theory on the
manifold with boundary induced from the limit relative category of the
torus with one hole. In this paper we improve these results: We prove
that when the variable coefficient of the piecewise linear part crosses first
two successive two negative eigenvalues, (1.1) with (1.2) and (1.3) has
at least two nontrivial solutions.
To state main result explicitly we need the following notations:
The eigenvalue problem

(1.5) Ugt + Upgpe = AU
with (1.2) and (1.3) has infinitely many eigenvalues
(1.6) A = (2n + 1)* — 4m? (m,n=0,1,2,...)

and corresponding normalized eigenfunctions ¢,,, (m,n > 0) given by

2
(1.7) bon = L_ cos(2n+ 1)z for n >0,
m

2
(1.8) Gmn = — cos2mtcos(2n + 1)x for m > 0,n > 0.
T

We note that all eigenvalues in the interval (-19,45) are given by
(].9) )\20 =—-15< )\10 =-3< )\00 =1< Xy =17.



Study on the perturbed piecewise linear suspension bridge equation 235

Let H be the space introduced in section 2.

THEOREM 1.1. Let h € H, ||h|| = 1 and b(x) is a Holder continuous
function with —15 < —b(x) < —3. Then there exists ¢y > 0 depending
on h and b such that if |e| < €, problem (1.1) with (1.2) and (1.3) has
at least two nontrivial solutions.

The outline of the proof is as follows: In section 2, we investigate a
priori bound for the solutions and the equilibrium solution of (1.1) with
(1.2) and (1.3). In section 3, we prove Theorem 1.1 by applying the
Leray-Schauder degree theory.

2. A priori bound and the equilibrium solution

Let @ be the square [7, 7] x[~F, 5] and Hy the Hilbert space defined
by
Hy = {u € L*(Q)| u is even in z}.
The set of functions {¢y,,} is an orthonormal base in Hy. We define a
subspace H of H as follows

H= {U € Hol U = thn¢mna Z |>‘mn|h'3rm < OO}

with a norm
1

lall = 13 [An ] -
Then this normed space H is complete. We are looking for weak solutions
of (1.1) with ( 1.2) and (1.3). A weak solution of (1.1) with (1.2) and
(1.3), which is also called a solution in H, is of the form

U = Z Cmnqun with Ut + Ugpge = Z )\mncmngbmn S H>

i.e., with Y ¢2 M2 < oo, which implies u € H. Thus a weak solution

mn’® mn

of (1.1) with (1.2) and (1.3) is characterized by
(2.1) Ugt + Uggze + 0(x)u’ =1+ €h(x,t)  in H.
Now we consider the eigenvalue problem
T m
TxTT b = An i YA
Yazaz +0(2)y = Any 0 (=5, 5)
T 0
+—)=19"(£=)=0.
Y(EG) =y ()

McKenna and Walter [2] showed that (2.2) has infinitely many eigen-
values A,,, n > 1, and the corresponding eigenfunctions ¢,,, n > 1. We
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assume that the eigenfunctions are normalized with respect to H inner
product (the space H is introduced in section 2). Standard eigenvalue
theory gives that

A0<A1§A2§"', Ak—>+OO as /{Z—>+OO,
77/}0(17)>0 in €.

We have some propositions which are proved in [1].

LEMMA 2.1. (1) uy + Upgee € H implies u € H.

(ii) |Jul| > |Ju||z2, where |lu||r2 denotes the L? norm of u.
(iii) |Jul| = 0 iff ||ul|z2 = 0.

LEMMA 2.2. Let h € H with ||h|| = 1 and a > 0 be given. Then
there exists a constant sqg > 0 so large enough that for all s > sg, all
b(x) with =15+ a < —b(x) < 1 — « and all € € [—1, 1], the problem

(2.2) Ugt + Uggze + b(2)uT =1+ eh(x,t) + s1p(x) in H,
has no solution.

Proof. We suppose that the lemma is false. Then there exist a se-
quence (b, (), €y, up,) with b,(x) € [-15+ o, 1 —al, |e,] < 1 ,u, in H
and (S, )nen such that lim,cos, — +00 and u, are the solutions of
(2.3) U = (Dy + Dyee)  (=bn(x)ul + 1+ e,h + sptbo(x)), in H,

We claim that {u,} is unbounded. In fact, if {u,} is bounded, then
lim;, 00 2 = 0 in @, strongly in L*(Q) and weakly in H. Dividing (2.3)
by s,, we have

(2.4) == (D + ng:m;gc)fl(—bn(gv)(@)Jr + 1teh

Sn Sn Sn

Passing to the limit to both sides of (2.4), we have that
O - (Dtt + Dx:px:v)_l(w(](x))a

which is a contradiction because the left hand side of the equality is 0,
but the right hand side is not equal to 0. Thus lim,,_,« ||u,| = co. Let

Un

Zn = Since {z,} is compact, there exists a subsequence, up to a
n

subsequence, {z,} such that lim,cy 2, = 2 a.e. in Q, strongly in L?(Q)
and weakly in H. Dividing (2.3) by ||u,||, we have

1+¢,h

[

Sn

[

(2.5) Zn = (Dy + Daes) H(—bn(z) 2} + ) + o(x)).
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We suppose that lim,, . ”Z—Z” = s > 0. Passing to the limit in (2.5), we
obtain that
(2.6) 2 = (Dy + Dygee) H(—b(2) 2t 4 s10p(z)).

We claim that (2.6) has only trivial solution z = 0. In fact, we suppose
that z # 0. Multiplying vo(x) to both sides of (2.6) and integrating, we
have

0 < s= /Q (Dyg + Dana) 2200 (x) + b(x) ()t

= \/Q((Dtt + Dazwzx + b(l’))@bo(l’)ZJr - (Dtt + szxx)¢0($)z_>dxv

which is absurd because the right hand side of the above equation is

negative since Ag < 0 and —((Dy + Dygrr)0(2)27 = —Dyrertho(z) 2~ <
0. Thus z = 0. This is a contradiction since ||z|| = 1. We prove the
lemma. [l

The next lemma established a priori bounds for the solutions of (2.2).

LEMMA 2.3. (a priori bound) Let h € H with ||h|| = 1 and o > 0
be given. Then there exist a constant C' > 0 and s, > 0 with s, < S
such that for all s < s,, all b(x) with —15+ a < —b(z) <1 — « and all
epsilon € [—1,1], the solutions u of (2.2) satisty ||u|]| < C.

Proof. By contradiction, we suppose that there exists a sequence
(bp(x), €nyup) with b,(z) € [=156+ a,1 — ], || < 1 ,u, in H and
(8n)nen such that ||u,| — oo, bu(x) = b(x) € [-15+a, 1 —a], s, — .,
s, < s, and u, satisfy the equation

=1+ e h(z,t) + (bp(x) — Ao)ut — (by(x) — Ao)u,, + s,000(2).

Let z, = HZ_:H By the compactness of {z,}, there exists z such that

z, — z, and z is a solution of the equation
(2.8) (Dt + Dypar + b(x) — Ag)z = —Agz™ + Agz™ — b(z)2".
Taking inner product of both sides of (2.8) with (), we have

)

(29) 0 = ((Dtt + Dx:vwx + b((L’ - Ao, 1/}0(1‘))
= (=Mo" + (Ao — b(2))z™, Yo(2)).
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Since —Agz™ + (Ag — b(x))z~ > €|z]|, the right hand side of (2.9) is
bigger than or equal to 0. Thus the only possibility to hold (2.9) is that
z = 0, which is impossible since ||z|| = 1. Thus we prove the lemma. [

LEMMA 24. Leth € H, ||h|| =1 and —15+«a < —b(x) < 1—«. Then
there exists a constant R > 0 (depending on C' which is introduced in
Lemma 2.3) such that any solutions of (2.1) is contained in Bgr(0) and
the Leray-Schauder degree

drs(u = (D + Dygee) ™ (=0(2)u™ + 1+ €h + sy (x)), Br(0),0) = 0
for R > C and s < s,.

Proof. By Lemma 2.2, there exists a constant so > 0 such that if
s > S0, (2.2) has no solution. By Lemma 2.3, there exist a constant
C' and s, > 0 with s, < sp such that if u is a solution of (2.2) with
s < S, then ||ul] < C. Let us choose R so large that R > C. We
note that u — (Dy + Dagzz) (—0(x)u™ + 1+ €h + (1 — N)sotho(z)) # 0
U — (Dy+ Dygr +0(x) — Ao) (= Agu™ 4+ (Ao — b(x))u™ + (1 — X)sotho(z))
on 0Bg(0) for 0 < XA < 1. By the homotopy invariance property, we
have that the Leray-Schauder degree
dLS(U - (Dtt + Dzzzm)_l(_b('r>u+ +1+eh+ SwO(x))a BR<O)7 0)
= dps(u — (Dy + Dagae) " (=b(z)ut + 14 €h
+<1 — )\)Sowo(ﬂf)) + /\Slﬂo(l’), BR(O), O)
= dLs(u — (Dtt + Dxmm)il(—b(l’)qu +1+eh+ S(ﬂ/}o(ﬁ)), BR(O), 0)
= 0’
where 0 < A < 1. Thus we prove the lemma. O

REMARK 1. From Lemma 2.4
drs(u — (Dy + Dmm)_l(—b(gv)uJr + 1+ ¢h),Br(0),0) =0
because 0 < s,.

LEMMA 2.5. For —b(z) < 1 the linear boundary value problem

(2.10) Yazzze + b(x)y =1 in (_ga g),

T v
y(ig) = y"(ig) =0,

Yy is even in x

has a unique positive solution y.
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Proof. (2.10) can be rewritten as
(2.11) (Dyzea — (—b(2)))y =1

with boundary condition. The operator D, ... — (—b(x)) is positive oper-
ator since the eigenvalues of the eigenvalue problem (D, .. — (—b(2)))y =
Ay with boundary condition has are all > 0. Since the right hand side
of (2.11) is 1 and positive, the unique solution of (2.11) is positive. [

LEMMA 2.6. For —b(x) < 1 the boundary value problem

(2.12) Yoree +b(@)yT =1 in (—g, g),
T v
0y Iy = o

Yy Is even in x

has a positive solution y.

Proof. The unique positive solution y of (2.10) with boundary condi-
tion is also a solution of (2.12). O

LEMMA 2.7. Let h € H, |h|| = 1 and —15 < —b(z) < —3. Then there
exists a constant n > 0, ¢g > 0 such that the Leray-Schauder degree

drs(t — (Dy + Dazes) ' (=b(2)ut + 1+ €h), B,(y),0) = —1
for |e| < €y, where y is the positive solution of (2.12)
Proof. (1.1) can rewritten as
(Dt + Dygyr + b(x))u = =b(x)u™ + 1 + €h(x, t).
or
(2.13) U = (Dyt + Dypar + b(2)) " (=b(z)u™ + 1 + eh(z,1)).

Let K be the closure of (Dy + Dyzae +b(2))~1(B), where B is the closed
unit ball centered at y in Ly(€2). Let u be a nontrivial solution of (2.1).
Let w =y + v and ||v|]| = n. Then v satisfies the equation

(218)  (Dut Dasee + b2))o = —b(a)(y +0) + eh(z. 1)
(2.15) v = (Dy + Dygae + b(2)) " (=b(z)(y +v)~ + eh(z,1)).
Let us set f = max |b(x)|. Since ||(y +v)~|| < ||lv~ ]| < |Jv| and

I = b(x)(y +v)~ + eh(z, )| < vl + e
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It follows that

(2.16) v € (e+ pn)K for |e] < ep.
Since w € K satisfies ||(nw — y)™|| < nd(n), we get from (2.16)
1w +y)~ I = ll(=v=y)"Il < (0 + An)d(e0 + Bn).

We set that [|(Dy + Dages + b(2)) 7' = min{—3+b(:cl),—b(x)+15} = L. We
choose ¢y such that ¢y < %n. Then the norm of the right hand side of
(2.15) is
1
1(Dut Daat-b(@)) ™ (=b(@) (y+0) " +eh(z, D) || < 5n+L(
We choose 1 > 0 so small that
(Dt + D + b))~ (=b(x)(y +v) ™ + eh(a, )| <.

It follows that for this value of n there is no solution of (2.1) of the
form u = y + v with ||v|| = 1. The same conclusion holds for solutions
u =y + v of the equation

(Dt + Dyyyy + b(x))u = 1+ XN(—=b(z)u™ + eh(x,1t)).

1
2L?7—|—bn)5(eta+b77).

(217) = (Dy + Dasze + b(@)) "2 (1 + M—=b(z)u~ + eh(z, 1)),

where 0 < A < 1. When A = 1, (2.17) gives the equation (2.1). It follows
from (2.17) that

(2.18) v = (Dy + Daygae + b(z)) " A(=b(2)(y +v)™ + €h(x,1))).

Now we have the same conclusion for the equation (2.18). That is, there
is no solution u = y + v with ||v|| = 1. Since the Leray-Schauder degree
is invariant under a homotopy, we have

drs(t — (Dy + Dazer) " (=b(x)ut + 1 + €h), B,(y),0)

= dps(u — (Di + Dygar + b(x)) 7 (1 + M(=b(2)u™ + eh(z,1))), By(y),0)
= dps(u — (Dy + Daga + b(2)) "1 (1), By(y),0)

=drs(u— (Dy + sz:px)il(l —b(z)u), B,(y),0).

The equation (Dy+ Dppr )u = —b(x)u+1 has a unique solution u(z,t) =
y(x). Thus

dLS(u - (Dtt + Dmm)_l(l - b(x)u)7 Bn(y)7 0)
= dLs(u + (Dtt + Dmm)_l(b(x)u), ,7(0), 0)
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The eigenvalues p of the operator u + (Dy + Dyyae) ' (b(x)u) are con-
nected with the eigenvalues ,uﬁ of Dy + Dz by

b(x)

p—1

[ + (Dtt + mezm)_l(b(x)u> = PUOT Uyt + Upzzx = [

or p =1+ % It follows from (1.9) that there is just one negative

eigenvalue which correspond to A\jg = —3. Thus the usual method of
approximating on finite-dimensional subspaces spanned by eigenvectors
with dimension going to infinity shows that the desired degree is —1.
Thus we prove the lemma. O

3. Proof of Theorem 1.1

By Lemma 2.4, there exists a large number R > 0 (depending on C)
such that the Leray-Schauder degree

dLS(u - (Dtt + Da:mmx>_1(_b<x)u+ +1+eh+ S¢O(x))a BR(())’ O) =0

for R > C and s < s,. By Lemma 2.7, there exists a constant n > 0,
€g > 0 such that the Leray-Schauder degree

drs(u— (Dy + Dmm)’l(—b(:c)u+ +1+4¢€h),B,(y),0) = —1

for |e] < €, where y is the positive solution of (2.12). The Leray-
Schauder degree in the region Br(0)\B,(y) is 1, so there exists the second
solution of (1.1) in the region B(0)\B,(y). Therefore there exist at least
two solutions of (1.1). Thus we complete the proof.
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