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CONVERGENCE OF INTEGRABLE SEMIGROUPS

YouNG S. LEE

ABSTRACT. We study some properties of integrable semigroup and
its generator, and then we establish convergence of integrable semi-
groups on the norming dual pairs.

1. Introduction

Let X and Y be Banach spaces and let (-, -) be a bilinear form on
X x Y which separates points, i.e. (x, y) =0 for all z € X implies y = 0
and (x, y) =0 for all y € Y implies z = 0.

A norming dual pair is a triple (X, Y, (-, -)) satisfying

|z|| = sup{[{z, y)| :y €Y, [ly[| <1}
and

[yl = sup{l(z, )|z € X, |[zf| < 1}.

We will write (X, Y) instead of (X, Y, (-, -)) if the duality pairing
is understood. Note that if (X, Y) is a norming dual pair then Y
is isometrically isomorphic to a closed subspace of X*, and so we can
identify Y as a closed subspace of X*. For more information about the
dual pair, see [2, 3].

We define a locally convex topology on X. For a bounded subset
M CY, py(x) = sup,ep [(z, y)| defines a seminorm on X. Let M be
a collection of bounded subsets of Y. Then the collection of seminorms
{pm : M € M} defines a locally convex topology on X if and only if
M is separating, i.e. for every x € X there exists M € M such that

pav(x) # 0. In this case Ty denotes the locally convex topology on X
induced by {py : M € M}.
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A locally convex topology 7 on X is called consistent if (X, 7)' =Y,
i.e. every 7T-continuous linear functional ¢ on X is of the form ¢(x) =
(x, y) for some y in Y. Every consistent topology is of form 7, for
some separating collection M of bounded subsets of Y, and there exists
a coarsest consistent topology, namely the weak topology o (X, Y) = 7,
where M is a collection of all finite subsets of Y (see [3]).

If 7 is a locally convex topology on X, L(X, 7) is the space of all
T-continuous linear operators on X. If 7 is a norm topology, we write
LX) for L(X, ||-]])

In this paper, we study convergence of integrable semigroups on norm-
ing dual pairs. We introduce integrable semigroup which may have no
continuity properties. And then we establish Trotter-Kato type conver-
gence theorem, i.e. the convergence of generators in some sense implies
the convergence of integrable semigroups.

2. Convergence Theorem

First, we give a definition and some properties of integrable semi-
groups.

DEFINITION 1. Let (X, Y) be a norming dual pair. A semigroup on
(X, Y) is a family of operators {T'(t) : t > 0} C L(X, o) such that
T(t+s)=T(t)T(s) for all s, t > 0 and T(0) = I, the identity operator
on X. A semigroup is said to be exponentially bounded if there exist
M > 1 and w € R such that ||T'(¢)|] < Me** for all t > 0.

An exponentially bounded semigroup is said to be integrable if for
each A\ with Re\ > w, there exists an operator R(\) € L(X, o) such
that

(ROVz, ) = / T eI (W), gt

forallz € X andyeVY.

By the semigroup property of {T'(t) : t > 0}, {R(\) : ReX > w}
is a pseudoresolvent (see [1]). Hence there exists a unique multivalued
operator A such that R(\) = (A —.A)~! and the kernel and the range of
R()) are independent of A (see [4]). If R(A) is injective, then A is single
valued. In this case, we say that {T'(¢) : ¢ > 0} has a generator A and
R(A\) = (A= A)7L In general, R()\) may not be injective because we did
not require any continuity of 7'(¢)x.
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We now state some properties of integrable semigroups.

LEMMA 2. Let {T'(t) : t > 0} be an integrable semigroup on the
norming dual pair (X, Y') with the generator A. Then

(i) for x € X and t > 0 fOtT(s)xds € D(A) and T(t)r — z =
Afot T(s)xds.
(ii) (AR(\) = 1) [, T(s)ads = (T(t) — I)R(\)x for all z € X and t > 0.
(iii) The following statements are equivalent.

(a) x € D(A).
(b) T'(t)zx is continuous at 0.
(¢) limy_y0o AR(N)z = z.

Proof. (i) is Proposition 2.4 in [3].
(ii) By (i), Lemma 4.8 and Proposition 5.3 in [2], we have

(AR(N) — I)/O T(s)xds AR()\)/O T(s)xds

= A/tT(S)R(/\)iL‘dS
= T(t)R(N)x — R(\)x.

(iii) By Proposition 2.4 in [3] , T'(t)z is continuous for each z € D(A).
By the continuity of T'(¢)z for € D(A) and exponential bounded-
ness of ||T'(t)||, (a) implies (b). Suppose that T'(¢)x is continuous
at 0. Then for a given ¢ > 0 there exists a 6 > 0 such that
||T(t)x —x|| <eforall 0 <t <. Let y € Y and ||y|| < 1.

Then

(ARN)x —z, y)
:/ Ne M(T(t)x — x, y)dt

— /0 e M(T(t)x — x, y)dt + /500 e M(T(t)x — x, y)dt.
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Hence we have

ARz —z, )|
< /o |IAe M(T(t)x — =, y)]dt—i—/{s N M(T(t)x — x, y)|dt

0 00
< 6/ )\6_’\tdt+/ e M(Met +1)||||dt
0 5

AM
= e(l—e™) + (e e M) fall.
Since (X, Y) is a norming dual pair, we have limy_ . AR(A\)z = z.
Therefore (b) implies (c) since R(A\)z € D(A), (c¢) implies (a). O

Note that if the generator A is densely defined, then an integrable
semigroup is a Cy semigroup, by Lemma 2 (iii). We now consider the
continuity of semigroups.

DEFINITION 3. Let {T'(t) : t > 0} be a semigroup on (X, Y') and
let 7 be a locally convex topology on X. {T'(¢) : t > 0} is said to be

r-continuous (at 0) if for every x € X T'(t)x is 7-continuous (at 0) in
t>0.

Recall that a semigroup {7'(¢) : ¢ > 0} on a locally convex space
(X, 7) is said to be equicontinuous if for every 7-continuous seminorm
p, there exists a T-continuous seminorm ¢ such that p(7'(t)x) < g(x) for
all z € X and t > 0. A semigroup {7(t) : t > 0} is said to be locally
equicontinuous if {7T'(t) : 0 <t < ¢y} is equicontinuous for each ¢y > 0.
(See [5].)

In general, 7-continuity at 0 does not imply 7-continuity. Since 7-
continuity at 0 implies sequential T-density of D(A), {T'(t) : t > 0} is
T-continuous if it is locally T-equicontinuous by Proposition 3.3 in [3].

THEOREM 4. Let {T'(t) : t > 0} be an equicontinuous integrable
semigroup on the norming dual pair (X, Y') and let T be a consistent
locally convex topology on X. Then {T'(t) : t > 0} is T-continuous at
0 if and only if T — lim) o AR(N)x = x for all x € X. Moreover, R(\)
is injective and so {T'(t) : t > 0} has a generator A such that D(A) is
sequentially T-dense in X.

Proof. The necessary condition is given in Theorem 2.10 in [3].
Since 7 is consistent, there exists a separating collection M of bounded
subsets of Y such that 7 = 7p. Let x € X and § € M. Then there
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exists {x, } in D(A) such that 7 —lim,, . =, = . By Lemma 2, T'(t)z,,
is continuous at 0 and so T'(t)x, is T-continuous at 0. For y € S, we
have

(T()x — =z, y)|
< [(T(x =T@)wn, 9| + (T (O)zn =20, y)| + (20 — 2, Y)l.

By the equicontinuity of {7'(¢) : ¢ > 0}, there exists n such that

(T = zn), y)]+ [0 — 2, y)| <e/2.

Since T'(t)x,, is continuous at 0, there exists § > 0 such that [(T'(t)x, —
Tn, y)| < /2 for all 0 <t < §. Since S € M is arbitrary, T'(t)x is
T-continuous at 0 for all x € X. O

Now we can prove the following convergence theorem for integrable
semigroups.

THEOREM 5. Let T be a consistent locally convex topology on X. Let
{T,(t) : t > 0} and {T'(t) : t > 0} be integrable semigroups on (X, Y)
with the generators A, and A, respectively satisfying ||T,(t)|| < Me**
and ||T(t)|| < Me** for all t > 0.

Suppose that {T,(t) : t > 0} are T-equicontinuous, uniformly in n,
i.e. for any T-continuous seminorm p on X, there exists a T-continuous
seminorm q on X such that p(T,(t)z) < q(x) for allt > 0, z € X, and
n=1, 2, --+. Suppose that 7 — lim,, o, R,(A)x = R(\)z for all z € X.
Then

7— lim T,(t)x =T(t)x

n—oo

for all z € D(A), and the convergence is uniform on bounded t-intervals.

Proof. Since 7 is consistent, 7 = 7 for some separating collection M
of bounded subsets of Y. Let x € D(A) and S € M. Then x = R(\)z
for some z € X and for y € S

(Ta(t)x = T(t)z, y)
= (Tu(t)R(N)z — T(t)R(N)z, y)
= (Ta()R(N)z = Tu(t) Ra(N)2, y) + (Ta(O) Ra(N)z — Ru(N)z, y)
+(R,(N)z— RNz, y) + (R(N)z —T({t)R(N)z, y).
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Since {T,(t) : t > 0} are T-equicontinuous, uniformly in n, there exists
a continuous seminorm ¢ on X such that

(L) R(N)z = T.(t) Ru(N) 2, )] ps(Ta(t)(R ( )2 — Ru(MN)z))

¢(R(A)z — Rn(N)2).
Let € > 0 be given. Since lim,_,o, R,(A)x = R(\)x for all x € X, there
exists ng such that

(Ta)RA)z = To(t) Ba(N) 2z, )| + [(Ba(X)z — R(A)z, y)| <e/2
for all n > ng. By Lemma 2, we have
(Tn(t) Bn(M)z = Rn(M)z, y)

= (()\Rn()\)—l)/o T, (s)zds, y)

00 t t

= / e M(T, /Tn(s)zds—/ T.(s)zds, y)dr
0 0 0
00 t

= / e / (r—l—s)zds—/ T.(s)zds, y)dr
0 0

— /0 Ae—w/t +TTn(s)zds—/0rTn(s)zds, y)dr.

Hence for 0 < ¢ < T we have

00 t+r T
gLAAJW/ wn@m@+AHn@M%mww
t

[e'e) t+r T
gl/Aaww/ W®+/¢Wﬂwmwr
0 t 0

< Mol [ A e

IA A

Mwmw/ A9 (G 1)
0

A
=)

as A — oo. By the similar argument for [(R(\)z —T'(t)R()\)z, y)|, there
exists Ag such that

(Tn(O) RNz = Ba(N)z, 9)| + [(R(AN)z = TO)R(N)z, y)| <&/2

< M|yl (e +1) =0
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for all A\ > X\g. Thus we have |(T,,(t)x — T(t)z, y)| < € for all n > ng
and y € S. Since S € M is arbitrary, the result follows. O

REMARK 6. In addition to assumptions of Theorem 5, suppose that
{T'(t) : t > 0} is continuous at 0. By Theorem 4, the above convergence
theorem holds for all z € X.
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