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AN APPLICATION OF THE LERAY-SCHAUDER
DEGREE THEORY TO THE VARIABLE COEFFICIENT
SEMILINEAR BIHARMONIC PROBLEM

Q-HEUNG CHOI AND TACKSUN JUNG*

ABSTRACT. We obtain multiplicity results for the nonlinear bihar-
monic problem with variable coefficient. We prove by the Leray-
Schauder degree theory that the nonlinear biharmonic problem has
multiple solutions for the biharmonic problem with the variable co-
efficient semilinear term under some conditions.

1. Introduction

In this paper we consider the multiplicity result for the following
biharmonic equation with the variable coefficient semilinear term and
Dirichlet boundary condition

(1.1) Ay + cAu = b(z)ut + sy (), in ,
u =0, Au =0, on 0f)
where A is the Laplace operator is the positive eigenfunction of A+cA —
b(x) with Dirichlet boundary condition. Here € is a bounded domain in
R™ with smooth boundary 0f2, b(x) is Hélder continuous in 2. We set
c € R, u" = max{u,0} and v~ = — min{u, 0}.
Let A\p(k =1,2,---) denote the eigenvalues and ¢y (k = 1,2,---) the

corresponding eigenfunctions, suitably normalized with respect to L?*(£2)
inner product, of the eigenvalue problem

Au+ A u=0 in €2,
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u=20 on 0f2,
where each eigenvalue )y is repeated as often as its multiplicity.
Choi and Jung [1] showed that the problem

(1.2) A?u 4 cAu = but + s, in Q,

u =0, Au =0, on 0f2
has at least two solutions when ¢ < Ay, Mi(A; —¢) < b < Xa(Xg — 0),
s < 0 and when A\ < ¢ < Ay, b < A\(\ —¢), s > 0. They obtained
these results by using the variational reduction method. They [2] also
proved that when ¢ < Ay, Ajf(A —¢) < b < Ag(A2 —¢) and s < 0, (1.2)

has at least three nontrivial solutions by using degree theory. Tarantello
[5] also studied the jumping problem

(1.3) A*u+cAu=b((u+ 1)t - 1), in €,
u =0, Au =0, on Of).

She show that if ¢ < A; and b > A; (A —¢), then (1.3) has at least two
solutions, one of which is a negative solution. She obtained this result by
degree theory. Micheletti and Pistoia [4] also proved that if ¢ < A\; and
b > Aa(A2 — ¢), then (1.3) has at least four solutions by the variational
linking theorem and Leray-Schauder degree theory.

In section 2 we investigate a priori estimate of the solutions of (1.1)

and the no solvability condition. In section 3 we prove the existence of
multiple solutions of (1.1).

2. Preliminaries

Let A\p(k =1,2,---) denote the eigenvalues and ¢ (k = 1,2,---) the
corresponding eigenfunctions, suitably normalized with respect to L?(£2)
inner product, of the eigenvalue problem

Au+Au=0 in €2,
u=>0 on 0f2,

where each eigenvalue A\, is repeated as often as its multiplicity. We
recall that A\; < Ay < A3... = 400, and that ¢1(z) > 0 for x € Q. The
eigenvalue problem

A?u+ cAu=Tu in €,
u =0, Au=0 on 0f)



An application of the Leray-Schauder degree theory 67
has also infinitely many eigenvalues I'y, = Ap(Ax — ¢), & > 1 and corre-
sponding eigenfunctions ¢, k > 1. We note that

AM(A —¢) < Xe(Ag—c¢) < A3(A3—¢) <---.

The eigenvalue problem
Ay + cAu — b(x)u = Au in Q,
u =0, Au=0 on 0f)

has also infinitely many eigenvalues Ay, £ > 1, and ¢p, k > 1 the
corresponding eigenfunctions. We assume that the eigenfunctions are
normalized with respect to H inner product. Standard eigenvalue theory
gives that

A <Ay < A3 <o) A — 400 as k — +o0,

1/11(.I) >0 in €.

Let L?*(Q) be a square integrable function space defined on Q. Any
element v in L*(€2) can be written as

w=Y hgp with > hi < oo
We define a subspace H of L*(Q) as follows
H={ue L) ) |Ax < oo}
Then this is a complete normed space with a norm
lull = ) [Axlhi]2.
Since Ay, — +o00 and c is fixed, we have
(i) A?u+ cAu — b(x)u € H implies u € H.
(i) |lu| > C|lul|L2(q), for some C > 0.
(iii) [|u|/z2(@) = 0 if and only if |lu|| = 0.
Now we investigate the no solvability condition for (1.1):

LEMMA 2.1. Assume that ¢ < Ay and A\, (A, —c¢) < b(x) < Apy1(Ans1—
¢), n > 1. Then we have:
(i) If s > 0, then (1.1) has no solution.
(ii) If s = 0, then (1.1) has only the trivial solution u = 0.
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Proof. We rewrite (1.1) as
(2.1)  (A?+cA—blx) — A)u
= —Mu' + (b(x) + Au” + s ().
Taking the inner product of both sides of (2.1), we have
(2.2) 0 = ((A*+cA—b(x)— A)u, i (z))
= (A’ + (0(x) + A)u” + s (), Pa(x)).
The conditions ¢ < A; and A\, (A, — ¢) < b(z) < Apr1(Apg1 —¢), m >1
imply that A; < 0 and b(z) +A; > 0. Thus it follows that for s > 0 the
left hand side of (2.2) is 0 and the right hand side of (2.2) is positive.

Then (1.1) has no solution. If s = 0, then the only possibility to hold
(2.2) is u = 0. O

LEMMA 2.2. Assume that A\ < ¢ < Ay and b(xz) < A;(A\; — ¢). Then
we have:
(i) If s < 0, then (1.1) has no solution.
(ii) If s = 0, then (1.1) has only trivial solution.

Proof. The conditions A\ < ¢ < Ay and b(z) < A\ (A — ¢) imply that
Ay > 0 and b(x) + Ay <0. It follows that from (2.2),

0 = ((A%+eA—b(x) — Au, a(a))
= (=Mut + (b(z) + A)u™ + sy (x), ¢ (7)) < s.

If s < 0, the left hand side of (2.2) is 0 and the right hand side of
(2.2) is negative. Thus (1.1) has no solution. If s = 0, then the only
possibility to hold the above equation is u = 0. O

We have a prior bound for the solutions of (1.1).

LEMMA 2.3. Assume that Ay < —e < 0 and b(x) + Ay > ¢ > 0. Then
there exist a constant C' > 0 and sq < 0 such that if u is a solution of
(1.1) with s, s > sq, then |ju|| < C.

Proof. From (2.2) we have
s = ((AMut — (b(z) + Ay)u™, ¥y (2)).
Since (Aju® — (b(x) + Ap)u~ < —€|ul, we have

s> / ultn (@) > / win (7).
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Thus if u is a solution of (1.1), we have

(23) (,n(@)] < - (-s),

where s < 0. We argue by contradiction. Suppose that there exists a
sequence (uy, S,) such that s, <0, s, is bounded, ||u,| — oo and u,
satisfy the equations

(A% + cA = b(z) — Ay)u, = =AMyt + (b(x) + Ay, + su001(z).

Let v, = ”Z“Z” . By the compactness of v,,, there exists v such that v,, — v.

v satisfies ||v|| = 1 and
(2.4) (A% +cA —b(x) — Ay)v + At — (b(x) + A)v™ =0.

Since, from (1.1), we have

(A? 4 cA)v, = b(x)v} + snwl ()

lunll”

(2.3) with u,, instead of u and the boundedness of s,, implies that

[ (vn, 1 (2))] <

 €flunll
So we have that |(v,9;(z))] = 0. By (2.4), we obtain

(2.5) /Q(—Alv+ + (b(z) + Ay)v7 )i (z) = 0.

Since —Avt + (b(x) + Ay)v™ > €|v] and 91 (z) > 0, the only possibility
to hold (2.5) is that v = 0, which is impossible, since ||v|| = 1. Thus we
prove the lemma. O

(—sn) — 0 as n — 00.

3. Main result

We have the main result of this paper.

THEOREM 3.1. Let ¢ < Ay and A\, (A, — ¢) < b(z) < Aps1(Ang1 — ©),
n > 1. Then there exists sy < 0 such that for any s with 0 < s < s¢ if n
is even then (1.1) has at least three solutions, one of which is a positive
solution, and if n is odd then (1.1) has at least two solutions, one of
which is a positive solution.

Throughout this section we assume that ¢ < Ay, A, (A, —¢) < b(z) <
)\n+1()\n+1 — C), n Z 1.
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LEMMA 3.1. Assume that ¢ < Ay and \,,(A,—c¢) < b(x) < Apy1(Ans1—
¢), n > 1. Then there exist a constant R > 0 (depending on C' which is
introduced in Lemma 2.3) and so<o such that the Leray-Schauder degree

drs(u — (A + cA)H(b(x)ut + sy (x)), Br(0),0) = 0
for R > C and s > s.

Proof. By Lemma 2.3, there exist a constant C' and sq < 0 such that
if u is a solution of (1.1) with s, s > sg, then [ju|| < C. Let us choose
R such that R > C. By Lemma 2.1, (1.1) has no solution when s > 0.
Let us choose s* > 0 such that (1.1) has no solution. Then the Leray-
Schauder degree drs(u — (A% 4+ cA) 71 (b(z)u™ + s*¢1(z)), Br(0),0) = 0.
Since the Leray-Schauder degree is invariant under a homotopy, we have
that the Leray-Schauder degree

drs(u— (A% + cA) ' (b(z)ut + s (z)), Br(0),0)
= dps(u — (A% + cA) 7 (b(2)u + sy (2)
+A(s" = s)¢1(x)), Br(0),0)
=dps(u— (u— (A* + cA) Hb(z)ut + s*1(z)), Br(0),0)
=0,
where 0 < A <1 and 0 > s > sy. Thus we prove the lemma. O

We note that uy = §-41(z) is a solution of (1.1) and positive under the
condition (¢ < A1, Ap(An —¢) < b(z) < Aps1(Ang1 — ¢)) or the condition
(M < ¢ < Ay, b(x) < A1(A1 — ¢)). We consider the linear problem
(3.1) APy + cAu = sy (1), in

u =20, Au =0, on 0.
This linear problem has a unique solution under the above each condi-
tion, respectively. We now calculate the Leray-Schauder degree of the

operator u — (A? + cA) " (b(z)ut + sy1(x)) on the small neighborhood
of the positive solution y; of (1.1).

LEMMA 3.2. Assume that ¢ < A; and \,,(A,—c¢) < b(x) < A1 (Aps1—
¢), n > 1. Then there exist so < 0 and a small number 1 > 0 such that
for any s with 0 > s > sq, the Leray-Schauder degree

drs(u— (A% + cA) 7 (b(@)u” + sta (@), By(y1),0) = (—1)",

where vy, is the unique negative solution of (3.1).
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Proof. The linear problem (3.1) has a unique solution ;. For s < 0,
st (x) < 0. Since ¢ < Ay, by the standard strong the maximum principle
to w = Awu and consequently to u, the unique solution y; is negative. If u
is a nontrivial solution of (1.1) with u < 0 on Q, then b(z)ut + s (x) <
0, so by the maximum principle as stated above, we derive that u < 0
in . Moreover since b(z)u® + sy (z)) > sii(z)), by the maximum
principle, u > y;. Let K be the closure of (A% + cA — b(z))~(B), where
B is the closed unit ball in Ly(€). Let u be a solution of (1.1) which
is different from the positive solution u; = $-t1(z) of (1.1). Since y; is
negative, we can take n < max |u;(z) — y1(z)| such that the ball B, (y;)
with center y; and radius n does not contain u;. Let us write u = y; +v
and ||v|| = n. Then v satisfies the equation

(3.2) (A% +cA = b))y = bla)(ys +v) + by
— b(a)(yr +v)* — bl

(3.3) v=(A%+cA —b(z))  (b(x)(y1 +v)t —b(z)v).

Let us set 8 = maxb(z). We can easily check that (y; +v)T < vt <
||v]]. Tt follows that

(3.4) v € 261K,
It follows from (3.3) that
(3.5) v+ (A% +cA —b(z))'b(z)v
= (A% +cA —b(z) 'b(x)(y + )"

The function w = £ has the properties [lw|| =1 and w € 28K. Since w

is in compact set and different from zero and since b(x) is not eigenvalue,
inf,, ||w + (A% + cA — b(z))"'b(z)w|| = a > 0. Thus we get the estimate
of the norm of the left hand side of (3.5)

o+ (A% + A = b(@)) " b(a)ol| > an.

By Lemma 1 of [3], there exists a modulus of continuity 6(t) with §(¢) —
0 as t — 0 such that v € K and y; < 0 satisfies ||(tv + y1)T|| < to(¢). It
follows from (3.4) that

1+ 1) ¥l < 2616(25n).
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keeping in mind that ||[(A? + cA — b(z)) 7| = ﬁ, we get the estimate
of the norm of the right hand side of (3.5)

(AZ + A — b(z))2b(x) (41 + v)* < |A’%|25n5<2ﬁn>.

We can choose n > 0 so small that the right hand side is < an and
B, (y1) N {u1} = 0. Thus for this value of n, there is no solution of (1.1)
of the form u = y; 4+ v with ||v|| = n. That is,

u— (A% + cA)Hb(z)ut + sy (z)) #0 on I0B,(y1).
We apply the similar argument to the equation
(3.6)  (A* + cA—b@)u
= Ab(x)u” + (A= 1)b(z)y1 + sii(x) in H,

where 0 < A <1 and u is of the form v = y; + v. Let u be a solution of
the form u = y; + v with ||v|| = n. When A =1, (3.6) is equal to (1.1),
while for any A the function v satisfies the equation

(3.7)  v=(A%+cA — b)) (Ab(z)(y1 +v)T — Ab(z)v)
(3.8) v+ (A% + A —b(x)) Ab(z)v
= (A% +cA —b(2)) 2b(z)(yy +v) 7T
If w is the function w = ¢, then inf,[|w + (A% + cA — b(z)) " Ab(z)w]| =

b > 0. Thus we get the estimate of the norm of the left hand side of
(3.8)

lv 4 (A% + cA — b(x)) "t Ab(z)v|| > bn.
On the other hand, from (3.8) we have
v € 20MK.

By a modulus of continuity §(t), we get the estimate of the norm of right
hand side of (3.8)

I(A* + eA = b(x))" Mb(z)(y1 + )"

B B
< WZBAW(?BM) < WZBAW(?BM)-
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We can choose 7 so small that the right hand side of (3.8) is < bn and
B, (y1) N {u1} = 0. Thus for this value of 7 there is no solution of (1.1)
of the form u = y; + v with ||[v|| = 7. That is,

u—(A%4+cA—b(z)) " (Ab(2)u”+(A=1)b(z)y1+s11 () # 0 on 0B, (y1).
Since the Leray-Schauder degree is invariant under a homotopy, we have
(u— (A% + cA = b(z)) " (Ab(@)u™ + (A = Db(@)y1 + sta(x)), By(y1), 0)
= dps(u— (A% + cA = b(@)) " (=b(x)y1 + s¢1(x)), By (1), 0)
= dps(u— (A + cA) 7 (b(z)u), B,(0),0)

Now we are trying to find the number of the negative eigenvalues of
the equation

(3.9) u— (A + cA) N b(z)u) = ou.
We note that u — (A% +cA) 71 (b(x)u) = ou is equivalent to the equation
1

— 0

(A? 4 cA)u — rb(x)u = 0, where r = N

and o < 0 corresponds to 0 < r < 1. We first consider the eigenvalue
problem

b(x)
W L
Since /\né)g)_c) > 1, re(N (A — ©)) < Ae(Ax — ¢). Thus

)\k()\k — C)
An(An — )

We next consider the eigenvalue problem

(A% + cA)u — 1A (N, —

(3.10) e <

b(z)
u =
)\n—i-l()\n—i-l - C)
Since % <1, r(Ap1(Ang1 — €)) > Ae(Ar — ¢). Thus
)\k<)\k — C)
A1 (Ang1 =€)

(A% + cA)u — A1 (Mpg1 — €)

(3.11)

< Tk

By (3.10) and (3.11),
)\k<)\k — C) /\k()\k — C)
<rg < ———.
)\n—i-l()\n—i-l - C) : /\n()\n - C)
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Thus there exist n number of rp, k = 1,2, -+ ,ninthe areaof 0 < r, < 1,
so there exist n number of negative eigenvalues o of (3.9). Thus we have

drs(u — (A% + cA) L (b(z)u), B,(0),0) = (—-1)",
so we prove the lemma. O
LEMMA 3.3. Assume that ¢ < A; and A\, (A, —c¢) < b(x) < Apy1(Ans1—

¢), n > 1. Then there exists a small number T such that the Leray-
Schauder degree

drs(u — (A + eA) 7 (b(z)u™ + sy (), By (uy),0) = 1,
where u; is the positive solution of (1.1).

Proof. The function u; = VKL (x) is a positive solution. Since the
solutions of (1.1) is discrete, we can choose a small number 7 > 0 such
that B,(u;) does not contain the other solutions of (1.1) except uy. Let
u € Br(uy). Then u can be written as u = u; + w, ||w|| < 7. Then the
Leray-Schauder degree

drs(u— (A% +cA) " (b(@)u" + sth1(2)), Br(u1),0)

= dps(u — u1, Br(uy),0)

= dLS(“a BT<O)a O)

=1
because (A% + cA)u = b(x)u™ + sy (z) has only one solution u = u; in
BT (Ul) [

Proof of Theorem 3.1. By Lemma 3.1, there exists a large number
R > 0 (depending on C) and sy < 0 such that the Leray-Schauder
degree

dLs(u — (AQ + CA)_I(b(JZ>U+ + S¢1(I)), BR(O), 0) =0
for R > C' and s > sg. By Lemma 3.2, there exist sy < 0 and a small
number 7 > 0 such that for 0 > s > s, the Leray-Schauder degree
drs(u— (A% + A = b(x)) ™ (b(w)u™ + s (@), By(yr),0) = (=1)",
where 7, is a solution of (3.1). By Lemma 3.3, there exists a small
number 7 such that the Leray-Schauder degree
drs(u— (A% + eA)H(b(x)ut + sy (7)), B, (u1),0) = 1,

where u; is the positive solution of (1.1). If n is even, then the Leray-
Schauder degree in the region Br(0)\{B,(y1) U B;(u1)} is -2, so there



An application of the Leray-Schauder degree theory 75

exists the third solution in the region Br(0)\{B,(y1)U B;(u1)} of (1.1).
Therefore there exist at least three solutions of (1.1), one of which is
a positive solution. If n is odd, then the Leray-Schauder degree in the
region Br(0)\{B,(y1) UB-(u1)} is 0, so there is no solution in the region
Br(0)\{B,(y1) U B-(u1)} of (1.1). Therefore there exist at least two
solutions of (1.1), one of which is a positive solution. Thus we complete
the proof. O
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