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Abstract

In this paper, we study characterizations of fuzzy weakly r—-M continuous function on r-minimal structures in terms

of generalized fuzzy r—-minimal open sets.

Key Words : fuzzy r-minimal structure, fuzzy weakly r—M continuous, fuzzy r-minimal semiopen, fuzzy r-minimal

preopen, r-minimal regular open, r-minimal 3-open.

.M 2

The concept of fuzzy set was introduced by Zadeh
[12]. Chang [2] defined fuzzy topological spaces using
fuzzy sets. In [3], Chattopadhyay, Hazra and Samanta
introduced a smooth fuzzy topological space which is a
generalization of fuzzy topological space. In [11], Yoo et
al. introduced the concept of fuzzy r-minimal space
which is an extension of the smooth fuzzy topological
space. The concepts of fuzzy r-open sets, fuzzy r
—-semiopen sets, fuzzy r—preopen sets, fuzzy r-(G-open
sets and fuzzy r-regular open sets were introduced in
[1, 4, 5, 6], which are kinds of fuzzy r-minimal
structures. The concept of fuzzy r-M continuity was
also introduced and investigated in [11]. In [8], the au—
thor introduced and studied the concept of fuzzy weak r
-M continuity which is a generalization of fuzzy r-M
continuity. In this paper, we study characterizations of
fuzzy weakly r-M continuous function on r-minimal
structures in terms of generalized fuzzy r—-minimal open
sets [7, 9]: fuzzy r-minimal semiopen sets, fuzzy r
—-preopen sets, fuzzy r—-minimal G-open sets and fuzzy
r—minimal regular open sets.
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2. Preliminaries

Let 7 be the unit interval [0,1] of the real line. A
member A of I¥ is called a fuzzy set of X. By 0 and
i, we denote constant maps on X with value 0 and 1,
respectively. For any A€ I*, A° denotes the comple-
ment 1-A. All other notations are standard notations of
fuzzy set theory.

A fuzzy point x, in X is a fuzzy set =z, is defined
as follows

_Ja, ify=u=,
xa(y)‘{o, if y= .

A fuzzy point z, is said to belong to a fuzzy set A
in X, denoted by z,E 4, if a<A(z) for xE X.

A fuzzy set A in X is the union of all fuzzy points
which belong to A.

Let f: X— Y be a mapping and A€ and BETIY.
Then f(A) is a fuzzy set in Y, defined by

{ A(Z)ze.fw) ;

0, otherwise,

iff(y) =@,
FA) ) = v

for y€Y and f1(B) is a fuzzy set in X, defined by
fH(B)(z) =B(f(z)), zEX.

A fuzzy topology [3, 4 on X is a map T:1% —171
which satisfies the following properties:
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(1) 7(0)=7(1)=1.
(2) T(A, N A= T(A)A T(A,) for A, A, =17
(3) T(U A)= A T(A,) for 4,17

The pair (X;7) is alled a fuzzy topological space.
And A€ 7% is said to be fuzzy r-open (resp., fuz-
zy r—closed) if T(A)=r (resp., T(A°)=r).

Definition 2.1 ([11]). Let X be a nonempty set and r &
(0,11=f. A fuzzy family M:7* —17 on X is said to
have a fuzzy r-minimal structure if the family

M~A{As 1Y M(A)=r}

contains 0 and 1.

Then the (X,M) is called a fuzzy r-minimal space
(simply r—FMS). Every member of A, is called a fuzzy
r—-mirimal open set. A fuzzy set A is called a fuzzy r
-minimal closed set if the complement of A (simply,
A°) is a fuzzy r—minimal open set.

Let (X,M) be an r-FMS’s and r €(0,1]=1,. The fuz-
zy r-minimal closure and the fuzzy r-minimal interior
of A [11], denoted by mC(A4,r) and mlI(A4, ), re-
spectively, are defined as

mC(4, r) =N{BE 1Y B°€M, and AC B});
ml(A,r)=U{Be1* BEM, and BCc A}.

Theorem 2.2 ([11]). Let (X,M) be an r—-FMS and A,B
€ 7 ¥, Then the following properties hold:
(1) mI(4,7) € A and if A is a fuzzy r-minimal open
set, then mlI(A4,r)=A.
(2) AcmC(A4,r) and if A4 is a fuzzy r-minimal
closed set, then mC(A4,r)=A.
(3) If A< B, then mI(A,r) Sml(B,r) and mC(4,r) <
mC(B,r).
4) mI(AN B,r)Sml(A,r) NmI(B,r) and mC(A4,r) U
mC(B,r) cmC(A4 U B,r).
(5) mI(mI(A,r),r)=mlI(A4,r) and mC(mC(A4,r),r)= mC
(A,r).
(6) 1-mC(A,r)=mI(1-A,r) and 1-mI(A,r)=mC(1-A,
7).

Let (X,My) and (Y,M,) be two r—-FMS’s. Then a
function f: X — Y is said to be

(1) fuzzy r-M continuous [11] if for every AE M,,
fH4) is in My

(2) fuzzy weakly r—M continuous [8] if for each
fuzzy point z, in X and each fuzzy r—minimal
open set V containing f(x,), there exists a fuzzy
r-minimal open set G containing z, such that f
(@A <mC(V, r).

3. Characterizations of Fuzzy Weakly
r—M Continuous Functions

Theorem 3.1 ([8]). Let f: X— Y be a function be-
tween r-FMS’s (X,My) and (Y,M,). Then the fol-
lowing statements are equivalent:
(1) f is fuzzy weakly r—M continuous.
@) YU Cml(f " mC(V,r),r) for each fuzzy r
-minimal open set V in Y.
(3) mC(f YmlI(B,r),r)S f Y(B) for each fuzzy r
-minimal closed set B in Y.
(@) mC(f Y WM, f mC(V,r)) for each fuzzy r
-minimal open set V in Y.
Let X be a nonempty set and M:I~ — 1 a fuzzy
family on X. The fuzzy family M is said to have the
property (U) [11] if for A,€ M (€D,

M(U A;) = N M(A,).

Theorem 3.2 ([11]). Let (X,M) be an r-FMS with the
property (U). Then
(1) mI(A4,7r)=A if and only if A is fuzzy r-minimal
open for A€ T¥,
(2) mC(A,r)=A if and only if 4 is fuzzy r-minimal
closed for A€ 717,

Lemma 3.3 ([8]). Let f: X— Y be a function between
r-FMS’s (X,My) and (Y,M,). If M, have property
(0), then the following statements are equivalent:
(1) f is fuzzy weakly r—M continuous.
(2) mC(f "mI(Fr),r) S f Y(F) for each fuzzy r
-minimal closed set £ in Y.
(3) mC(f HmI(mC(B,r),r),r) < f HmC(B,r)) for
each BE Y.
@) fUml(B,r) € ml(f HmC(mI(B,r),r)),r) for each
BeT".
B mC(f YUM,rSfmC(V,r) for a fuzzy r
-minimal open set V in Y.

Definition 3.4. Let (X,My) be an r—-FMS’s and A€

I¥. Then a fuzzy set A is said to be

(1) fuzzy r-minimal semiopen [7] if A <mC(mI(A4,r),
);

(2) fuzzy r—-minimal preopen [9] if A <mI(mC(A4,r),
r);

(3) fuzzy r—minimal B-open [9] if A SmC(mI(mC(4,
r),r),r).

(4) fuzzy r-minimal regular open [9] (resp., fuzzy r
-minimal regular closed if A=mI(mC(A,r)r)
(resp., A=mC(mlI(A,r),r)).

A fuzzy set A is called a fuzzy r-minimal semi-
closed (resp., fuzzy r-minimal preclosed, fuzzy r
-minimal (-closed) set if the complement of A is a
fuzzy r-minimal semiopen (resp., fuzzy r-minimal pre—
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open, fuzzy r-minimal 3-open) set.

Theorem 3.5. Let f: X— Y be a function between r
-FMS’s (X,My) and (Y,M;). If M; has the property
(), then f is fuzzy weakly r—M continuous if and on-
ly if mC(f~ " (mI(mC(B,r),r),r) < f~"(mC(B,r)) for each
fuzzy r-minimal semiopen set B in Y.

Proof. Suppose f is fuzzy weakly r—-M continuous
and let B be a fuzzy r-minimal semiopen set in Y.
Then B<mC(ml(B,r),r) and by the property (0),
mC(mI(B,r),r) is fuzzy r-minimal closed. So by
Lemma 3.3 (3) and mC(B,r)=mC(ml(B,r),r), we have
mC(f {(mI(mC(B,r),r)),r)=mC(f (mI(mC(mI(B,r),r),
r),r) S fHmC(ml(B,r),r) < f {mC(B,r)). Hence mC
(f{(mI(mC(B,r),r),r) < f~ " (mC(B,r)).

For the converse, let V be a fuzzy r-minimal open
set in Y. Then V is also r—minimal semiopen and since
VEml(mC(V,r),r), by hypothesis, mC(f '(¥),r) SmC
(N mImC(V,r),r),r) S f 1 (mC(V,r)). Hence by
Lemma 3.3 (4), f is fuzzy weakly r-M continuous.

Theorem 3.6. Let f: X — Y be a function between r
-FMS’s (X,My) and (Y,M,). If M, has the property
(D), then f is fuzzy weakly r—M continuous if and on-
ly if mC(f™ "mI(mC(B,r),r)),r) < f~ {(mC(B,r)) for each
fuzzy r-minimal preopen set B in Y.

Proof. Let f be a fuzzy weakly r-M continuous
function and B be a fuzzy r—-minimal preopen set in Y.
From the property (U), mC(ml(B,r),r) is fuzzy r
-minimal closed and so mC(B,7)=mC(mI(B,r),r). From
BcmC(mI(B,r),r), we have

mC(f~ Hml(mC(B,r),r),r)
=mC(f {(mI(mC(mI(B,r),r),r)),r)
c fHmCml(B,r),r))
< Y mC(B,r).

Hence we have the result.

For the converse, let V be a fuzzy r-minimal open
set in Y. Then by the property (U), V is also r
-minimal preopen, and since V< mI(mC(V,r),r), it fol-
lows mC(f "(V),r) SmC(f " (mImC(V,r),r),r) S f!
(mC(V,r)). So mC(f (V),r)< f '(mC(V,r)) Hence by
Lemma 3.3, f is fuzzy weakly r—M continuous.

Theorem 3.7. Let f: X — Y be a function between r
-FMS’s (X,My) and (Y,M;). If M; has the property
(0), then the following statements are equivalent:
(1) f is fuzzy weakly r-M continuous.
(2) mC(f Y B),r) < f {mC(B,r)) for each fuzzy
r—minimal preopen set B in Y.
(3) fFUB) SmI(f *(mC(B,r)),r) for each fuzzy
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r—minimal preopen set B in Y.

Proof. (1) = (2) Let f be a fuzzy weakly r—M con-
tinuous function and B be a fuzzy r-minimal preopen
set in Y. Suppose z,& f HmC(B,r)); then there ex—
ists a fuzzy r-minimal open set V containing f(z,)
such that VN B=@. Since B is a fuzzy r-minimal
preopen set, BN mC(V,r)=&. From fuzzy weak r-M
continuity and f(z,)E V, there exists a fuzzy r
-minimal open set G containing z, such that f(G)<
mC(V,r). Then since BNmC(V,r)=&, BN f(G)=3
and so f '"(B)N G=@. This implies =, ZmC(f ' (B),r).
Consequently, mC(f '(B),r) S f "(mC(B,r)).

(2) = (3) For a fuzzy r-minimal preopen set B in
Y, from (2), it follows

B < mlmC(B,r),r)
=1-f "(mC(1-mC(B,7),r))
< 1-mC(f~ (1 -mC(B,r)),r)
= ml(f~{(mC(B,r),r).

(3) = (1) Let V be a fuzzy r—minimal open set in
Y. Then by the property (U), V is also r-minimal
preopen. Hence by Theorem 3.2 and Lemma 3.3, f is
fuzzy weakly r—M continuous.

Theorem 3.8. Let f: X — Y be a function between r
-FMS’s (X,My) and (Y,M,). If M, has the property
(), then f is fuzzy weakly r—M continuous if and on-

ly if mC(f MmI(K,r),r)S f'(K) for each fuzzy r
-minimal regular closed set K in Y.

Proof. Let f be a fuzzy weakly r-M continuous
function and let K be a fuzzy r-minimal regular closed
set in Y. Since A=mC(mI(K,r),r) is fuzzy r-minimal
closed, by Theorem 3.2 and Lemma 3.3, we have mC
(f N mI(Kr),r) = fH .

For the converse, let V be a fuzzy r-minimal open
set in Y. Then since mC(V,r)=mC(mI(mC(V,r),r),r),
mC(V,r) is r-minimal regular closed. By hypothesis,
mC(f ' (V,r)) SmC(f HmI(mC( V,r),r),r) < f " (mC(V,
), that is, mC(f '(V,r)< f "(mC(V,r)). Hence by
Lemma 3.3, f is fuzzy weakly r—M continuous.

Theorem 3.9. Let f: X — Y be a function between r
-FMS’s (X,My) and (Y,M,). It M, has the property
(), then f is fuzzy weakly r—M continuous if and on-
ly if mC(f~"(mI(mC(B,r),r),r) < f "(mC(B,r)) for each
fuzzy r-minimal G-open set B in Y.

Proof. If f is a fuzzy weakly r—M continuous func-
tion, then by Lemma 3.3, easily the result is obtained.

For the converse, let B be a fuzzy r-minimal open
set in Y. Then B is also a fuzzy r-minimal B-open
set. From B<mCmImC(B,r),r),r) and mC(B,r)=
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