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ABSTRACT. The purpose of this paper is to prove strong convergence theo-
rems for finding a common element of the set of fixed points of a weak
relatively nonexpansive mapping and the set of solutions of the varia-
tional inequality for an inverse-strongly-monotone mapping by a new hy-
brid method in a Banach space. We shall give an example which is weak
relatively nonexpansive mapping but not relatively nonexpansive mapping
in Banach space 12. Our results improve and extend the corresponding
results announced by Ying Liu[Ying Liu, Strong convergence theorem for
relatively nonexpansive mapping and inverse-strongly-monotone mapping
in a Banach space, Appl. Math. Mech. -Engl. Ed. 30(7)(2009), 925-932]
and some others.

AMS Mathematics Subject Classification : 47H05, 47TH09, 47H10.

Key words and phrases : Relatively nonexpansive, weak relatively non-
expansive, inverse-strongly monotone, variational inequality, p-uniformly
convex.

1. Introduction

Let E be a Banach space with dual E*, || - || denote the norm, and (z, f)
denote the value of f € E* at x € E. Suppose that C is a nonempty closed
convex subset of F and A is a monotone operator of C into E*. Then, we study
a variational inequality problem [1]: Find a point u € C such that

(v—u,Au) >0, YveC.

The set of solutions of the variational inequality problem is denoted by VI(C, A).
An operator A of C into E* is said to be a-inverse-strongly-monotone [2-3], if
there exists a positive real number « such that

(x —y, Az — Ay) > a||Ax — Ay|)?, Vz,y e C.
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If A is an a-inverse-strongly-monotone mapping, then it is obvious that A is
é-LipSChitZ continuous. A mapping T : C' — C' is said to be nonexpansive if

[Tz =Tyl < ||z - yll

for every z,y € C' .

In 2005, Iiduka and Takahashi [4] proved strong convergence theorems for
finding a common element of the set of solutions of the variational inequality
problem for an inverse-strongly- monotone mapping and the set of fixed points
of a nonexpansive mapping in a Hilbert space. In the meantime, Matsushita
and Takahashi [5] proved a strong convergence theorem for relatively nonexpan-
sive mappings in a Banach space using the hybrid method. Later, liduka and
Takahashi [3] proved a weak convergence theorem for finding a solution of the
variational inequality problem with an operator A that satisfies the following
conditions in a two-uniformly convex and uniformly smooth Banach space E:
(A1) A is a a-inverse-strongly-monotone;

(A2) VI(C, A) # 0
(A3) || Ay|| < ||Ay — Au|| for all y € C and v € VI(C, A).

Recently, Iiduka and Takahashi [2] also introduced a hybrid type method
for finding a solution of the variational inequality problem with an operator A
satisfying (A1)-(A3) in a two-uniformly convex and uniformly smooth Banach
space.

In 2009, Ying Liu [9] established a hybrid method for finding a common
element of the set of solutions of a variational inequality problem and the set of
fixed points of a relatively nonexpansive mapping in a Banach space.

Inspired and motivated by these results above, The purpose of this paper is
to prove strong convergence theorems for finding a common element of the set
of fixed points of a weak relatively nonexpansive mapping and the set of solu-
tions of the variational inequality for an inverse-strongly-monotone mapping by
a new hybrid method in a Banach space. We shall give an example which is
weak relatively nonexpansive mapping but not relatively nonexpansive mapping
in Banach space [2. Our results improve and extend the corresponding results
announced by Ying Liu[Ying Liu, Strong convergence theorem for relatively non-
expansive mapping and inverse-strongly-monotone mapping in a Banach space,
Appl. Math. Mech. -Engl. Ed. 30(7), 925-932 (2009) DOI: 10.1007/s10483-
009-0711-y] and some others.

2. Preliminaries

A multi-valued operator T : E — 2F" with domain D(T) = {z € E: Tz #
0} and range R(T) = U{Tz € E* : z € D(T)} is said to be monotone if
(1 — 2,91 — y2) > 0 for each x; € D(T) and y; € Tx;,i = 1,2. A monotone
operator T is said to be maximal if its graph G(T') = {(z,y) : y € Tz} is not
properly contained in the graph of any other monotone operator.
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We define a function ¢ : [0,2] — [0, 1], called the modulus of convexity of E,

as follows:
5(6) = int{1 — |“ Y] g €U o — gl > o).

Then, E is uniformly convex if and only if §(¢) > 0 for all € € (0,2]. Let p be
a fixed real number with p > 2. A Banach space E is said to be p-uniformly
convex if there exists a constant ¢ > 0 such that §(e) > ce? for all € € (0,2].

It is also very well known that if C' is a nonempty closed convex subset of
a Hilbert space H and Po : H — (' is the metric projection of H onto C,
then Po is nonexpansive. This fact actually characterizes Hilbert spaces C
and consequently, it is not available in more general Banach spaces. In this
connection, Alber [22] recently introduced a generalized projection operator Il
in a Banach space F which is an analogue of the metric projection in Hilbert
spaces.

Next, we assume that F is a real smooth Banach space. Let us consider the
functional defined as [20,21] by

Sy, ) = llyl* = 2(y, Jz) + ||« (2.1)

for all x,y € E. Observe that, in a Hilbert space H, (2.1) reduces to ¢(y,x) =
||'r - y||23I7y €H.

The generalized projection Il : E — C' is a map that assigns to an arbitrary
point z € E the minimum point of the functional ¢(z,y), that is, Ilcx = T,
where T is the solution to the minimization problem

o(Z,x) = min o(y, ), (2.2)

existence and uniqueness of the operator Il follow from the properties of the C
functional ¢(x,y) and strict monotonicity of the mapping J (see, for example,
[22-24]). In Hilbert spaces, Illc = Pc. It is obvious from the definition of
function ¢ that

(lyll = llzl)? < ¢y, ) < (lyll + =) (2.3)
for all x,y € E.

Remark 1. If F is a reflexive strictly convex and smooth Banach space, then
for z,y € E, ¢(x,y) = 0 if and only if x = y. It is sufficient to show that
if ¢(z,y) = 0 then x = y. From (2.3), we have ||| = |ly||. This implies
(z, Jy) = ||z||*> = ||Jy||*>. From the definitions of J, we have Jx = Jy. That is,
x = y; see [23,24] for more details.

A Banach space F is said to have the Kadec-Klee property if a weakly conver-
gent sequence {z,} in E with limit xg € E satisfies that lim,, o ||z, || = ||zol,
then {x,,} converges strongly to xg. It is obvious that if E is uniformly convex,
F has the Kadec-Klee property.

Let C be a nonempty closed convex subset of E, and let T' be a mapping from
C into itself. We denote by F(T) the set of fixed points of T
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A point p in C is said to be an asymptotic fixed point of T" if C' contains a
sequence {z,} which converges weakly to p such that lim,, o || 7%, — 2n|| = 0.
The set of asymptotic fixed point of T" will be denoted by b ﬁ(T)

A mapping T of C into itself is said to be relatively nonexpansive [5,10,11] if
the following conditions are satisfied:

(1)F(T) is nonempty;

(2)p(u, Tz) < Pp(u,x), Yu € F(T),z € C;

(B)F(T)=F(T).

The hybrid algorithms for fixed point of relatively nonexpansive mappings and
applications have been studied by many authors, for example [10-15].

A point p in C is said to be a strong asymptotic fixed point of T' [16,17] if C
contains a sequence {z,, } which converges strongly to p such that lim,_, o || T2, —
2|l = 0. The set of strong asymptotic fixed points of T’ will be denoted by F(T).
A mapping T from C into itself is called weak relatively nonexpansive if

(1)F(T) is nonemptys;

(2)p(u, Tz) < Pp(u,x), Yu € F(T),z € C;

B)F(T) = F(T).

Remark 2. In [17], the weak relatively nonexpansive mapping is also said to
be relatively weak nonexpansive mapping.

Remark 3. In [18], the authors have given the definition of hemi-relatively
nonexpansive mapping as follows. A mapping T from C into itself is called
hemi-relatively nonexpansive if

(1)F(T) is nonemptys;

(2)p(u, Tz) < ¢p(u,z), Yu € F(T),z € C.

The following conclusion is obvious.

Conclusion 1. A mapping is closed hemi-relatively nonerpansive if and only if
it is weak relatively nonexpansive.

It is obvious that, if T': E — FE is relatively nonexpansive then using the
definition of ¢ one can show that F(T) is closed and convex. It is also obvious
that, relatively nonexpansive mapping is a weak relatively nonexpansive mapping
and a weak relatively nonexpansive mapping is a hemi-relatively nonexpansive
mapping. In fact, for any mapping T': C — C, we have F(T) C ﬁ(T) C ﬁ(T)
Therefore, if T is relatively nonexpansive mapping, then F(T) = F(T) = F (T).

In recent years, the definition of weak relatively nonexpansive mapping has
been presented and studied by many authors [16-19], but they have not given
the example which is weak relatively nonexpansive mapping but not relatively

nonexpansive mapping. In the following, we give an example in Banach space
2.
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Example. Let FE = [2, where

P={¢= (6,68, 6n ) 0 ) |2a]” <00},
n=1

el = O lenl?)E, v e e ?,

n=1

<£777> = Zﬁnﬁm v 5 = (611527537"‘7&17 )7 n= (n11n277737”~777n'~“) S l2~
n=1

It is well known that, 2 is a Hilbert space, so that (12)* = I?. Let {x,} C E be
a sequence defined by

z0 =(1,0,0,0,...)

z1 =(1,1,0,0,...)

x5 =(1,0,1,0,0,...)
z3 =(1,0,0,1,0,0,...)

Tn :(En,la 571,27 571,3) (X3} fn,/ﬁ )

where
1 if k=1, n+1,
gn,k = .
0 if k#1,k#n+1,
for all n > 1. Define a mapping T : E — F as follows
T(z) = T %n zf x=z,(In>1),
—x if z#z,(Vn>1).

Conclusion 2.1. {z,} converges weakly to x.

Proof. For any f = ((1,(2,(3, .., Ck, ...) € 12 = (I?)*, we have

F@n —20) = (f,2n — 20) = Y Chénk = Cny1 — 0,

k=2
as n — oo. That is, {z,} converges weakly to zo. O

Conclusion 2.2. {z,} is not a Cauchy sequence, so that, it does not converges
strongly to any element of 2.

Proof. In fact, we have ||z, — || = V2 for any n # m. Then {z,} is not a
Cauchy sequence. [

Conclusion 2.3. T has a unique fized point 0, that is F(T) = {0}.
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Proof. The conclusion is obvious. [
Conclusion 2.4. xg is an asymptotic fized point of T .

Proof. Since {x,} converges weakly to g and

n
T —

n+1""

as n — 0o, so that, xg is an asymptotic fixed point of T. O

1
1Txy — 2|l = | $n||:n+1|‘an_>0

Conclusion 2.5. T has a unique strong asymptotic fized point 0, so that,

F(T) = F(T).

Proof. In fact that, for any strong convergent sequence {z,} C F such that
zn — 20 and ||z, — Tz,|| = 0 as n — oo, from conclusion 2.2, there exist
sufficiently large nature number N such that z,, # x,,, for any n,m > N. Then
Tz, = —z, for n > N, it follows from ||z, — Tz,| — 0 that 2z, — 0 and hence
Zn = 20=0. O

Conclusion 2.6. T is a weak relatively nonerpansive mapping.

Proof. Since E = L? is a Hilbert space, we have

¢(0,Tz) = [0 — Tz|* = | Tz|* < ||z[* = ||z — 0> = ¢(0,2), V¥ z€ E.
From conclusion 2.5, we have F(T) = F(T), then T is a weak relatively nonex-
pansive mapping. [

Conclusion 2.7. T is not a relatively nonexpansive mapping.

Proof. From conclusion 2.3 and 2.4, we have F(T) # F(T), so that, T is not a
relatively nonexpansive mapping. [

Let E be a smooth, strictly convex, and reflexive Banach space and J be the
duality mapping from E into E*. Then, J~! is also single-valued, one-to-one
and surjective, and it is the duality mapping from E* into E. We define the
following mapping V:

V(z,z*) = ||z||* — 2{zx,z*) + ||z*||?, Vz € E,z* € E*. (2.4)

We also need the following lemmas for the proof of our main results.

Lemma 2.1 ([6]). Let p be a real number with p > 2 and E be a Banach space.
Then, E is p-uniformly convez if and only if there exists a constant 0 < ¢ <1
such that

1
Ul +yl” + llz = yll?) = ll«l” + llyl®, Va,y € E. (2.5)
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The best constant % in Lemma 2.1 is called the p-uniformly convexity constant

of E. Putting z = “;rb and y = “5% in (2.5), we get that, for all u,v € E,

1
o (™ +oll?) = |

u—+v U—v
R e

Suppose p > 1, the (generalized) duality mapping J, from E into 2" g
defined as

7. (2.6)

Jpr ={v € E* : (z,0) = ||z|I?, lv]| = ||z|"~"}, Va € E.

In particular, J = Jy is called the normalized duality mapping, which has the
following properties:

(1) If E is smooth, J is single-valued.

(2) It E is strictly convex, J is one-to-one.

(3) If E is reflexive, J is surjective.

(4) If F is uniformly smooth, J is uniformly norm-to-norm continuous on each
bounded subset of E.

Lemma 2.2 ([3]). Let p be a given real number with p > 2 and E be a p-
uniformly convex Banach space. Then, for all z,y € E, j, € Jyx and j, € Jpy,
there is

. c?
(T~ Y, Ju —]y> > ﬂ”x —yl”,
where % is the p-uniformly convexity constant of E.

Lemma 2.3 ([5]). Let E be a uniformly convex and smooth Banach space and
let {yn}, {zn} be two sequences of E. If ¢(yn,2zn) — 0 and either {yn} or {z,}
is bounded, then ||y, — zn| — 0.

Lemma 2.4 ([22]). Let C be a nonempty closed convexr subset of a smooth
Banach space E and x € E. Then, xq = lcx if and only if

(xo —y,Jo — Jxg) >0, Vye C.

Lemma 2.5 ([22]). Let E be a reflexive , strictly convex and smooth Banach
space, let C' be a nonempty closed convex subset of E and let x € E. Then

oy, ex) + o(Ilex, x) < ¢(y,x), Yy e C.

Lemma 2.6 ([5]). Let E be a strictly convex and smooth Banach space, let C
be a closed conver subset of E, and let T be a relatively nonexpansive mapping
from C' into itself. Then F(T) is a closed convex subset of C.

Lemma 2.7 ([3]). Let E be a reflexive, strictly conver and smooth Banach space
and V' be defined as in (2.4). Then,

V(e,2*) +2(J 1 (2*) — z,y") < V(z,2* +y*), Vo€ E, 2", y* € E*.
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We denote by N¢(v) the normal cone for C' at a point v € C, that is,
Ne(w)={z*€ E*: (v—y,2* >0 forallyeC}.

Lemma 2.8 ([8]). Let C be a nonempty closed convex subset of a Banach space
E and A be a monotone, hemicontinuous operator of C into E*. LetT C E'x E*
be an operator defined by

T — Av + Ne(v),v € C,
0, ¢ C.

Then, T is mazimal monotone and T~10 = VI(C, A).

Lemma 2.9 ([3]). Let C be a nonempty closed convex subset of a Banach space
E and A be a monotone, hemicontinuous operator of C into E*. Then,

VIC,A)={ueC:{v—u,Av) >0, YveC}.

It is obvious from Lemma 2.9 that the set VI(C, A) is a closed convex subset

of C.

3. Main results

Theorem 3.1. Let C' be a nonempty closed convex subset of a two-uniformly
convex and uniformly smooth Banach space E. Assume that A is an operator
of C into E* that satisfies the conditions (A1)-(A3) and T is a weak relatively
nonezpansive mapping from C into itself such that F = F(T)NVI(C,A) # (.
The sequence {x,} is defined by

g € C chosen arbitrarily,
wy = J 1 (Budr, + (1 — Bo) e (J Tz, — M Azy))),

Zn = HCwna
Yn = J HanJz, + (1 — ay)JT2,), (3.1)
CO = C7

Cn = {U €Cph_1: ¢(van) < ¢(U’mn)}7
Tn+l = ch (xO)v

where {ayn} and {B,} are sequences in [0,1) such that limsup,,_, . o, < 1 and
limsup,,_,o Bn < 1. If {\n} is chosen so that \, € [a,b] with0 < a <b < 5270‘,
then the sequence {x,} converges strongly to llpxg, where % is the two-uniformly
convezity constant of E.

Proof. Firstly, we show that C,, is closed and convex for each n > 0.
From the definition of C,,, it is obvious that C,, is closed for each n > 0. We
show that C,, is convex for each n > 0. Since ¢(v,y,) < ¢(v,z,) is equivalent
to

2(v, Jan — Jyn) + [[ynll® = zal* <0,



weak relatively nonexpansive and inverse-strongly monotone

thus C,, is convex for every n > 0.
Secondly, we prove that F' C C,, for all n > 0.

95

Put u, = J~Y(Jz, — \yAz,) for every n > 0. Let p € F. From Lemmas 2.5

and 2.7, it holds

o(p, Oouy) < d(p,un) = V(p, Jx, — \pAzy,)
<V(p,(Jxy, — M\Azxy) + Ay Azy,)
— 207N (Jxn — MAxy) — p, AnAzy,)
=V(p, Jan) — 2An(upn — p, Azy,)
= (p,xpn) — 200 {xy — P, Axy) + 2{ty, — Tpy — A ATy),

for every n > 0. From condition (A1) and p € VI(C, A), we have

*2/\n<xn - b, Axn> = *2>\n<$n - D, Az, — Ap> - 2)\n<xn - D, Ap>
< =2\l Az, — Apl|]?

for every n > 0. By Lemma 2.2 and condition (A3), we also have

2ty — T, —IpAxy) = 2(J N (Jxp — MAxy) — T 2y, =N\ Azy)
<2 TN Tz — MAzy) — T Nz ||| A Az

4
< S lJzn — MAxy, — Jz ||| A Az ||
C

4 4
SallAza]® < A5 A, — Ap].
Therefore, from (3.2)-(3.4), we have

b
(0 Teun) < 6(p, ) + 2a( 22 — )| Az — Ap|l”

c2

By the convexity of || - ||> and Lemma 2.5, we have

b(p, 2n) < ¢(p,wn)

= plI* = 2(p, Budzn + (1 = Bn) JUc(J " (Jon — AnAzy)))

+ 1Bndzn + (1 = Bn) Jcu,|?

<Pl = 28n(p, Jzn) = 2(1 = B) (p, Jlcuy)
+ Bullzall® + (1 = Bo) Mo |?

= Bud(p, Tn) + (1 = Bn)d(p, Houn)

< o(prn) + (1 Ba)2a(

c2

—a)|| Az, — Apl|*.
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Then,
¢(p7 Yn) = Hp||2 - 2<p7 anJxn + (1 - an)JTZn> + IlOénJZ‘n +(1- Ocn)JTZnH2
< Hp||2 — 2an(p, Jzn) — 2(1 — an)(p, JTzn) + anl\wnllz +(1- an)||TZn||2
= and(p,zn) + (1 — an)d(p, T2n)
< and(p,n) + (1= an)d(p, #n) (3:5)
2b
< opan) + (1 —on)(l— 5n)2a(;2 - a)|| Az, — Apl|?
S ¢(p;xn)

Therefore p € C,, for all n > 0 and hence F' C C,, for all n > 0. Since F is
nonempty, C, is a nonempty closed convex subset of E and thus Il exists for
every n > 0. Hence {z,} is well defined.

Thirdly, we shall show that lim,, .o, z, =T € F(T).
Since x,41 = ¢, (z0), one has
<In+1 —z,Jxg — J.In+1> >0, Vz e C,
and
(Xpt1 —p, Jrg — JTpt1) >0, Vp € F. (3.6)

From Lemma 2.5, one has

(rb(xn—&-la :CO) = ¢(ch (3:0)751:0) S ¢(P, I‘o) - ¢(pa xn+l) < ¢(pa xO)a

for each p € F C C,, and n > 0. Then the sequence {¢(2n+1,%0)} is bounded.

Moreover from (2.3), we have that {z,,} is bounded. Since z,,+1 = II¢, (x0), one
has

¢(n, o) < ¢(Tntm,To), Yn = 0.
Therefore, {¢(zn,x0)} is non-decreasing. It follows that the limit of {¢(zy, x0)}
exists. From Lemma 2.5, we have, for each n > 0,
¢(xn+m7 xn) < Qs(xn—&-ma xO) - ¢($na xO)-

This implies that lim, e @(Tpntm,Tn) = 0. It follows from Lemma 2.3, that
Tptm — Tn — 0 as n — oco. Hence {z,} is a cauchy sequence. Since F is a
Banach space and C is closed and convex, one can assume that z,, - T € C as
n — oo.

Since zp41 = g, (x0) € Cy, from the denition of C),, we also have, for each
n >0,

¢(mn+17 yn) S ¢(mn+17 xn)
Taking n — oo, we have lim,,_, o0 ¢(Zpn11,yn) = 0. Using Lemma 2.3, we obtain

lim ||zp41 — Ynl| = lim ||@p11 — x,]] = 0.
n— oo n— 00
From [z, — ynll < [[2n — Tpy1 |l + |T0ng1 — yull, We have

[0 = ynll = 0, n — o0
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Since J is uniformly norm-to-norm continuous on bounded sets, we have

lim |[|[Jzp41 — Jyn| = li_>m |Jznt1 — Jan|| = li_)m |Jzyn — Jynll = 0. (3.7)

n—oo

Therefore, for each p € F', we have
O, 2n) = S, yn) = 200, Jyn — J2n) + 2l” = lynl?
< 2[|plll[Jyn — Sz (3-8)
+ ([lznll = lyn D Uznll + [lynll) = 0.
On the other hand, we have, for each n > 0,
[Jzns1 = Jynl| = [lan(Jzpir = Jan) + (1 = an)(Jani1 — JTz)|
> (1 —ap)||Jxnt1 — JTzn|| — anl|Jxni1 — Jzp])-

Therefore,

[Jznt1 — JT 2| < (1 Jzn1 = Jynll + anllJTng1 — J2al]).

1—a,
From (3.7) and limsup,,_, . oy, < 1, we obtain

|Jzps1 — JTzn] — 0, n — occ.

Since J~! is also uniformly norm-to-norm continuous on bounded sets, we have

limy, o0 |Zn+1 — T2p|l = 0. From ||z, — Tz < |20, — Tot1ll + [|Tnt1 — T2nll;
we have
lim ||z, —Tz,] =0. (3.9
n— oo

From (3.5), we have

(1= an)(1 = 52022 — &) Az, — ApI® < 6(p.20) = S, yn).

2
By (3.8), limsup,,_, . a, < 1, limsup,,_, . Bn < 1, we have
|Az, — Ap|| = 0, n — oo. (3.10)

From Lemmas 2.5 and 2.7, and (3.4), for each n > 0, we have

& (xn, Moun) < ¢(n, un) = V(zn, Jon — AnAzn)
<V (@n, (Jzn — AnAzn) + AnAzn) — 200N (Jzn — AnAzn) — n, AnAzy)
=V(zn, JTn) — 22X (Un — Tn, Azyn)
= ¢(Tn, Tn) + 2{un — Tn, —AnAzn),
= 2(up — Tn, —AnAzy),
< 02| Az, — Ap].

C

By (3.10), we get
o(zn, Houn) =0, n — oo. (3.11)
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Applying Lemma 2.3, from(3.11), we obtain that

|z — Heouyl = 0, n — occ. (3.12)

Since J is uniformly norm-to-norm continuous on bounded sets, we have
|Jcu, — Jan|| = 0, n — occ. (3.13)
From (3.1) and (3.13), we have

[Jwy = Jzp|| = (1 = Bp)|[JHeun — Jzpn|| = 0, n — occ.

Since J~! is also uniformly norm-to-norm continuous on bounded sets, we have
lim,, o ||wn, — @, || = 0. Since

(b(xnazn) < (b(xnawn) = <$n; Jr, — an> + <wn - xnaan>
< Han”an_anH_"”wn_zn””wnH -0, n— oo

from Lemma 2.3, we have

lim [z, — 2n]| = 0. (3.14)

n— oo

From (3.9) and (3.14), we have
lzn = Tznll < l2n — @ull + |20 — Tzn|| — 0, n — oco. (3.15)

It follows from (3.14) that z, — T as n — oo. From (3.15) and the definition of
T, we have T € F(T).
Fourthly, we aim to prove T € VI(C, A).
From(3.12), we have IIcu,, — T. Let S C E X E* be an operator as follows:
Sp— Av+ Ne(v),v € C,
0, v ¢ C.
By Lemma 2.8, S is maximal monotone and S~10 = VI(C, A). Let (v,w) €

G(S). Since w € Sv = Av+ N¢(v), we have w — Av € Ng(v). From Heu, € C,
we get

(v — e, w — Av) > 0. (3.16)
On the other hand, from Lemma 2.4, we have (v — Hcu,, Jlcu, — Ju,) > 0.

Hence, there is

Jz, — Jllcu,

(v = Heunp, — Ax,) <0. (3.17)
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Then, it holds from (3.16) and (3.17) that, for every n > 0,
(v = Toun, w) > (v —Tou, Av)

> (v — Tty Av) + (v — T, J%‘—Aﬂ = Ay
— (v = Tlotn, Av — Az,) + (v — Houn, w>
= (v —Tlcun, Av — Allcun) + (v — Tcu,, Angun — Az,,)
+ (v — Moy, Jm"_)\—;]lncu">
> —||v— chn”w —lv— chnnw

a

> (!

e I, /e I,
(0% a

where M = sup{|jv — Heu,|| : n > 0}. From (3.12) and (3.13), we have (v —
Z,w) > 0 as n — co. By the maximality of S, we obtain 7 € S0, that is
T € VI(C,A). Therefore, T € F.
Finally, we prove T = llpxo. By taking limit in (3.6), one has
(T—p,Jorg—JT) >0, VpeF.

at this point, in view of Lemma 2.4, one sees that T = Ilgzg. This completes
the proof. [

Taking A = 0, Theorem 3.1 reduces to the following result.

Corollary 3.2. Let C' be a nonempty closed convex subset of a two-uniformly
convezr and uniformly smooth Banach space E. Assume that T is a weak rela-
tively nonexpansive mapping from C' into itself such that F(T) # (). The sequence
{xn} is defined by

g € C chosen arbitrarily,

wy, = J Y (Bpdz, + (1 — Bn)Joxy,),

zp = llcwn,

Yn = J HanJz, + (1 — an)JT2,),

Co =C,

Cn={ve€Cn1:9(v,yn) < o(v,24)},

Tpt1 = e, (20),

where {ay} and {B,} are sequences in [0,1) such that limsup,,_,. o, < 1 and
limsup,, ., Bn < 1. Then the sequence {x,} converges strongly to Upxy, where
% is the two-uniformly convexity constant of E.

Taking o, =0, 8, =0, T = I, Theorem 3.1 reduces to the following result.

Corollary 3.3. Let C' be a nonempty closed convex subset of a two-uniformly
convez and uniformly smooth Banach space E. Assume that A is an operator of
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C into E* that satisfies the conditions (A1)-(A3) and that VI(C, A) # (. The
sequence {x,} is defined by

g € C chosen arbitrarily,

wy, = Ho(J YTz, — MAzy)),

Yn = Heown,

Co=0C,

Cn ={v € Cho1: 9(v,yn) < ¢(v,20)},
Tpy1 = e, (7o),

where {\n} is chosen so that A\, € [a,b] with 0 < a < b < CQT’I, then the se-
quence {x,} converges strongly to llpxg, where % 18 the two-uniformly convexity

constant of E.
We can also get the following result.

Theorem 3.4. Let C' be a nonempty closed convex subset of a two-uniformly
conver and uniformly smooth Banach space E. Assume that A is an operator
of C into E* that satisfies the conditions (A1)-(A3) and T is a relatively non-
expansive mapping from C into itself such that F = F(T)NVI(C,A) # 0. The
sequence {x,} is defined by

o € C chosen arbitrarily,
wy, = J Y Budzn + (1 — Bp)JUc(JH(Jzy — AnAzy))),

Zn = HCwnv
Yn = J HanJz, + (1 — ay)JT2,),
Co =C,

Cy = {U €eChy: ¢(van) < gf)(l],l‘n)},
Tntl = ch (xO)v

where {ayn} and {B,} are sequences in [0,1) such that limsup,,_,. o, < 1 and
limsup,, ., Bn < 1. If {\,} is chosen so that A\, € [a,b] with0 < a < b < 627",
then the sequence {xy} converges strongly to Ilpxg, where % is the two-uniformly
convexity constant of E.
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