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ANTI-PERIODIC SOLUTIONS FOR BAM NEURAL
NETWORKS WITH MULTIPLE DELAYS ON TIME SCALES

JIANGYE SHU AND YONGKUN LI*

ABSTRACT. In this paper, we consider anti-periodic solutions of the follow-
ing BAM neural networks with multiple delays on time scales:

xlA(t) —a;(t)e;(zi(t)) + Z i (8) £ (y; (t — 754)) + Li(t),
Jj=1

V0 = ~0i (O3 (030 + 32 O it = 819) + 50,

where ¢ = 1,2,...,n,7 = 1,2,... ;m. Using some analysis skills and Lya-
punov method, some sufficient conditions on the existence and exponential
stability of the anti-periodic solution to the above system are established.
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1. Introduction

Bi-directional associative memory (BAM) neural network model, proposed by
Kosko [1-3], is a two-layer nonlinear feedback network model. It is often known as
an extension of the unidirectional auto-associator of the Hopfield model, general-
izing the single-layer auto-associative Hebbian correlation to a two-layer pattern-
matched heteroassociative circuit. Since the BAM model presents a flexible non-
linear mapping from input space to output one, it has promising potential for
applications in pattern recognition, artificial intelligence, diagnosing cancer and
solving optimization problems. Recent years, dynamical behaviors, in particu-
lar, the existence and stability of the equilibrium points, periodic and almost
periodic solutions of the continuous time delayed neural networks have been ex-
tensively studied by a large number of scholars (see i.e. [4-7]). Also, there are
some papers to study the dynamics of the discrete time neural networks, such
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as Refs. [8-10]. However, most of the investigations focused on the continuous
or discrete systems, respectively.

It is meaningful to research continuous and discrete systems under the same
framework. Furthermore, dynamic equations on time scales can unify continu-
ous and discrete time models very well. The theory of time scales was initiated
by S.Hilger (1988), it has a tremendous potential for applications in some math-
ematical models of real processes and phenomena studied in physics, population
dynamics, biotechnology, economics and so on. We refer the readers to the
landmark paper of Hilger [11,12], books by Bohner and Peterson [13,14], which
summarize much of time scales calculus.

During the past twenty years, anti-periodic problem of nonlinear differen-
tial equations were considered by many authors, see [15-21] and the references
therein. However, few researches investigated the existence and stability of anti-
periodic solutions of neural networks on time scales. In this paper, we consider
the following BAM neural networks with multiple delays on time scales

a2 (t) = —ai(t)ei(zi(t) + 2 cja(t) fi(y; (t — 750)) + Li(t),i = 1,2,... ,n,

s

Il
—

Yy (t) = —=b;(t)h;(y; (1)) +

(1)
dij (V) gi(zi(t — 0i5)) + J;(1),7=1,2,... ,m,

vl

=1

where t € T, T is a periodic time scale which has the subspace topology inherited
from the standard topology on R; x;(t), y;(t) are the states of the ith neuron in
neural field Fx and jth neuron in neural field Fy; a;(t), b;(t) represent the neuron
charging times; cj;(t), d;;(t) tell the weights of the neuron interconnections;
Tji, 0;; show the axonal signal transmission delays; f;, g; denote the activation
functions of the neurons; I;(t), J;(t) are the external inputs on the neurons. To
the best of our knowledge, there are no papers published on the existence of
anti-periodic solutions of (1). Our main aim of this paper is to establish some
sufficient conditions for the existence and exponential stability of anti-periodic
solutions of (1).

For the sake of simplicity, set [a,blr := {t € T : a < t < b} and assume
that 0 € T, T is unbounded above, i.e. supT = co. What’s more, we will use
x = (z1,...,2)T € R¥ to denote a column vector, in which the symbol ()T
denotes the transpose of a vector. Let |z| be the absolute-value vector given by

k
|z| = (|z1], ..., |zk|), and define || = ||= > |zl
i=1

Let u(t) = (x1(t), ..., zn(t), y1(t),. .. Tym(t))T € C(T,R™™), u(t) is said to
be w-anti-periodic on T, if x;(t + w) = —x;(t), y;(t + w) = —y;(t) for all t € T,
t+weT,i=1,...,n,j5=1,...,m. The initial conditions of (1) are of the
form

xl(s) = 901(8)7 ENS [_7—7 0]11'7 T = 1§i§r£;%)§(j§m{7ﬁ}, = ]-7 cee Ny (2)
yi(s) =¢(s), se[=6,0lr, 0= max {6}, j=1,...,m,

1<i<n,1<j<m
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where ¢; € C([—7,0]r,R), ¥, € C([-9,0]r,R).
For convenience, we introduce some notations

I; = I I= 1 Ji = , J= 7.
i igg’z(tﬂa pax (T}, J; SthPIJJ(t)L J = max {J;}

o ap=inflai(t)], by = inf [bi(t)]

Cji = sup [eji(t)],  dij = sup |di;(t)
teT teT
Denote R* = (0,00), Tt = (0,00)7. Throughout this paper, for i = 1,... ,n,

j=1,..,m, it will be assumed that

(Ho) a;, bj S C(T,R+); ai(t + W)ei 7”) = —ai(t)ei(—r),bj(t + w)hj(r) =
—bi(8)hi(=7); it +w)fj (r) = —cje(D)f; (=7);
dij(t +w)gi(r) = —dij (1) gi(—7); Li(t +w) = =Li(2),J; (1 + w) = = J;(1);
forallt € T, r € R.

(Hi1) ei,dj € C(R,R),there exist constants e; > 0,h; > 0 such that e;|r; —
r2| < sgu(ri — ra2)lei(r1) — ei(r2)], hylr1 — r2| < sgn(ry —r2)[h;(r1) —
hj(re)], for all r1,rs € R, and €;(0) = 0,h,;(0) = 0.

(Hs) There exist nonnegative constants L?Lf such that |f;(r1) — fj(r2) <
Llry = ral,|gi(r1) — gi(ri)| < L{|ry — 7], for all 71,75 € R, and f;(0) =
OagZ<O) = 0.

(H3) There exists a constant n > 0 such that

m n
—aye,+ Y el < —n <0, —bh;+ Y dyLi < -y <0.
j=1 i=1

The organization of the rest of this paper is as follow. In Section 2, we
introduce some definitions and lemmas to make preparations for later sections.
In Section 3, we establish our main results for the existence and exponential
stability of anti-periodic solution of system (1).

2. Preliminaries

In this section, we first recall some basic definitions and lemmas on time scales
used in what follows.

Let T be a nonempty closed subset (time scale) of R. Throughout this paper
we assume that the time scale T has uniformly bounded graininess pu(t). The
forward and backward jump operators o,p : T — R and the graininess p: T —
R+ are defined, respectively, by

o(t) =inf{s € T: s> t}, p(t) =sup{s € T: s < t} and p(t) = o(t) —t.

A point ¢t € T is called left-dense while if ¢ > inf T and p(t) = ¢, left-scattered
if p(t) < t, also, right-dense if ¢ < supT and o(¢t) = ¢, and right-scatter if
o(t) > t. If T has a left-scattered maximum m, then T* = T \ {m}, otherwise
T* = T. If T has a right-scattered minimum m, then Ty = T\ {m} otherwise
Ty =T.
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The notation [a, by means that [a,bly = {t € T : @ < ¢ < b}. The interval
[a,b)T, (a,b]T, (a,b)T are defined similarly.

Definition 1. We say that a time scale T is periodic if there exist p > 0 such
that if t € T, then t +p € T. For T # R, the smallest positive p is called the
period of time scale.

Remark 1. Let w € R, w > 0, T is a w-periodic time scale if T is a nonempty
closed subset of R such that t + w € T whenever t € T. Clearly, we have

pu(t) = p(t + w).

Definition 2. Let T # R be a periodic time scale with periodic p. We say that
the function f : T — R is anti-periodic with period w if there exist a natural
number n such that w = np, f(t+w) = —f(t) for allt € T and w is the smallest
number such that f(t+w) = —f(t). If T =R, we say that f is anti-periodic with
period w > 0, if w is the smallest positive number such that f(t+w) = —f(t) for
allt € T.

A function f : T — R is right-dense continuous provided it is continuous
at right-dense point and its left side limits exist at left-dense point in T. The
set of rd-continuous functions f : T — R will be denoted by C,4(T,R). If f is
continuous at each right-dense point and each left-dense point, then f is said to
be continuous function on T. We define C(J,R) = {u(¢) is continuous on J}.

Definition 3. Assume f: T — R is a function and let t € T*, we define f2(t)
to be the number if it exist with the property that for a given € > 0, there exist
a neighborhood U of t (i.e.U = (t — §,t 4+ 6) N'T,for some 6 > 0) such that

[F(a(t)) = f(5)] = fR(D)[o(t) = s]| <elot) —s

)

for alls € U. We call f2(t) the delta (or Hilger) derivative of f att. Moreover,
we say that f is differentiable on TF provided f*(t) exists for all t € T*.

Lemma 1. [13] Assume f: T — R is a function and let t € T*. Then we have
the following:
(1) If f is differentiable at t, then f is continuous at t.

(it) If f is continuous at t and t is right-scattered, then f is differentiable at
t with

o o) = £t)
o(t)—t

(i31) If t is not right scattered, then
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Let f be right-dense continuous. If F2(t) = f(t), then we define the delta
integral by

b
/ F(s)As = F(b) — Fla).

Definition 4. Ifa € T, supT = oo, and f is rd-continuous on [a,o0), then we
define the improper integral by

b b
/(lf(s)As::blLI&A f(s)As,

provided this limit exists, and we say that the improper integral converges in this
case. If this limit does not exist, then we say that the improper integral diverges.

A function r : T — R is called regressive if

T4+ p)r(t) #0
for all t € T*,

If r is regressive and right-dense continuous function, then the generalized
exponential function e, is defined by

t
er(t,s) = exp {/ Eu(r) (r(T))AT} fors,t € T
with the cylinder transformation

log (1+hz)

z)={ i h#O,
z if h=0.

Let p,q: T — R be two regressive functions, we define

pDq:=p+q+pupq, Sp:=— , PO q=p®(O9).

p
L+ pp
Then the generalized exponential function has the following properties.
Lemma 2. [13] Assume that p,q: T — R are two regressive functions, then

(1) eo(t,s) =1 and ep(t,t) = 1;
(i) ep(o(t), 1) = (1 + p(t)p(t))ep(t, s);
,S

_eplts)
(ii) ep(t,o(s)) = T4 u(Opd)

. 1
(“]) ep(t, S) - eei(tv 5)7'

(U) ep(tﬁs) = ep(t,s) = e@p(57t);
(vi) ep(t,s)eq(s,t) = epaq(t, s);

(vii)
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Definition 5. (Lakshmikantham and Vatsala [22]) For each t € T, let N be a
neighborhood of t. Then, we define the generalized derivative (or Dini deriv-

ative), DYu”(t) to mean that, given € > 0, there exists a right neighborhood
N(e) C N of t such that

u(o(t)) — u(s)
p(t, s)

for each s € N(g), s > t, where u(t,s) = o(t) —s. In the case t is right-scattered
and u(t) is continuous at t, this reduce to

< DY uP(t) +¢,

prut ) = W) ull)

Definition 6. Let u*(t) = (z}(t),...,2%5(t),y5(t),..., vy )T be the solution
of system (1) with initial value 0% = (@5 (t),... %), Vi(t), ..., v5 )T is
said to be global exponential stable, if for all solution of system (1) u(t) =

(@1(t), ... 20 (), 1 (1), - - ., ym ()T with initial value 6 = (p1(t), ..., on(t), P1(t),
S Um ()T, there exist a positive constant € and N = N (¢) such that

S failt) =i (0] + 3 |0 = 55 O)] < N(eacltia) 00" [t > 0,

where | 0 — 0% ||= 3> sup ]\%(8) —pi(s)] + > sup [3(s) — 05 (s)].

i=1s€[—6,0 j=1s€[-7,0]

Lemma 3. Let (Hy) — (Hs) hold. Suppose that u(t) = (x1(t),... ,zn(t), y1 (%),
S Ym ()T is a solution of system (1) with the initial condition

{m(s) = i(s), |pi(s)| < L,s € [-7, 0], )
yi(s) = v;(s), [5(s)| < 3,5 € [-6,0]r.
Then

|zi(t)] < %, ly; ()] < %, forallt € [0, +00)r. (4)
wheret=1,... ,n,7=1,... ,m

Proof. By way of contradiction, assume that (4) does not hold. Then there exist
i€{1,2,...,n}orje{l,2,...,m} and the fist t; > 0, ty € T such that

lzito)| = =, |zi(p(to))] < =, |w()| <=, te[-7to)r, (5)

S |
[ I~
|~

or

|yj(’50)’2 , |yj(p(t0))|§

SHRN
SER
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If (5) holds, calculating the Dini derivative of |x;(to)|, together with (Ho)—(Hy),
we obtain

0 < D¥(ai(to)|®)

= Sgﬂxi(to){ —a;(to)ei(to) + Y cjilto) fi(to — 70) + Ii(to)}

Jj=1

ﬂL ly; (to — 754)] +1;

IN

|

S

B
|~

+
MS

Jj=1
< (—@igﬂchﬂL) +1; < —n=+1; <0,
=1 n l

which is a contradiction. Similarly, we can prove that (6) does not hold. The
proof of Lemma 3 is now completed. O

Lemma 4. Suppose that (Hy) — (H3) are satisfied. Suppose additionally that
(H4) There exist some constants € > 0, & > 0, f; > 0, such that

e~ e+ (0)e)] + 3 €L+ enlt +55))eclt +63,8) <0,
j=1
gj/ [6 b h 1+/14 +Z§ZCZJ 1+6M(t+7—ﬂ))eé( +Tji7t) <0,
i=1,2,...,n, j=12,... m.
Then the solution of system (1) is globally exponentially stable.
Proof. Let u*(t) = (23(t), ... ,25(t),y5(#), ... ,y%(t))T be the solution of system
1

(1) with initial value 6* = e (). ok (), V() ... 05 )T, and u(t) =
(x1(t), .. 20 (t),y1(t), ... ,ym(t))T be the solution of system (1) with initial

value 0 = (p1(t), ... ,on(t),¥1(t), ... ,¥m(t))T. Then we have

(@i(t) —2; (1)) = —ai(®)[ei(@i(t)) - ei(@(1))]

+chi(t) [fi(y; (= 750)) = fi(y; (¢ = 753))], £ > 0, (7)
and
(i) —y; () = *b'(f) [ (y; () = Ry(y; (1))]
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In view of above, for £ > 0, we have

Dt |ai(t) —a;()]® < —ae\xz ) — i (t)]

)
_+
&
—~~
=

I
&
—~~
=
b
IN

+Xkﬂjm —75i) — y; (t — 751, (9)

+Zdu 9Nay(t - 6;5) — @it —6;5)].  (10)

For any a € [— max{r, ¢}, 0], we construct the Lyapunov functional

Vi) =

i(t) =

Va(t) =

Va(t) =

Va(t) =

Vi(t) + Va(t) + Va(t) + Val(t),

Z &iee (tv a) |x’L (t) - z;k (t)|a

n m t
SN el / (1 -+ el + 730))ee(s + 751, )|y (5) — v ()] As,

i=1 j=1

Zé}ee(t, a)ly; (t) — y; ()],

Z ijdULg/ (14 ep(s+ 6i5))ec(s + 65, ) |wi(s) — 2} (s)| As.

j=11:=1 dij

Calculating the delta derivative DTVA(t) along the system (1), we can get

DTVA(1)

|\ i(t) — 2} (V)] + ee(o(t), ) DT |wi(t) — x} (1) 2
(1)

i & [eectta)
=

Zn:&{eeeu,a)
+§:ﬁﬁﬁwt—nz—%@—nﬁ
- { Z& (- e+ w)e)]ectts)
Ha+nwee () >3 6502 st = 730 — 15— 50

i=1 j=1

IN

24(0) = 7 ()] + ec(o(0),0) | — a,erfaitt) = 57 )

I

zi(t) - :c;-*(t)l}
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D+V2A(t)|(1) < ZZ{Z'C]ZL (1+6M(t+7—gz))es(t+7—]u |yj t) _yj t)|
i=1 j=1
_ZZ&-CWL (1-‘1—6}1/(1:))65 t, ) |yj (t —7ji) — yj (¢750)
i=1 j=1

It concludes that

DF(Va(t) + Vg(t))A’(l)

{ Zfi[e ~ e, (1 u(®Oec(t lai(t)  57(0)] |
{Zz&bcﬂ l+eu(t+TJZ))e€(t+sz,a)|y3 —y;(t)’}. (11)

i=1 j=1

Noting that

DRI,

IN

{Z e—b h; 1+u(t)e)]ee(t el ‘yj(t y;(t)|}

+{(l+u €)ee(t, o) ZZ{ deL xi(t — di5)
Jj=1 i=1
—zi‘(f—5ij)|},
DYVEW|,, < ZZg dif LI(L+ ep(t + 85))ee(t + i, )| (1) — 27 (1)
j=1 i=1
=3O G L+ enlt)ec(t o) |zl — 8ij) — @ (t655)],
j=1 i=1
which imply
D+ (V) + V)|
{ZE (14 (09 ectt )]s - 50 |

{Z f i LY (1 + ep(t + 8i5))ee(t + 6ij, )

s -0} (2)
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From (11) and (12) we can get

n

prvae < 3 {afe-ae+u0o)]

i=1

+ Z €5dig LY (1 + ep(t + 8ij))ec(t + b5, t)}ee(t, a)|ai(t) -z} (t)|

j=1

+Z{ le — b;h; (1 + p(t)e)]

+Z&cw (14 et + Tiadec(t + 730:0) et ) |us (0) = 05 0

(13)

By assumption (H4), it follows that DTVA(¢) < 0, i.e. V(t) < V(0), for t > 0.
On the other hand, we have

V(O0) = > &ec(0,0)]mi(0) — i +Z§JeEOa!yg ) = y; (0)]

) el / (1 enls + m30)ec(s + 730,05 (5) — ] ()| As

i=1 j=1 Tii
+ZZ§Zd”L / (14 eu(s + 8i5))ee(s + 6ij, ) |zi(s) — xf(s)|As
Jj=1 i=1 Sij
n ,_ 0
< Z{&m(o,awzj@dwf / (1+eu<s+5ij>>ee<s+5ij,ams}
i=1 j=1 =85
X sup mz(s)—xf(s)}
sE[—zSO]
+Z {fjeE (0, +Z£zcﬂ / 1+e,u(s+Tji))e€(s+7ji,a)As}
-
x sup |y;(s) — v (8)!
s€[—7,0]
< N(E){Z sup |ai(s) — @i ( |+Z sup |yJ — (s !}
e 156[ 6,0] €[—,0
where N(e) = 1§i§rﬁ?§jgm{Ni’ N;},
m S 0
N; = &iec(0,a) + ijdi]-Lf/ (1 + en(s + dij))ee(s + dij, ) As,
Y

ij

0

N; = 5;65(0, a) + Z &@-iLf / (1 + epn(s + 75:))ee(s + i, ) As.
i=1

j=1

Tji
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And
Z 67;65 (t7 Oé)
i=1

that is

mln {£i7£;}€e(t>a){

Sisn,lsgsm

xi(t) — ;i ( +Z€]ee 2%e |yJ _yj ’ < V() <V(0),

n

)= 2i )]+ |u) - y?(t)|} < V(0).

=1
Thus we can finally conclude that

n

) — i ’+Z|yg —y;(t)| < N(e)eac(t,a) | 0" 0],

i=1

where N(e) = % Therefore, By Definition 5, the solution u*(t) of
L<i<magism

system (1) is globally exponentially stable. The proof is completed. O

3. Main result

In this section, we will state and prove our main result of this paper.
Theorem 1. Assume that (Ho) — (Hy4) hold. Then system (1) has an w-anti-
periodic solution, which is globally exponentially stable.

Proof. Let u(t) = (x1(t),... ,x1(t),y1(t),... ,y1(t))T is a solution of system (1)
with the initial condition

{m@=¢w% ()| < L,s € [-7,0]r, ”
y;(s) = 1;(s), |;(s)| < 2,5 € [0, 0r.
Then by Lemma 3, the solution u(t) is bounded and
1 J
|lzi(t)] < e ly; (t)] < ped for all t € [0,+00)p,i=1,...,n,5=1,...,m.(15)

Then
(D ai(t + (k+ Dw))
= (=D)"2f 1t + (k+ 1Dw)
= (—1)k+1{ —ai(t+ (k+ Dw)ei(z:i(t + (k+ Dw))

m

+ ) et + (k4 Dw) f (g + (k + Dw = 734))

+L(t+ (k+ 1)w)}
= —aie((=)" it + (k+ 1w))

) e H(-D) gt + (R + Dw = 7)) + Li(#). (16)
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Similarly,

(1) (¢ + (k+ D))
= b ()b (1) + (k+ 1))

+ 3 dig (g (D) it + (b + Dw — 8:5)) + J; (8). (17)

Thus, for any natural number k, (—1)¥ T u(t + (k + 1)w) are the solution of system (1).
Then by Lemma 3, there exists a constant N(e) such that

an |1 it + (b + Dw) — (—1)*2i(t + kw)|
2 1Dy (o D) = (1) (¢ 4 k)|
< N(e)eee(t—kkw,a){z Gs[upo] |a:7, s+w)+xi(s )|
+Z o |yi (s +w) + s ( 8)\}
< AN(eoe(t+ kuw, a)<T:]I ”:f) (18)
Then for a natural number [, we obtain
(=)t + (14 1)w)
! .
=zt)+ > (—1)k+1wi(t+(k+1)w)—(—1)kxi(t—|—(k)w) . (19)
(1) st + (l + Dw)
=y;(t)+ ()"t + (k+ Dw) — (1) y; (¢t + (k)w) |- (20)
k=0 - i
Then
\(—1>”1m-<t+<z+1>w>|
+Z! Dt + (k+ Dw) — (D) @t + (k)| (21)
|(=1)"y '(t+(l+1)w)|
< y;(t) +zy Dyt + (k4 Dw) = (D) gt + (Bw)]. - (22)

Noting that p(t) is bounded and (18) holds, then there exist a sufficient large constant
K > 0 and a positive constant 8 such that

|1 ai(t+ (k4 Dw) — (1) 2t + kw) | < Ble” )", for allk > K, (23)
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and

|(71)k+1yj(t + (k+ Dw) — (—=1)*y;(t + kw)| < Be™)*, for allk > K. (24)
where ¢ = 1,...,n,5 = 1,...,m. It follow from (19) — (24) that (—1)*u(t + kw)
uniformly converges to a continuous function v(t) = (z3(t),... ,zn(¢),y1(t),...,

ym(t)) in time scales sense.
Now we will prove that v(t) is an w-anti-periodic of (1). First, we have

v(t+w) = len;o(—l)ku(t +Ekw4w)=— kllrlgo(—l)k+1u(t + (k4 1w) = —v(t).

Next, we show that v(¢) is a solution of (1). In fact, together with the continuity
of right hand of (1), (16) and (17) implies that {(—1)*T'u(t 4+ (k 4+ 1)w)} uniformly
converges to a continuous function in the sense time scales. Letting k — oo, we obtain

(@ (1) = —as(es(@! (1) + Y i fi(W5 (t = 730) + L), i =1,... ,n
and
(W () = =b;(Oh; (W5 (1) + D dig (B)gi(wi (¢ = 55)) + Ji (), 5 =1, ,m.

Therefore, v(t) is a solution of (1). Moreover, by Lemma 4 we can show that v(t) is
globally exponentially stable. This completes the proof. O
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