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Abstract. In this paper,we study the oscillatory and asymptotic behavior
of a class of second order nonlinear differential inequality with perturbation
and establish several theorems by using classification and analysis, which
develop and generalize some known results.
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1. Introduction

The oscillation for the following second order nonlinear differential equation
with damping

(a(t)ψ(x(t))x′(t))′ + p(t)x′(t) + q(t)f(x(t)) = 0, ′ =
d

dt

has been studied in [1,2], and several theorems about the oscillation have been
established. In this paper, we discuss the oscillatory and asymptotic behavior
of the following second order nonlinear differential inequality with perturbation

x(t){(a(t)ψ(x(t))x′(t))′ +Q(t, x(t)) + P (t, x(t), x′(t))} ≤ 0. (1)

Under some conditions, by using classification and analysis, we establish four
oscillatory and asymptotic theorems, which generalize and develop the results
of [1-3].

For Iq.(1), assume that:
(A1) a : [t0,+∞) → (0,+∞) is continuously differentiable;
(A2) ψ : R → R is continuously differentiable, and ψ(u) > 0 for u 6= 0;
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(A3) Q : [t0,+∞)×R → R is continuous function, and there exist continuous
function q and continuously differentiable function f : where q : [t0,+∞) →
(0,+∞), f : R → R, uf(u) > 0, f ′(u) > 0, u 6= 0, such that Q(t, x)/f(x) ≥
q(t), x 6= 0;

(A4) P : [t0,+∞)×R2 → R is continuous function, and there exists continu-
ous function p : [t0,+∞) → R such that x(t)P (t, x(t), x′(t)) ≥ x(t)p(t)x′(t), x 6=
0.

In this paper, we assume that each solution x of Iq.(1) can be extended to
[t0,+∞). A solution is said to be regular if there exists t on arbitrary interval
[T,+∞), such that x(t) 6= 0. A regular solution is said to be oscillatory, if it has
arbitrarily large zeros; otherwise it is said to be nonoscillatory. A nonoscillatory
solution x of Iq.(1) is said to be weakly oscillatory if x′(t) changes sign for
arbitrarily large values of t. Iq.(1) is called oscillatory if all its regular solutions
are oscillatory.

With respect to their asymptotic behavior, all the regular solutions of Iq.(1)
can be divided into the following classes:

S+ = {x = x(t) : regular solution of Iq.(1): there exists tx ≥ t0 such that
x(t)x′(t) > 0 for t ≥ tx};

S− = {x = x(t) : regular solution of Iq.(1): there exists tx ≥ t0 such that
x(t)x′(t) ≤ 0 for t ≥ tx};

SO = {x = x(t) : regular solution of Iq.(1): there exists {tn}, tn → +∞, such
that x(tn) = 0};

SWO = {x = x(t) : regular solution of Iq.(1): x(t) 6= 0 for t sufficiently large,
and for all tα > t0 there exists tα1 > tα, tα2 > tα such that x′(tα1)x

′(tα2) < 0}.
It is easy to prove that S+, S−, SO, SWO are mutually disjoint. By the above

definitions, it turns out that solutions in the class S+ are eventually either
positive increasing or negative decreasing, solutions in the class S− are eventually
either positive nonincreasing or negative nondecreasing, solutions in the class SO

are oscillatory, and finally, solutions in the class SWO are weakly oscillatory.

2. Main Results

Lemma 1. Assume that p(t) ≤ 0, t ≥ t0;ψ(x) ≥ c > 0, f ′(x)/ψ(x) ≥ α > 0,
x 6= 0. Suppose that there exists a differentiable function ρ : [t0,+∞) → (0,+∞)
such that ρ′(t) ≥ 0, and for sufficiently large T ,

lim inf
t→+∞

∫ t

T

ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds ≥ 0 (2)

holds. Then SWO = Ø for Iq.(1).

Proof. Suppose that Iq.(1) has a solution x ∈ SWO, without loss of generality,
we may assume that there exists t1 ≥ t0, such that x(t) > 0 for t ≥ t1 ( for
x(t) < 0, the proof is similar ). Then for all tα > t1, there exists tα1 > tα,
tα2 > tα, such that x′(tα1)x

′(tα2) < 0. Hence there exists a sequence {Cn} →
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+∞, such that x′(Cn) < 0. Choosing sufficiently large N , such that CN satisfies
condition (2), i.e.

lim inf
t→+∞

∫ t

CN

ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds ≥ 0.

Consider the function

W (t) = ρ(t)
a(t)ψ(x(t))x′(t)

f(x(t))
, t ≥ t1,

then it follows from Iq.(1) that

W ′(t) = ρ(t)
(a(t)ψ(x(t))x′(t))′

f(x(t))
+ ρ′(t)

a(t)ψ(x(t))x′(t)
f(x(t))

−ρ(t)a(t)ψ(x(t))f ′(x(t))x′2(t)
f2(x(t))

≤ −ρ(t)
P (t, x(t), x′(t)) +Q(t, x(t))

f(x(t))
+ ρ′(t)

a(t)ψ(x(t))x′(t)
f(x(t))

−ρ(t)a(t)ψ(x(t))f ′(x(t))x′2(t)
f2(x(t))

≤ −ρ(t)

[
p(t)x′(t)
f(x(t))

+ q(t)

]
+

ρ′(t)
ρ(t)

W (t)− f ′(x(t))
ρ(t)a(t)ψ(x(t))

W 2(t)

= −ρ(t)q(t) +

[
ρ′(t)
ρ(t)

− p(t)

a(t)ψ(x(t))

]
W (t)− f ′(x(t))

a(t)ρ(t)ψ(x(t))
W 2(t)

= −ρ(t)q(t) +
a(t)ρ(t)ψ(x(t))

4f ′(x(t))

[
ρ′(t)
ρ(t)

− p(t)

a(t)ψ(x(t))

]2

−



(

f ′(x(t))
a(t)ρ(t)ψ(x(t))

) 1
2

W (t)−
ρ′(t)
ρ(t)

− p(t)

a(t)ψ(x(t))

2

(
f ′(x(t))

a(t)ρ(t)ψ(x(t))

) 1
2




2

≤ −ρ(t)q(t) +
a(t)ρ(t)

4α

[
ρ′(t)
ρ(t)

− p(t)

ca(t)

]2
.

For arbitrarily b ≥ t1, integrating the above inequality from b to t(t ≥ b), we
have

ρ(t)
a(t)ψ(x(t))x′(t)

f(x(t))
≤ ρ(b)

a(b)ψ(x(b))x′(b)
f(x(b))

−
∫ t

b

ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds. (3)
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For the above CN , if t ≥ CN , we have

ρ(t)
a(t)ψ(x(t))x′(t)

f(x(t))
≤ ρ(CN )

a(CN )ψ(x(CN ))x′(CN )

f(x(CN ))

−
∫ t

CN

ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds.

Hence

lim sup
t→+∞

ρ(t)
a(t)ψ(x(t))x′(t)

f(x(t))
≤ ρ(CN )

a(CN )ψ(x(CN ))x′(CN )

f(x(CN ))

+ lim sup
t→+∞

{
−
∫ t

CN

ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds

}
< 0.

Then we obtain x′(t) < 0(t ≥ CN ), which contradicts with x′(tα1
)x′(tα2

) < 0.
The proof is complete. ¤

Lemma 2. Assume that p(t) ≤ 0, t ≥ t0;ψ(x) ≥ c > 0, f ′(x)/ψ(x) ≥ α > 0, x 6=
0. Suppose that there exists a differentiable function ρ : [t0,+∞) → (0,+∞)
such that ρ′(t) ≥ 0, and

∫ +∞

t0

ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds < +∞, (4)

lim
t→+∞

∫ t

t0

1

a(s)ρ(s)

∫ +∞

s

ρ(τ)

[
q(τ)− a(τ)

4α

(
ρ′(τ)
ρ(τ)

− p(τ)

ca(τ)

)2
]
dτds = +∞.

(5)

If f(u)/ψ(u) is strongly superlinear, that is for arbitrarily ε > 0,
∫ +∞

ε

ψ(u)

f(u)
du < +∞,

∫ −ε

−∞

ψ(u)

f(u)
du > −∞ (6)

holds. Then S+ = Ø for Iq.(1).

Proof. Suppose that Iq.(1) has a solution x ∈ S+, without loss of generality,
assume that there exists t1 ≥ t0 such that x(t) > 0, x′(t) > 0 for t ≥ t1 ( for
x(t) < 0, x′(t) < 0, the proof is similar ). As in the proof of Lemma1, we obtain
(3). Noting that x′(t) > 0 for t ≥ b, from (4), we have

0 < ρ(b)
a(b)ψ(x(b))x′(b)

f(x(b))
−
∫ +∞

b

ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds,

for arbitrarily b. For all t ≥ b, we have

∫ +∞

t

ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds < ρ(t)

a(t)ψ(x (t))x ′(t)
f (x (t))

,
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and we can obtain
∫ t

b

1

a(s)ρ(s)

∫ +∞

s

ρ(τ)

[
q(τ)− a(τ)

4α

(
ρ′(τ)
ρ(τ)

− p(τ)

ca(τ)

)2
]
dτds

<

∫ t

b

ψ(x(s))x′(s)
f(x(s))

ds.

Letting t → +∞, from (5) and (6), we obtain a contradiction. The proof is com-
plete. ¤
Theorem 1. Assume that p(t) ≤ 0, t ≥ t0;ψ(x) ≥ c > 0, f ′(x)/ψ(x) ≥ α >
0, x 6= 0. Suppose that there exists a differentiable function ρ : [t0,+∞) →
(0,+∞), such that ρ′(t) ≥ 0. If (2), (4)-(6) hold, and

lim
t→+∞

∫ t

t0

1

a(s)
ds = +∞ (7)

also holds, then Iq.(1) is oscillatory.

Proof. From Lemma 1 and Lemma 2, S+ = SWO = Ø for Iq.(1). Therefore,
it suffices to show that S− = Ø for Iq.(1). Suppose that Iq.(1) has a solution
x ∈ S−. Without loss of generality, we may assume that there exists t1 ≥ t0,
such that x(t) > 0, x′(t) ≤ 0 for t ≥ t1 (for x(t) < 0, x′(t) ≥ 0, the proof is
similar). By the assumption of Iq.(1), there exists t ≥ t1, such that x′(t) 6= 0,
then there exists t2 ≥ t1, such that x′(t2) < 0. From Iq.(1), for t ≥ t2,

(a(t)ψ(x(t))x′(t))′ ≤ −p(t)x′(t)− q(t)f(x(t)) < 0.

Hence

a(t)ψ(x(t))x′(t) < a(t2)ψ(x(t2))x
′(t2) = k (k < 0).

Therefore, for t ≥ t2, we have
∫ x(t)

x(t2)

ψ(u)du ≤ k

∫ t

t2

1

a(s)
ds,

noting condition (7), for t → +∞(noting 0 < x(t) ≤ x(t2)), the left of the above
inequality is lower bounded while the right is eventually minus infinity, which
gives a contradiction. The proof is complete. ¤
Theorem 2. Assume that p(t) ≤ 0, t ≥ t0;ψ(x) ≥ c > 0, f ′(x)/ψ(x) ≥ α >
0, x 6= 0. Suppose that there exists a differentiable function ρ : [t0,+∞) →
(0,+∞), such that ρ′(t) ≥ 0 and

∫ +∞
ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds = +∞, (8)

then all the nonoscillatory solution of Iq.(1) can be divided into the following
two types:

Ac: x(t) → C(constant)6= 0(t → +∞);
A0: x(t) → 0(t → +∞).
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Proof. Let x be a nonoscillatory solution of Iq.(1). Without loss of generality,
we may assume that x(t) > 0 for t ≥ t1 ≥ t0. Considering the function

W (t) = ρ(t)
a(t)ψ(x(t))x′(t)

f(x(t))
, t ≥ t1.

It follows from Iq.(1) that

W ′(t) = ρ(t)
(a(t)ψ(x(t))x′(t))′

f(x(t))
+ ρ′(t)

a(t)ψ(x(t))x′(t)
f(x(t))

−ρ(t)a(t)ψ(x(t))f ′(x(t))x′2(t)
f2(x(t))

≤ −ρ(t)
P (t, x(t), x′(t)) +Q(t, x(t))

f(x(t))
+ ρ′(t)

a(t)ψ(x(t))x′(t)
f(x(t))

−ρ(t)a(t)ψ(x(t))f ′(x(t))x′2(t)
f2(x(t))

≤ −ρ(t)

[
p(t)x′(t)
f(x(t))

+ q(t)

]
+

ρ′(t)
ρ(t)

W (t)− f ′(x(t))
ρ(t)a(t)ψ(x(t))

W 2(t)

= −ρ(t)q(t) +

[
ρ′(t)
ρ(t)

− p(t)

a(t)ψ(x(t))

]
W (t)− f ′(x(t))

a(t)ρ(t)ψ(x(t))
W 2(t)

= −ρ(t)q(t) +
a(t)ρ(t)ψ(x(t))

4f ′(x(t))

[
ρ′(t)
ρ(t)

− p(t)

a(t)ψ(x(t))

]2

−



(

f ′(x(t))
a(t)ρ(t)ψ(x(t))

) 1
2

W (t)−
ρ′(t)
ρ(t)

− p(t)

a(t)ψ(x(t))

2

(
f ′(x(t))

a(t)ρ(t)ψ(x(t))

) 1
2




2

≤ −ρ(t)q(t) +
a(t)ρ(t)

4α

[
ρ′(t)
ρ(t)

− p(t)

ca(t)

]2
. (9)

Integrating the above inequality from t1 to t

ρ(t)
a(t)ψ(x(t))x′(t)

f(x(t))
≤ L−

∫ t

t1

ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds,

where L = ρ(t1)
a(t1)ψ(x(t1))x

′(t1)
f(x(t1))

. Noting condition (8) and the symbols of

a, ψ and f , then there exists T0 ≥ t1, such that x′(t) < 0 for t ≥ T0, i.e., x
′(t)

is eventually minus. Hence x is monotone decreasing. Noting x(t) > 0, then x
is monotone decreasing and lower bounded for t ≥ T0. Therefore, limt→+∞ x(t)
exists, and it is also limited. It’s easily to obtain limt→+∞ x(t) = C ≥ 0.

For x(t) < 0(t ≥ t1), similarly, we obtain limt→+∞ x(t) = C ≤ 0. The proof is
complete. ¤
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Theorem 3. Assume that p(t) ≤ 0, t ≥ t0;ψ(x) ≥ c > 0, f ′(x)/ψ(x) ≥ α >
0, x 6= 0. Suppose that there exists a differentiable function ρ : [t0,+∞) →
(0,+∞), such that ρ′(t) ≥ 0. If condition (8) holds, then Iq.(1) has a nonoscil-
latory solution x of type Ac (i.e., limt→+∞ x(t) = C 6= 0) if and only if

∫ +∞

T

1

a(s)ρ(s)

(∫ s

T

ρ(τ)

[
q(τ)− a(τ)

4α

(
ρ′(τ)
ρ(τ)

− p(τ)

ca(τ)

)2
]
dτ

)
ds < +∞,

(10)

for sufficiently large T ≥ t0.

Proof. Let x be a nonoscillatory solution of type Ac of Iq.(1). Without loss of
generality, we assume that C > 0, hence, x is eventually plus. As in the proof of
Theorem 1, x′(t) is eventually minus. Noting (8), then there exists T ≥ t0, such
that x′(t) < 0 and

∫ t

T

ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds ≥ 0,

for t ≥ T . Integrating (9) from T to t(t ≥ T ), we have

ρ(t)
a(t)ψ(x(t))x′(t)

f(x(t))
≤ M −

∫ t

T

ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds

≤ −
∫ t

T

ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds,

where M = ρ(T )a(T )ψ(x(T ))x′(T )/f(x(T )). Hence

ψ(x(t))x′(t)
f(x(t))

≤ − 1

a(t)ρ(t)

∫ t

T

ρ(s)

[
q(s)− a(s)

4α

(
ρ′(s)
ρ(s)

− p(s)

ca(s)

)2
]
ds.

Integrating the above inequality from T to t, then
∫ x(t)

x(T )

ψ(u)

f(u)
du ≤ −

∫ t

T

1

a(s)ρ(s)

∫ s

T

ρ(τ)

[
q(τ)− a(τ)

4α

(
ρ′(τ)
ρ(τ)

− p(τ)

ca(τ)

)2
]
dτ ds.

Letting t → +∞, then ∫ C

x(T )

ψ(u)

f(u)
du

≤ −
∫ +∞

T

1

a(s)ρ(s)

∫ s

T

ρ(τ)

[
q(τ)− a(τ)

4α

(
ρ′(τ)
ρ(τ)

− p(τ)

ca(τ)

)2
]
dτ ds.

Noting that x(T ) > C > 0, ψ(u)/f(u) > 0, we have
∫ +∞

T

1

a(s)ρ(s)

∫ s

T

ρ(τ)

[
q(τ)− a(τ)

4α

(
ρ′(τ)
ρ(τ)

− p(τ)

ca(τ)

)2
]
dτ ds

≤
∫ x(T )

C

ψ(u)

f(u)
du < +∞,
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then (10) holds. For C < 0, the proof is similar. The proof is complete. ¤
Theorem 4. Assume that p(t) ≤ 0, t ≥ t0;ψ(x) ≥ c > 0, f ′(x)/ψ(x) ≥ α >
0, x 6= 0. Suppose that there exists a differentiable function ρ : [t0,+∞) →
(0,+∞), such that ρ′(t) ≥ 0. If the condition (8) holds, and for arbitrarily
ε > 0,

∫ ε

0

ψ(u)

f(u)
du < +∞,

∫ −ε

0

ψ(u)

f (u)
du < +∞. (11)

Then Iq.(1) has a nonoscillatory solution x of type A0 (i.e., limt→+∞ x(t) = 0)
if and only if (10) holds for sufficiently large T ≥ t0.

Proof. Let x be a nonoscillatory solution of type A0 of Iq.(1). Without loss of
generality, we may assume that x is eventually plus. As in the proof of Theorem
3, we have

∫ x(t)

x(T )

ψ(u)

f(u)
du ≤ −

∫ t

T

1

a(s)ρ(s)

∫ s

T

ρ(τ)

[
q(τ)− a(τ)

4α

(
ρ′(τ)
ρ(τ)

− p(τ)

ca(τ)

)2
]
dτ ds.

Letting t → +∞, from x(t) → 0, x(T ) > 0 and condition (11), then

∫ +∞

T

1

a(s)ρ(s)

∫ s

T

ρ(τ)

[
q(τ)− a(τ)

4α

(
ρ′(τ)
ρ(τ)

− p(τ)

ca(τ)

)2
]
dτ ds

≤
∫ x(T )

0

ψ(u)

f(u)
du < +∞.

Thus (10) holds. For x is eventually minus, the proof is similar. The proof is com-
plete. ¤

From the above three theorems, we obtain the following corollary.

Corollary. Assume that p(t) ≤ 0, t ≥ t0;ψ(x) ≥ c > 0, f ′(x)/ψ(x) ≥ α > 0, x 6=
0. Suppose that there exists a differentiable function ρ : [t0,+∞) → (0,+∞),
such that ρ′(t) ≥ 0. If condition (8) and (11) hold, and

∫ +∞

T

1

a(s)ρ(s)

(∫ s

T

ρ(τ)

[
q(τ)− a(τ)

4α

(
ρ′(τ)
ρ(τ)

− p(τ)

ca(τ)

)2
]
dτ

)
ds = +∞,

(12)

then Iq.(1) is oscillatory.

Remark. The corollary develops and generalizes the results of [1], especially
for P (t, x(t), x′(t)) = −p(t)x′(t), Q(t, x(t)) = q(t)f(x(t)), and ρ(t) = 1, the
corollary will be the Theorem 1 in [1].

Acknowledgements

The authors are grateful to reviewers for their comments and suggestions.



Oscillatory and Asymptotic Behavior 483

References

1. Zhang Q., Yan J.: Oscillation for a class of second order nonlinear differential equations
with damping, Journal of Systems Science and Mathematical Science, 24 (2004) 296-
302.(in Chinese)

2. Zhang Q., Yan J.: Oscillation for a class of second order nonlinear differential equation
with damping, Journal of Mathematics, 27 (2007) 455-460.(in Chinese)

3. Cecchi M., Marini M.: Oscillatory and nonoscillatory behavior of a second order functional
differential equation, Rocky Mount. J. Math., 22 (1992) 1259-1276.

4. Rogovchenko Yu.V.: On oscillation of a second order nonlinear delay differential equation,
Funkcial. Ekvac., 43 (2000) 1-29.

5. Ladde G.S., Lakshmikantham V. and Zhang B.G.: Oscillation Theory of Differential
Equations with Deviating Arguments, Marcel Dekker, New York, 1987.

6. Philos Ch.G.: A new criterion for the oscillatory and asymptotic behavior of delay differ-
ential equations, Bull. Acad. Pol. Sci. Ser. Sci. Mat., 39 (1981) 61-64.

7. Philos Ch.G.: Oscillation theorems for linear differential equations of second order, Arch.
Math., 53 (1989) 482-492.

8. Zhang Q., Wang L.: Oscillatory behavior of solutions for a class of second order nonlinear
differential equation with perturbation, Acta Appl. Math., 110 (2010) 885-893.

9. Zhang Q., Qiu F. and Gao L.: Oscillatory property of solutions for a class of second order
nonlinear differential equations with perturbation, J. Appl. Math. Informatics, 28 (2010)
883-892.

Quanxin Zhang was made professor in 1997. He is the incumbent Dean of the Depart-
ment of Mathematics in Binzhou University, he was selected as the ”Excellent Well-known
Teacher of Shandong Province”. His current research interests include differential equations
and dynamical systems.

Department of Mathematics and Information Science, Binzhou University, Shandong
256603, P.R. China.
e-mail: 3314744@163.com

Xia Song received her MS degree in Applied Mathematics from Shandong University,
China, in 2009. She is now an assistant of Department of Mathematics and Information in
Binzhou University, Shandong, China. Her current research interests include differential
equations and dynamical systems.

Department of Mathematics and Information Science, Binzhou University, Shandong
256603, P.R. China.
e-mail: songxia119@163.com


