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A GENERALIZATION OF STONE’S THEOREM
IN HILBERT C*-MODULES

MARYAM AMYARI® AND MAHNAZ CHAKOSHI®

ABSTRACT. Stone’s theorem states that “A bounded linear operator A is infinites-
imal generator of a Cg-group of unitary operators on a Hilbert space H if and only
if {A is self adjoint”. In this paper we establish a generalization of Stone’s theorem
in the framework of Hilbert C*-modules.

1. INTRODUCTION

Stone’s theorem is a basic theorem of functional analysis, which establishes a one-
to-one correspondence between the self-adjoint operators on a Hilbert space and the
one-parameter families of strongly continuous unitary operators. The theorem is
named after Marshall Stone [5], who formulated and proved this theorem in 1932.
The Hille-Yosida theorem generalizes Stone’s theorem to strongly continuous one-
parameter semigroups of contractions on Banach spaces [6].

The notion of a Hilbert C*-module is a generalization of that of a Hilbert space.
It is a significant tool for studying Morita equivalence of C*-algebras, C*-algebra
quantum group, operator K-theory and the theory of operator spaces [1, 4]. The
paper organized as follows:

The first and second sections are devoted to a description of the essential prop-
erties of Hilbert C*-modules and one parameter semigroups. In the third section we
study conditions under which the adjoint of a Cy-semigroup is a Cg-semigroup. In
the forth section, we investigate some properties of Cy-groups of unitary operators
on Hilbert C*-modules and generalize Stone’s theorem in the setting of Hilbert C*-

modules. Recently, the authors of [7] presented a Stone type theorem in the setting
of Hilbert C*-modules.
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2. PRELIMINARIES

Suppose A is a C*-algebra. A complex linear space X is a right inner product
A-module if & is a right A-module and A(za) = (Az)a = x(Aa) and there exists an
inner product (.,.) : X x X — A satisfying the following conditions:

(i) (z,z) 2 0 and (z,z) =0 iff z =0,

(i) (=, Ay + pz >= Mz, y > +ulz,z >,

(iii){z, ya) = (z,y)a,

(iv) (z,9)" = {y, ),

for all z,y,2€ X, a € Aand y,\ € C. A Hilbert A-module (Hilbert C*-module)
is an inner product A-module X which is complete in the norm given by ||z|| =
l|[{z, z)||'/2. The notion of left Hilbert .4-module is similarly defined. Every C*-
algebra A is a Hilbert .4-module with respect to the inner product (z,y) = z*y and
every inner product space is a left Hilbert C-module.

Suppose that & and Y are Hilbert A-modules. A map T : X — ) is adjointable
if there is a map T™ : Y — X such that (Tz,y) = (,T*y) forallz € X,y € Y. We
denote by L(X,)) the set of all adjointable operators from X into V. It is known
that T is then a bounded .A-linear map. If ¥ = Y, then L(X) is a C*-algebra with
respect to the operator norm and ||T|| = |T*|| for every T € L(X) (|4, Proposition
2.21}) and (T'(z), T (x)) < ||T)|*(z, z) ([4, corollary 2.22]).

Let X be a Hilbert .A-module. Recall that a one parameter family 7 = {T'(¢)}¢>0
of adjointable .A-linear operators on X is called a semigroup if

(i) T(0) =1 (I is the identity operator on X),
(i) T(s+t) = T(t)T(s) for every t,s > 0.

Furthermore & is uniformly continuous if
lim |T(¢t) - I|| = 0.
Jim |IT(2) - 1|

The linear operator A defined by

D(A) = {x €X: lim TH)z-2 exists},
t—0+ (4
_ +
Az = lim Ttz —z _d T(t)x
t—0+ t dt
is called the infinitesimal generator of the semigroup . The domain D(A) of A is
a submodule of X, since za € D(A) for any z € D(A) and any a € A.

l=o (z € D(A4))
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A semigroup & = {T'(t)}+>0 on X is a strongly continuous semigroup (Cp-semigroup)
if li151+T(t)x =z foreachz € X.
t—

By the same reasoning as 3, corollary 2.5] one can easily prove the following theorem.
Theorem 2.1. Suppose that X is a Hilbert A-module. If A is the infinitesimal

generator of a Co-semigroup J = {T(t)}4>0 on X, then D(A) is dense in X and A
is an A-linear closed operator.

Example 2.2. Consider the C*-algebra
X =C[0,1]={f:[0,1] = C; f is continuous}

equipped with the supremum norm. In fact, X is a Hilbert C*-module over itself.
For f € C[0,1], we define  : R* — B(C[0,1]) by (T(t)f)(z) = f(z + t) for
teR*,z € [0,1]. It is easy to check that T(t) is a Cg-semigroup. The infinitesimal
generator of 7 is defined on

DA)={feXx: fexists, ffeX and f(0)=0}

and

(Af)(z) = %%(T(t)f)(f) — flz) _ }%w — f)
for each z € [0,1]. Hence Af = f'.

The notion of a Cp-group and the infinitesimal generator are defined similarly,
when ~oo < t < 0.
Let X be a Hilbert C*-module and let F = {T'(t)}—co<t<co be a Cp-group in L{X),
with the infinitesimal generator A. Then J = {T'(¢)}¢>0 is a Cp-semigroup in L(X),
whose infinitesimal generator is also A. Moreover, if S(t) = T(—t) for ¢t > 0, then
& = {S(t)}+>0 is also a Cp-semigroup in L{X) with the infinitesimal generator —A.
Thus if 7 = {T(t)}-—coct<oo is a Co-group of adjointable operators in L(X) then
both A and —A are the infinitesimal generators of some Cp-semigroups which are
denoted by {T4(t)}t>0 and {T-(t)}e>0, respectively.
Conversely, if A and —A are the infinitesimal generators of two Cy-semigroups
{Ty(t)}+>0 and {T_(t)}+>0, then A is the infinitesimal generator of the Cp-group
T ={T'(t)}-co<t<oo given by
T, (t t>0
T® = { Tf((—;)t) £<0

It is easy to check that D(A) = & and A is closed. We need the next result later.
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Lemma 2.3. Let X be a Hilbert C*-module and let F = {T(t)}s>0 be a Cop-
semigroup on X with the infinitesimal generator A. If T(t)™! € L(X) and S(t) =
T(t)~! for every t > 0, then & = {8(t)} is a Co-semigroup on X, whose infinitesi-
mal generator is —A. Moreover if

_ T(t) t>0
i) = { T(-t)! t<0.
then % = {U(t)} is a Cy-group on X.

Proof. [3, Lemma 6.4] a

3. THE ADJOINT OF A SEMIGROUP

Let X be a Hilbert C*-module and 7 = {T(t)}:>0 be a Cy-semigroup on X.
The family 7* = {T'(t)*}:>0 is clearly a semigroup that is called the adjoint of the
semigroup 7.

We now present an important condition on a Cyp-semigroup 7 under which J*
is a Cy-semigroup on X

Theorem 3.1. Let X be a Hilbert A-module and let T = {T(t)}s>0 be a Cop-
semigroup of contractions on X. Then I* = {T(t)*}i>0 is a Cp-semigroup of
contractions on X.

Proof. Since |T(t)|| = |T(t)*||- 1t is enough to show that hm“T(t) —zf| = 0 for
each z € X. We have
Tz -z, T@)'z~z) = (T{t)'z~=z,TE)z) - (T{t)*z~ z,z)
= (T@t)*z,T(t)*z) — {z,T(t)*z) — (T(t)*z,z) + (z,z)
< NTOIe, 2) — (T(t)e, x) — (e, T(t)z) + (z,2)
(z,z) — (T(t)z,z) — (2, T (%)) + (z, ).

We know that in a C*-algebra A if 0 < a < b, then [af| < ||b|. Letting ¢t — 0 we
obtain,

IN

lim|[T(t)*z — a||? lim[(T(¢)*z — 2, T(t)"z — 2)|
lim[(z, z) - (T(t)z, 2) - (2, T(t)z) + (2, 2)]|

(e, 2) — (2, ) — (@, ) + (z, )|

IA

Then gin(l)[[T(t)"x —z|| = 0. Hence J* is a Cy-semigroup of contractions. O



A GENERALIZATION OF STONE’S THEOREM IN HILBERT C*-MODULES 35

The following theorem states a relationship between the infinitesimal generator
of a Cy-semigroup of contractions and its adjoint.

Theorem 3.2. Let X be a Hilbert C*-module and let F = {T(t)}s>0 be a Cy-
semigroup of contractions on X with the infinitesimal generator A. Then A* is the
infinitesimal generator of the Cy-semigroup T* and D(A*) is dense in X.

Proof. First we show that (T'(t) — I)* =T(t)* — I. For all z,y € X, we have
(T(t) — Dz,y) = (T(t)z,y) — (z,y) = (2, T(t)"y) — (2, y) = (&, (TA)" = Dy).
Hence (z, (T'(t) — I)* — (T(t)* — I))y) = 0. It follows that
<(T(t)t— Iz (T(t)t— 1)*y) (s, T(t); I
Letting t — 0 we get

,y) = <377 y)

T(t)* - I

(Az,y) = (z, lim y) (z € D(A),y € D(AY))

(@ 4% = (e lim Ly (o€ DAy € Dav)

(@ Aty —lim Ly 20 (@ e D),y € D(AY)
Yy —
Aty = }u%ﬂ-)%’-—y (y € D(A")).
Thus A* is the infinitesimal generator of the Cy-semigroup 7 * and by Theorem (3,
corollary 2.5], D(A*) is dense in X. m

4. A GENERALIZATION OF STONE’S THEOREM

Let X be a Hilbert C*-module. Recall that an operator U € L(X) is normal if
UU* =U*U, is unitary if UU* = U*U = I and is self-adjoint if U = U*.
As a consequence of Theorem 3.1 and Theorem 3.2 we conclude that if F is a Cyp-
semigroup of unitary operators on X with the infinitesimal generator A, then A* is
the infinitesimal generator of the Cy-semigroup J*.
Recall that U is a unitary element of C*-algebra L(X) if and only if U is isometric
and surjective [1]. It is clear that the unitary operator U is invertible and U* = U~
The following theorem presents the necessity part of Stone’s theorem generalized to
Hilbert C*-modules, see [7].

Theorem 4.1. If A is the infinitesimal generator of a Cy-group of unitary operators
U = {U(t)}-co<t<oo 0o a Hilbert C*-module X, then iA is a self-adjoint operator.
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Proof. If A is the infinitesimal generator of a Cy-group of unitary operators % =
{U(t)}-co<t<oo on a Hilbert C*-module X, then A is densely defined and
— - -1y .. *o
U(-t)z~z _ th(t) T-T _ th(t) ToT e
t ] t t—0 t
for every z € D(A). Thus A = —A*. Hence i4 = (iA)* and i4 is self-adjoint. O

—Azr = lim
t—sQ

Theorem 4.2. Let T = {T'(t)}-co<t<oo be a Co-group of normal contractions on a
Hilbert C*-module with the infinitesimal generator A, then A is a normal operator.

Proof. Since T(t) is normal, T(¢)T(t)* = T(t)*T(t) for all t € R. For s,t € Q

there exist positive integers m,n,k,r such that s = X, = % Thus T(t)T(s)* =

TEYT(R)) = TRFTE)™) = (TR T(E)F = T(s)"T(t). The density of @
in R yields that T'(t)T(s)* = T'(s)*T(t) for all s,¢ € R. For all z € D(A), we have

(A*Az,z) = (Az,Az)

_ (hmT(t)w - :z:) HmT(s)x - a:)
t—0 t s—0 S
= Jim (T2, T(5)2) — (T(©2,2) — (&, T(s)z) — (z,2)]
- t}s;gloé[@r(s)*x, T(t)*z) — (z,T(£)'5) — (T(s)*z,7) — (z, )]
= t’;qoé[(T(s)*x —z,T(t) z - z)]
~ (lim T(s)*x — 3:, lim T(t)z — a:>
s§—0 s t—0 4
= (A'z,A'z) = (AA’z, ).
Hence A*A = AA™. d

Corollary 4.3. Let 7 = {T(t)}-co<t<oo be a Co-group of self-adjoint contractions
on a Hilbert C*-module with the infinitesimal generator A. Then A is self-adjoint.

5. DissIPATIVE OPERATORS

A linear operator A is called dissipative if ||[(AI — A)z|| > A||z|| for all z € D(A)
and A > 0.

Theorem 5.1. Let X be a Hilbert C*-module and A be a linear operator such that
D(A) = X. If A is dissipative and there is a Ag > 0 such that R(\oI — A) = X, then
A is the infinitesimal generator of a Cy-semigroup of contractions on X.
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Proof. The proof is similar to that of [3, Theorem 4.3], since every Hilbert C*-module
is a Banach space. a

The next result was stated in [7] as well via a different proof.

Theorem 5.2. Suppose X is a Hilbert C*-module. If 1A is self-adjoint and there
exists Ay such that R(\I—A) = X, then the operator A is the infinitesimal generator
of a Cy-group of unitaries.

Proof. 1f iA is self-adjoint, then A is densely defined and A = —A*.
For every z € D(A) and A > 0 we therefore have
I = Azl = (M = A)z,(\ - A)z)|

= |{\z, Az) — (Az, Az) — (Az, Az) + (Az, Az)|
IN2(z, x) — Az, Az) — MAz, z) + (Az, Az)|
= [Nz, z) — MA"z,z) — \Az,z) + (Az, AT)|
= [IA\%(z,z) + MAz, ) — MAz,z) + (Az, Az)||
= |IA(z,z) + (Az, Az)].

- A
- A

Since A%(z, z) and (Az, Ax) are positive elements in the C*-algebra A and A\?(z, z) +
(Azx, Az) > A2(z,z), by [2, Theorem 2.2.5], we get
I = A)al® 2 Xz, 2)]-

Thus (A — A)z|| > A||z]|| for every x € D(A) and A > 0. Hence A is dissipative.
Replacing A1 by —A2 in R(\] — A) = X we obtain R(A2] + A) = R(Al —A*) = X.
For every z € D(A*) and A > 0 we have

AL = A%al? = O - A, (A — A%)a)]|
= |[{Az, Az) — (Az, A'z) — (A”z, Az) + (A2, A*x))|
= |3z, z) — Mz, A*z) — \(A*z,z) + (A%z, A*T)|
= |IA¥(z, ) - MAz,z) — M(A*z,z) + (A*z, A*7)||
122z, z) + M(A*z, ) — M(A%z,7) + (A*z, A*z)||
— Xz,2) + (A7, A%) |
> Xz,
Thus [|[(A] — A%)z|| > M|z||. Hence A* = —A is dissipative.
By Theorem 5.1, A and A* are infinitesimal generators of some Cp-semigroups of
contractions, say {U,(t)}s>0 and {U-(t)}¢>0, respectively. Define
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t>0
ut) = { U(ﬁ(—ti) t <0.
Then Z = {U(t)}-coct<oo is & Co-group. Do to I = U(t —¢t) = UR)U(-t) =
U(=t)U(t), we have U(—t) = U(t)"L, |[U®)|| £ 1 and JU(-t)|| < 1.
Since [|z]| = [UE) U E)z]| < IU @) 1@l = U= U (Bl < [UE)<]
< |lz}} for every t € R, U(t) is an isometry.
On the other hand U(£)U(t)~! = I, so that R(U(t)) = X. Hence U(t) is a unitary
for every t € R. Thus % = {U(t)}-oco<t<oco 15 @ Cyp-group of unitary operators on
the Hilbert A-module X. ' O

Note that if & = {T'(t)};>0 is a uniformly continuous semigroup with the in-
finitesimal generator A in L(X), then J* = {T(t)*}:>0 is a uniformly continuous
semigroup with the infinitesimal generator A* in L(X). Indeed, }%}]T(t}* ~ Il =
%i_xy)l]T(t) — I|| = 0. We now can state Stone’s theorem for uniformly continuous
semigroups of unitary operators on Hilbert C*-modules.

Corollary 5.3. A linear operator A is the infinitesimal generator of a uniformly
continuous group of unitary operators on a Hilbert C*-module X if and only if iA is
self-adjoint.

Proof. If A is the infinitesimal generator of a uniformly continuous group of unitary

operators % = {U(t)}—co<t<oo On a Hilbert C*-module X, then A is bounded and

—A =i
t—0 2 t-0 t -0 t

) — -1 _ x
2 =L O =L U@ =T e

Conversely, if 1A is self-adjoint, then the semigroup J = {T(t)}1>0 with T(t) =
e~ (i4) = !4 ig  unitary in L(X) and its infinitesimal generator is A. If T'(¢)* =
e t4 then I* = {T'(t)*}s>0 is the adjoint F. It follows that % = {U(t)}-coct<oos

where

v = { T*(—t) t<0.

is a uniformly continuous group of unitary operators with the infinitesimal generator
A. Hence %ir%nem -I|=0. O

T(t) t>0
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