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TRANSVERSAL HALF LIGHTLIKE SUBMANIFOLDS
OF AN INDEFINITE SASAKIAN MANIFOLD

DaAE Ho Jin

ABSTRACT. In this paper, we study the geometry of transversal half lightlike sub-
manifolds of an indefinite Sasakian manifold. The main result is to prove three
characterization theorems for such a transversal half lightlike submanifold. In addi-
tion to these main theorems, we study the geometry of totally umbilical transversal
half lightlike submanifolds of an indefinite Sasakian manifold.

INTRODUCTION

Recently many authors studied the geometry of lightlike submanifolds of semi-
Riemannian or indefinite Kaehlerian manifolds {1, 2, 3, 4, 8, 9, 10]. Several authors
have studied the geometry of lightlike submanifolds M of indefinite Sasakian mani-
folds M [6, 7, 11, 12]. The authors in above papers principally assumed that M is
totally umbilical {3, 6, 9, 12] or screen conformal [1, 5, 8|, or the screen distribution
S(TM) of M is totally umbilical in M [3, 10]. Because these conditions are very
useful tools to study of (non-degenerate and lightlike) submanifolds.

The purpose of this paper is to prove the following three characterization theo-
rems for transversal half lightlike submanifolds of an indefinite Sasakian manifold:
(1) There exists no screen conformal transversal half lightlike submanifolds of an
indefinite Sasakian manifold. (2) There exists no transversal half lightlike submani-
folds M of an indefinite Sasakian manifold such that the screen distribution S(T'M)
of M is totally umbilical in M. (3) There exists no proper totally umbilical transver-
sal half lightlike submanifolds M of an indefinite Sasakian manifold M. In addition
to these main theorems, we study the geometry of totally umbilical transversal half
lightlike submanifolds M of an indefinite Sasakian manifold M.
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1. HALF LiGHTLIKE SUBMANIFOLDS

An odd dimensional semi-Riemannian manifold (M, g) is called an indefinite con-
tact metric manifold [6, 11, 12] if there exists a (1,1)-type tensor field J, a vector
field ¢, called the characteristic vector field, and its 1-form @ satisfying

J2X ==X +6(X), JC=0,00J=0, () =1,
(1.1) 3¢, =¢, §UX,JY)=g(X,Y)-e0(X)0(Y),
8(X)=¢€g(¢,X), dI(X,Y)=g(JX)Y), e= =1,
for any vector fields X, Y on M. Then the set (J, 6, {, §) is called an indefinite
contact metric structure on M. We say that M has a normal contact structure if
Nj+df® (¢ = 0, where Ny is the Nijenhuis tensor field of J [6, 7). A normal contact
metric manifold is called an indefinite Sasakian manifold [11, 12] for which we have
(1.2) Vx¢ = JX,
(1.3) (VxJ)Y = (V)X — §(X,Y)C.
For any indefinite Sasakian manifold M = (M, J, ¢, 6, §), It is known that the
characteristic vector field ¢ on M is a spacelike vector field, i.e., e = 1 [11].

An indefinite Sasakian manifold M is called an indefinite Sasakian space form,
denoted by M(c), if it has the constant J-sectional curvature c [11, 12]. The curva-
ture tensor R of a Sasakian space form M(c) is given by
(14)  4R(X,Y)Z = (c+3){g(Y, 2)X — §(X, 2)Y}

+(e— D{8(X)0(2)Y - 0(Y)0(Z2)X + (X, Z)0(Y )¢
—-3(Y, 2)0(X)¢ +3(JY, 2)JX + 3(J 2, X)JY - 25(J X,Y)J Z},
for any vector fields X, Y and Z in M.

A submanifold M of codimension 2 is called a half lightlike submanifold if the
radical distribution Rad(TM) = TM NTM~* of M is a vector subbundle of both
the tangent bundle TM and the normal bundle TM+* of rank 1. Then there exist
complementary non-degenerate distributions S(T'M) and S(TM*) of Rad(TM) in
TM and TM' respectively, called the screen and co-screen distribution on M ;

(1.5)  TM = Rad(TM) @oren S(TM), TM* = Rad(TM) ®open, S(TM™),

where the symbol @, denotes the orthogonal direct sum. We denote such a
half lightlike submanifold by M = (M, g,S(TM)). Denote by F(M) the algebra
of smooth functions on M and by I'(E) the F(M) module of smooth sections of
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a vector bundle E over M. Choose L € I'(S(TM*)) as a unit vector field with
g(L,L) = (= +1). Consider the orthogonal complementary distribution S(T'M)+
to S(TM) in TM. Certainly £ and L belong to S(TM)+. Hence we have the
following orthogonal decomposition

S(TM)* = S(TM™*) @oren S(TM*)*,

where S(TM+1)* is the orthogonal complementary to S(TM=) in S(TM)*. For
any null section £ of Rad(TM) on a coordinate neighborhood U C M, there exists
a uniquely defined null vector field N € T'(Itr(TM)) satisfying

(1.6) g, N)=1, g(N,N)=g(N,X)=g(N,L)=0, VX € T(S(TM)).

We call N, ltr(TM) and tr(TM) = S(TM™) @opyp ltr(TM) the lightlike transversal
vector field, lightlike transversal vector bundle and transversal vector bundle of M
with respect to S(T'M) respectively. Then the tangent bundle TM of the ambient
manifold M is decomposed as follows:

(L.7) TM =TM & tr(TM) = {Rad(TM) @ tr(TM)} ®oren S(TM)
= {Rad(TM) ® ltr(TM)} ®ortn, S(TM) ®orer, S(TM ).
Let V be the Levi-Civita connection of M and P the projection morphism of

I'(TM) on T(S(TM)) with respect to the decomposition (1.5). Then the local
Gauss and Weingarten formulas are given by

(1.8) VxY = VxY + B(X,Y)N + D(X,Y)L,
(1.9) VxN = —AyX +7(X)N + p(X)L,
(1.10) VxL = —ApX + ¢(X)N,

(1.11) VxPY = V%PY +C(X,PY),

(1.12) Vx€ = —4AfX —7(X)E,

for all X, Y € I'(TM), where V and V* are induced linear connections of M and
on S(TM) respectively, B and D are called the local second fundamental forms of
M, C is called the local second fundamental form on S(TM). An, Az and Ay are
linear operators on TM and 7, p and ¢ are 1-forms on TM. Since V is torsion-free,
V is also torsion-free and both B and D are symmetric bilinear forms. From the
facts B(X,Y) = §(VxY,€) and D(X,Y) = €g(VxY, L) for all X, Y € T(T M), we
know that B and D are independent of the choice of a screen distribution and

(1.13) B(X,6) =0, D(X,£)=—ep(X), VX € T(TM).
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We say that h(X,Y) = B(X,Y)N + D(X,Y)L is the second fundamental tensor of
M. The induced connection V of M is not metric and satisfies

(1.14) (Vxg)(Y,2) = B(X,Y)n(Z) + B(X, Z)n(Y),
for all X, Y, Z € I(TM), where n is a 1-form on TM such that
(1.15) 2nX)=g(X,N), VX e (TM).

But the connection V* on S(T'M) is metric. The above three local second funda-
mental forms are related to their shape operators by

(1.16) B(X,Y) = g(A}X,Y), (A X, N) =0,

(1.17) C(X,PY)=g(ANX,PY),  §(ANX,N)=0,

(1.18) eD(X,PY) = g(ALX,PY),  §(ALX,N) = ep(X),
(1.19) eD(X,Y) = g(ALX,Y) — ¢(X)n(Y), VX, Y € T(TM).

By (1.16) and (1.17), we show that A7 and Ay are I'(S(TM))-valued shape operators
related to B and C respectively and

(1.20) A =0.

2. TRANSVERSAL HALF LIGHTLIKE SUBMANIFOLDS

Definition 1. A half lightlike submanifold M of an indefinite Sasakian manifold M
is said to be a transversal half lightlike submanifold {14] of M if the characteristic
vector field ¢ of M belongs to the transversal vector bundle tr(T'M) of M.

For any transversal half lightlike submanifold M, ¢ is decomposed by ( = aL +
fN, where a = ¢f(L) and f = 6(£) are smooth functions on M. Since 1 = §(¢{,() =
a?j(L,L) = ea®, we see that € = 1, that is, L is a unit spacelike vector field and
a = £1. We may assume that a = 1 without loss of generality. In this case we have

(2.1) ¢=L+fN.

Proposition 2.1. Let M be a transversal half lightlike submanifold of an indefinite
Sasakian manifold M. Then there exist a screen distribution S(T'M) such that
J(Rad(TM)) and J(ltr(TM)) = J(S(TM*1)) are subbundles of S(TM) of rank 1.

Proof. Using (1.1), we have G(J¢,£) = 0. Thus J¢ belongs to TM @®ursr, S(TM™).
If Rad(TM) N J(Rad(TM)) # {0}, then there exists a non-vanishing smooth real
valued function h such that J& = h€. Applying J to this equation and using (1.1),
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we have (h? +1)¢ = f¢. Taking the scalar product with £ and N in this equation by
turns, we get f = 0 and h? + 1 = 0 respectively. It is an impossible case for real M.
Thus Rad(TM)N J(Rad(TM)) = {0}. Moreover, if S(TM+)NJ(Rad(TM)) # {0},
then there exists a non-vanishing smooth real valued function b such that J¢ = bL.
In this case we have —f2 = g(J¢,J¢) = b*G(L,L) = b*. Thus b = 0. It is a
contradiction to b # 0. This implies S(TM*) N J(Rad(TM)) = {0}. This enables
one to choose a screen distribution S(T'M) such that it contains J(Rad(T'M)) as
a vector subbundle. From the facts g(JN,N) = 0 and g(JN,§) = —g(N,JE) =0,
using the above method, we also show that J(Itr(TM)) is a vector subbundle of
S(TM) of rank 1. On the other hand, from the facts g(JL,L) = 0, g(JL,§) =
~g(L,J€) =0 and g(JL,N) = —g(L, JN) = 0, we show that J(S(TM")) is also a
vector subbundle of S(T'M) of rank 1. Applying J to (2.1) and using J¢ = 0, we have
JL = —fJN. As rank J(ltr(TM)) = rank J(S(TM™)) = 1, we get J(litr(TM)) =
J(S(TMY)). a

Note 1. Although S(TM) is not unique, it is canonically isomorphic to the factor
vector bundle S(TM)* = TM/Rad(TM) considered by Kupeli [13]. Thus all screen
distributions are mutually isomorphic. For this reason, in this paper, we consider
only transversal half lightlike submanifold M of M equipped with a screen distri-
bution S(T'M) such that J(Rad(TM)) and J(itr(TM)) = J(S(TM*)) are vector
subbundles of S(T'M) of rank 1.

Definition 2. (1) M is said to be screen conformal[l] if there exist a non-vanishing
smooth function ¢ on a neighborhood U such that Ay = ¢ A}, that is,

C(X,PY) = ¢B(X,Y), VX, Y € I(TM).

(2) S(T'M) is said to be totally umbilical[3] in M if there exist a smooth function v
on any coordinate neighborhood ¢ in M such that

C(X,PY)=~g(X,Y), VX, Y € T(TM).

(3) M is said to be totally umbilical 3] if there is a smooth transversal vector field
H € T'(tr(TM)) on any coordinate neighborhood U in M such that

h(X,Y)=Hg(X,Y), VX, Y € I(TM).
In case H = 0 (H # 0), we say that M is totally geodesic (proper totally umbilical).

It is easy to see that M is totally umbilical if and only if, on each coordinate
neighborhood U, there exist smooth functions 8 and & such that
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B(X,Y) = Bg(X,Y), D(X,Y) =8g(X,Y), VX,Y € [(TM).

Theorem 2.2. (1) There ezists no screen conformal transversal half lightlike sub-
manifold of an indefinite Sasakian manifold.

(2) There exists no transversal half lightlike submanifold of an indefinite Sasakian
manifold such that its screen distribution is totally umbilical.

(3) There exists no proper totally umbilical transversal half lightlike submanifold

of an indefinite Sasakian manifold.

Proof. First of all, we prove that the function f, defined by (2.1), satisfies f # O:
Assume that f = 0. Then we get { = L by (2.1). Using (1.2) and (1.10), we have

JX =-AX +¢(X)N, VX eI(TM).
Taking the scalar product with £ and JN in this equation by turns, we have
$(X) = —-g(X,JE), n(X)=-D(X,JN), VX eT(TM),
respectively. From this two equations and (1.13) with € = 1, we have
1=n(§) = -D(,JN) = ¢(JN) = —g(JN, J§) = —1.

It is a contradiction. Thus we have f # 0.

Next, we prove f = C(§,J€) and fB(X,JN) = —D(X, J¢) for all X € I(TM):
Consider the local null and unit timelike vector fields U and V' on S(T'M) respectively
such that g(U,V) = 1 and the 1-form v defined by

(22) U=JL=—fJN, V=—f1J¢ oX)=-g(X,V), VX eI(TM).
Applying the operator Vx to fV = —~J¢ and using (1.3), (1.8) and (1.12), we have
(2.3) fUXV = —fX ~{Xf + fr(X)}V + ¢(X)U + J(ALX). '

Taking the scalar product with L, V and N in this equation by turns and using
(1.1), (2.2) and the facts g(V,V) = -1, g(V,U) = 1 and g(V, N) = 0, we have

(2.4) fB(X,JN) = -D(X, J§),
(2.5) X[+ fr(X) + ¢(X) = —fu(X),
(2.6) fn(X)+ B(X,JN) = C(X, JE),

respectively. Replace X by £ in (2.6) and using (1.13), we have f = C(¢, J¢).
(1) If M is screen conformal, then we have
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It is a contradiction to f # 0. Thus M is not screen conformal.
(2) If S(T M) is totally umbilical in M, then we have

f=0C(X,JE) =g(¢,J€) = 0.

It is a contradiction to f # 0. Thus S(T'M) is not totally umbilical in M.
(3) If M is totally umbilical, then, from (2.4), we have

(2.7) FBg(X,JN) = —6g(X, JE), ¥V X € T(TM).

Replace X by JN in (2.7) and using g(J¢ JN) =1 and g(JN,JN) = 0, we have

= 0. Replace X by J&/f in (2.7) with § = 0, we have § = 0. This results imply
that M is totally geodesic. Thus there exist no proper totally umbilical transversal
half lightlike submanifold M of M. O

Corollary 1. Let M be a totally umbilical transversal half lightlike submanifold of
an indefinite Sasakian manifold M. Then M is totally geodesic.

Theorem 2.3. Let M be a transversal half lightlike submanifold of an indefinite
Sasakian manifold M. Then S(TM) is integrable. Furthermore, M is locally a
product manifold L x M*, where L is a null curve on M and M™ is a leaf of S(TM).

Proof. For all Y € T'(T M), we show that §(¢, PY) = 0. Applying the operator Vx
to this equation and using (1.2), (1.8) and (1.11), we have

G(JX,PY) + fC(X,PY) + D(X,PY) =0, VX, Y € [(TM), ie.,
Thus we see that C is symmetric on S(T'M) if and only if (X, JY) = g(JX,Y) for
all X, Y e I'(S(TM)). From (1.1) we show that (X, JY) = g(JX,Y) is equivalent

to g(JX,JY) = —g(X,Y) + 6(X)8(Y). Thus C is symmetric on S(T'M). From
(1.11), we have C(X,Y) = g(VxY, N). Using this equation, we obtain

0=C(X,Y) - C(Y,X) = g(VxY - Vy X,N) = n([X,Y]),

for all X, Y € T(S(T'M)). Thus we have [X,Y] € T(S(TM)). This implies that
S(T M) is integrable. Due to Duggal and Bejancu {3], M is locally a product manifold
L x M*, where L is a null curve on M and M* is a leaf of S(TM). 0

Definition 3. We say that M is locally symmetric{11] if its curvature tensor R be
parallel, i.e., have vanishing covariant differential, VxR = 0 for all X € T'(T'M).
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Theorem 2.4. Let M be a totally umbilical transversal half lightlike submanifold of
an indefinite Sasakian manifold M. If M is locally symmetric, then M is a space

of constant curvature 1.

Proof. As M is totally umbilical, by Theorem 2.2(3) and (1.13), we get B = D =
¢ = 0. From (1.16) and (1.18), we have AiX = 0and ALX = p(X)¢ for any
X e I'(T'M). Using this resuls, (2.3) and (2.5) and the fact f # 0, we have

(2.8) VxV =-X+v(X)V, VX € (TM).
Using (2.8) and the fact that V is torsion free connection, we show that
R(X,Y)V =2dv(X, )V +v(X)Y —v(V)X, VX, Y e T(TM).

Taking the scalar product with V in this equation and using the third equation of
(2.2){denote (2.2)-3}, we have dv = 0. Therefore we obtain

(2.9) R(X, Y)W =uv(X)Y —u(Y)X, VX, Y e I(TM).
Differentiating (2.2)-3 with Y € I'(T M) and using (2.2) and (2.8), we have
(2.10) (Vxv)(Y) = g(X,Y) +v(X)u(Y), VX, Y e(TM).
Differentiating (2.9) with Z € T'(T'M) and using (2.9) and the fact that M is locally
symmetric, i.e., VxR = 0 for any X € I'(TM), we have

R(X,Y)VzV = (Vzu)(X)Y — (Vzu)(Y)X, VX, Y e I'(TM).
Substituting (2.8) and (2.10) in this equation and using (2.9), we obtain
(2.11) R(X,Y)Z = g(Y,2)X — g(X,2)Y, VX,Y e I(TM).
Thus M is a space of constant curvature 1. il

Denote by R and R the curvature tensors of the connections ¥V and V of M and
M respectively. Using the local Gauss-Weingarten formulas (1.8)~(1.10) for M, for
all X, Y, Z € I'(TM), we obtain the Gauss equation for M:

(212) R(X,Y)Z =R(X,Y)Z
+ B(X,Z)ANY — B(Y,Z)AnX + D(X,Z)ALY — D(Y,Z)ALX
+{(VxB)(Y,Z) - (Vy B)(X, Z) + (X)B(Y, Z) — 7(Y)B(X, Z)
+{(VxD)(Y, Z) — (Vy D)(X, Z) + p(X)B(Y, Z) ~ p(Y)B(X, Z)} L.
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Definition 4. A half lightlike submanifold M of a semi-Riemannian manifold M is
said to be irrotational[13] if Vx¢ € T(TM) for any X € I'(TM).

Note 2. For any irrotational M, since B(X,€) = 0 due to the first equation of
(1.13), we have D(X,€) =0 = ¢(X) for all X e T'(TM).

Theorem 2.5. Let M be an irrotational transversal half lightlike submanifold of an
indefinite Sasakian space form M(c). Then we have ¢ = 1.

Proof. Replacing Z by £ in (2.12) and using (1.12), (1.13) and the facts that ¢ =0
and B(Y, A X) = B(X, AfY) for all X, Y € I'(T'M), we have

(2.13) R(X,Y)¢ = R(X,Y)¢+ {D(Y, A; X) — D(X, A{Y)}L.
Using (2.13) and the fact R(X,Y)Z € D(TM) for X, Y, Z € T(TM), we get
(2'14) g(R(X7 Y)Z1 g) = —§(R(X,Y)§, Z) = "g(R(X» Y)f, Z)

=g(R(X,Y)Z,§)=0,VX,Y, Z e '(TM).
Taking the scalar product with ¢ in (1.4) and using (1.1), (2.1) and (2.14), we get
(c—D{f9(X,2)6(Y) — fg(Y, 2)6(X) — g(JY, Z)g(X, JE)
~ §(JZ, X)g(Y, JE) + 23(J X, Y)g(Z, JE)} = .
Replacing Z by J¢ and Y by £ in this equation and using (1.1), we have
(2.15) 4f%(c—1)g(X,JE) =0, VX € T(TM).
Replace X by JN in (2.15), we get f2(c — 1) = 0. As f # 0, we have ¢ = 1. O

Corollary 2. There exist no irrotational transversal half lightlike submanifolds M
of indefinite Sasakian space form M(c) with ¢ # 1.

The induced Ricci type tensor R(2) of M is defined by
ROD(X,Y) = trace{Z — R(Z,X)Y}, VX, Y € T(TM).

In general, R(®?) is not symmetric (3, 4, 5]. A tensor field R(®?) is called the induced
Ricet tensor{5], denoted by Ric, of M if it is symmetric.

Theorem 2.6 ([4]). Let M be a half lightlike submanifold of a semi-Riemannian
manifold M. The Ricci type tensor R©? is symmetric, if and only if, the I-form T
given by (1.9) is closed, i.e., dr =0, on anyU C M.

The local Weingarten formula (1.9) becomes

(216) VxN = —ANX + V4N + E*(X,N), VX € T(TM), N € L(itr(TM)).
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The symbol V¥ is a linear connection on ltr(TM). We call V¢ the lightlike transversal
connection on M. In this case we have V4N = 7(X)N and E*(X,N) = p(X)L.

Definition 5. We define the curvature tensor R’ of the lightlike transversal vector
bundle ltr(TM) of M by

(2.17) RYX,Y)N = V4V{N - V{ V&N - Vi yN,

for all X,Y € I'(TM). If R’ vanishes identically, then the lightlike transversal
connection V¢ of M is said to be flat (or trivial) [11].

Theorem 2.7. Let M be a half lightlike submanifold of a semi-Riemannian manifold
M. The following assertions are equivalent:

(1) The lightlike transversal connection of M is flat, i.e., Rt =0.

(2) The 1-form 7 is closed, i.e., dr =0, on any U C M.

(3) The Ricci type tensor R 2) is an induced Ricci tensor of M.

Proof. Applying the operator V‘j( to V%N =7(Y)N, we have
VLVEN = {X(r(Y)) + 7(Y)T(X)}N.
By straightforward calculations from this equation and (2.17), we have
RYX,Y)N =2d7(X,Y)N, VX,Y e I(TM).
From this result and Theorem 2.6, we have our assertions. il

Theorem 2.8. Let M be a totally umbilical transversal half lightlike submanifold
of an indefinite Sasakian manifold M. If M is locally symmetric, then the lightlike
transversal connection of M is flat and the Ricci type tensor R©®2) is an induced
Ricci tensor Ric of M.

Proof. Using (1.8), (1.9) and (1.10), we have
(2.18) R(X,Y)N = —-Vx(AnY) + Vy(AnX) + AN[X,Y]
+ T(X)ANY —T(Y)ANX + p(X)ALY — p(Y)ALX
+{B(Y, AnX) — B(X, ANY) + 2d7(X,Y) + $(X)p(Y) — &(Y)p(X)}N
+ {D(Y,AnX) — D(X, ANY) + 2dp(X, Y) + p(X)7(Y) — p(¥)7(X)} L.
Taking the scalar product with £ in (2.18) with ¢ = 0, we have
g(R(X,Y)N, &) =2d7(X,Y), VX, Y € I(TM).
Using this, (2.11), (2.13) and the fact M is locally symmetric, we have
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2dT(X’ Y) = Q(R(X, Y)Na 5) = “g(R(X’ Y){, N)
= —g(R(X,Y)§, N) = g(X,n(Y) — g(Y,En(X) =0,

for all X, Y € I'(T'M). Thus, from Theorem 2.7, we have our theorem. O
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