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STRONG CONVERGENCE THEOREMS FOR
ASYMPTOTICALLY QUASI-NONEXPANSIVE MAPPINGS
AND INVERSE-STRONGLY MONOTONE MAPPINGS

XIN-FENG HE, YONG-CHUN XU, AND ZHEN HE

ABSTRACT. In this paper, we consider an iterative scheme for finding
a common element of the set of fixed points of a asymptotically quasi-
nonexpansive mapping and the set of solutions of the variational inequal-
ity for an inverse strongly monotone mapping in a Hilbert space. Then
we show that the sequence converges strongly to a common element of
two sets. Using this result, we consider the problem of finding a com-
mon fixed point of a asymptotically quasi-nonexpansive mapping and a
strictly pseudocontractive mapping and the problem of finding a common
element of the set of fixed points of a asymptotically quasi-nonexpansive
mapping and the set of zeros of an inverse-strongly monotone mapping.

1. Introduction and preliminaries

Let C be a closed convex subset of a real Hilbert space H and let Po be the
metric projection of H onto C.

A mapping A of C into H is called monotone if for all z,y € C(x —y, Az —
Ay) > 0.

The variational inequality problem is to find a v € C such that (v—u, Au) >
0 for all v € C see [1,2,4,6,11]. The set of solutions of the variational inequality
is denoted by VI(C, A).

A mapping A of C into H is called inverse-strongly monotone if there exists
a positive real number « such that (z — y, Az — Ay) > af|Az — Ay||? for all
x,y € C; see [3,5,7,8]. For such a case, A is called a-inverse-strongly monotone.

A mapping S of C into itself called asymptotically nonexpansive if there
exists a sequence {ky}, kn, > 1 of positive real numbers with lim, o k, = 1
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and such that
[S5™x — S™y[| < knllz -yl

for all integers n > 1 and z,y € C. S is called uniformly L-Lipschitzian if there
exists a constant L > 0 such that Vz,y € C, the following inequality holds:

15"z = S"yl| < Ljjz —yl|.

A point z € C is a fixed point of S provided Sz = . Denote by F(S) the set
of fixed points of S; that is, F'(S) = {z € C : Sx = z}.

The map S is called asymptotically quasi-nonexpansive if F(S) # @ and
there exists a sequence {k, }, k, > 1 of positive real numbers with lim, . k, =
1 and such that

1572 — 2| < knlle — 7|

for all integers n > 1 and « € C,Va* € F(S). It is clear from this definition
that every asymptotically nonexpansive mapping with a fixed point is asymp-
totically quasi-nonexpansive(see[16]).

In this paper, we introduce an iterative scheme for finding a common ele-
ment of the set of fixed points of a asymptotically quasi-nonexpansive mapping
and the set of solutions of the variational inequality for an inverse-strongly
monotone mapping in a real Hilbert space. Then we show that the sequence
converges strongly to a common element of two sets. Using this result, we first
obtain a strong convergence theorem for finding a common fixed point of a
asymptotically quasi-nonexpansive mapping and a strictly pseudocontractive
mapping. Further, we consider the problem of finding a common element of
the set of fixed points of a asymptotically quasi-nonexpansive mapping and the
set of zeros of an inverse-strongly monotone mapping.

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, and
let C' be a closed convex subset of H. We write x,, — x to indicate that the
sequence {z,} converges weakly to z. z, — x implies that {z,} converges
strongly to x. For every point = € H, there exists a unique nearest point in C,
denoted by Pox, such that ||z — Pox| < ||z —yl| for all y € C. Pc is called the
metric projection of H onto C. We know that Po is a nonexpansive mapping
of H onto C. It is also known that Po satisfies

(x —y, Pcx — Poy) > ||Pex — Pey|? (1.1)

for every x,y € H. Moreover, Pox is characterized by the properties: Pox € C
and (x — Pox,Pcx —y) > 0 for all y € C. In the context of the variational
inequality problem, this implies that

u € VI(C,A) <= u = Po(u— Nu), YA>0. (1.2)

A mapping T : C' — C is said to be semi-compact if, for any sequence {z,} in
C such that ||z, — Tz, | — 0 as n — oo, there exists a subsequence {x,,} of
{xn} such that {z,,} converges strongly to some 2* in C .
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If A is an a-inverse-strongly monotone mapping of C' into H, then it is
obvious that A is 1/a-Lipschitz continuous.We also have that for all z,y € C
and A > 0,

I(7 = Ad)z — (I = XA)y|* = |[(z — y) = A(Az — Ay)|*
=z —ylI = 2\(z — y, Az — Ay) + N*|| Az — Ay||?

< o —yl* + A\ — 20) [ Az — Ay|]>.
(1.3)
So, if A < 2a, then I — AA is a nonexpansive mapping of C' into H.

Lemma 1.1. (K. Goebel and W. A. Kirk [15]) Let K be a nonempty, closed,
conver and bounded subset of a uniformly conver Banach space X, and let
F : K — K be asymptotically nonexpansitve. Then F has a fixed point.

2. The convergence theorem

In this section, we prove a strong convergence theorem for asymptotically

quasi-nonexpansive mappings and inverse-strongly monotone mappings using
the idea of [13] and [14].

Theorem 2.1. Let C be a bounded closed convex subset of a real Hilbert space
H. Let A be an a-inverse-strongly monotone mapping of C into H and let S
be a uniformly L-Lipschitzian, asymptotically quasi-nonexpansive mapping of
C into itself with sequence {k,} C [1,00) such that F(S)NVI(C,A) # 0 .
Suppose xg € C' and {x,} is given by

zo€C, A>0,

Yn = PC(xn - )\nAxn)a

Zn = apy + (1 — an)S™yn,

Hy={veC: |z —v|? < lwn —v]]> + 6},
Wp={2€C:(z—xn,xo— xn) <0},

Znt1 = Pu,ow, (20), n >0,

(2.1)

where

0, = (1 — ay,) (k2 — 1)(diamC)* =0, as n — oo,
{an} is a sequence in [0,1) and {\,} is a sequence in [0,2a]. If {a,} and
{An} are chosen so that {\,} € [a,b] for some a,b with 0 < a < b < 2a,
and A, — Ao, limy, 00 ay = 0. Assume that S is semi-compact. Then {x,}
converges strongly to Pp(s)nvi(c,a)(o).

Proof. First note that S has a fixed point in C' by Lemma 1.1; that is, F(S)
is nonempty. Since C' is a bounded set, therefore {z,},{Ax,} and {S™z,} are
also bounded.

Next observe that H, is convex. Indeed, the defining inequality in H,, is
equivalent to the inequality

2((wpn — 2n),v) < ||xn||2 - ||Zn||2 + 6,
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which is affine (and hence convex) in v. Next observe that F(S)NVI(C, A) C
H,, for all n. Indeed, we have, for all p € F(S)NVI(C, A),

120 = plI* = llan(zn = p) + (1 = @n)(S"yn — p)II?
< anllzn —pl* + (1 = ) 1"y — pII?
< anllzn = pl* + (1= an)kyllzn — pl® (2.2)
= llon = plI* + lan + (1 = an)k; = |z — p|®

So p € H,, for all n. Next we show that
FS)NnVIC,A) c H,NnW,, for all n>0. (2.3)

It suffices to show that F(S)NVI(C,A) C W, for all n > 0. We prove this
by induction. For n = 0, we have F'(S)NVI(C,A) C C = Wy. Assume that
F(S)NnVI(C,A) C W,. Since 41 is the projection of zy onto H,, N W,,, we
have

(X1 — 2,80 — Tpg1) =0,  V z€ H, NW,. (2.4)

As F(S)nVI(C,A) C H, NW,, the last inequality holds, in particular, for all
z € F(S)NVI(C,A). This together with the definition of W, implies that
F(S)NVI(C,A) C Wy41. Hence (2.4) holds for all n > 0.

Next we show that

|€nt1 — znl| — 0. (2.5)

Indeed, by the definition of W,,, we have x,, = Pw, (xo) which together with
the fact that z, 1, € H, NW,, C W,, implies that

on - an < lzo — Tyl

This shows that the sequence {||2,, — x¢||} is increasing. Since C is bounded, we
obtain that the lim,_, ||z, — 2ol|| exists. Noticing again that x,, = Pw, (x0)
and x,1 € W, which imply that (x,11 — Zpn, 2, — o) > 0, and also noticing
the identity

lu =l = [lull* = Jo]* = 2(u—v,v),  Vu,ve€H,

we obtain

1n41 = 2nl|* = [(@ns1 = 20) = (20 — z0)|?

= ||lznt1 — zol® = lzn — x0lI* = 2(nt1 — Tn, Tn — z0)  (2.6)

< |@nt1 — zol|? = |z — zo||* = 0, as n— oco.



STRONG CONVERGENCE THEOREMS 5

By the definition of y,,, we have
[Yn+1 = Ynll = [[Po(@nt1 — Any1ATn41) — Po(@n — AnAzy )|
< Zn+1 — Ant1ATng1 — T + A Az, ||
< (@nt1 = A1 ATng1) — (T — Ang1Azn)|| (2.7)
+ A = A1 |[|Azy |
S zntr = znll + [An = Anga || Az |-

Since {Az,} is bounded and ||z,4+1 — x| — 0, we obtain ||yn+1 — ynl — 0.
From z,,4+1 € H,,, we have

l2n = Tng1l)® < [|2n — Zpial|* + 60 =0, as n— oo,
[2n = @nll < llzn = Zniall + lZne1 — 2al = 0.
For u € F(S)NVI(C,A), from (1.3), we obtain
Iz = ull® = [lan@n + (1 = @) S"yn — ul|?
< anllzn =l + (1 = an)[|S"yn — ul?
< anllen = ull® + (1 = an)k; lyn — ull?
< apllen, — UH2 + (1 - O‘n)kr%”xn - u||2
+ (1 — ap)k2a(b — 20)|| Az, — Aul?
<l =l + (1 = an) (k5 = 1|2y — ulf?
+ (1 — ay)k2a(b — 2a)|| Az, — Aul?.
Therefore, we have
— (1 — an)kia(b — 20)|| Az, — Aul?
<l = ull? = 2o = ul® + (1 = an) (ki = Dljzn — u?
= (1= an)(ki = Dllza — ul® + (lzn — ull + [|2n — ul)
X ([#n = ull = [[2n — ul])
< (1= an)(ky = Vllzn — ull® + (o — ull + |20 — ul])
X || — 2z |-
Since k, — 1 and ||z, — @, || = 0, we obtain ||Az, — Au|| — 0. From (1.1), we
have
o — ull? = [ Pe(arn — AwA) — Pou — ApAu)|?
< (g — AMpAxy) — (u — A Au), Yy, — u)
= S~ An ) = (= Ay dw)|? + g — ul?
—[I@n = AnAzn) = (u = XnAu) — (yn — u)[?}
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IN

1
g tllan — ull? + [lyn = wl® = [(@n = yn) = An(Azn — Au)[?}

= 2z — ul + g — wll? = 1z — 9

4+ 20 (T — Yy Az, — Au) — N2 || Az, — Aull?}.

So, we obtain
[yn —ull® < llzn = ull® = |20 = yall* + 220 (@0 — Yn, Azn — Au)
— A2 ||Az,, — Aul?

and hence
20 = ull® = llanan + (1 = @) S yn — ul|?

< anllzn — ull* + (1 = an)[1S"yn — ul]?

< apllen —ull® + (1 = )k llyn — ul?

< (1= an)(ky = Dllzn —ull? + 2o — ull® = (1 = an)k; |2n — yal®

+ 20, (1 — ) k2 (@ — Yy Axyy — Au) — N2 (1 — ) K2 || Az, — Aul|?.
Since k, — 1, ||z, — 2] — 0 and || Az, — Au|| — 0, we obtain ||z, — y,|| — 0.
In virtue of
[2n = S"ynll = anllzn — S™yull = 0,
120 = ynll < llzn — 2nll + [l2n — ynll = 0,
we have
15" yn = ynll < 15"yn — znll + llzn — yull = 0.
We deduce that
15Yn = ynll < 11Syn = S"ynll + 15"y — 5"y |
A 15" i1 = Yo |+ [Yns1 — all
< Lllyn = S"ynll + 15" yni1 — ynsall + 1+ L) [[yn — ynga | = 0

and
15" %n — 2|l < 15”20 — S™ynll + 15" Yn — ynll + lyn — z4||
< (L+Dlyn = zall + 15"y = yall = 0.
Similarity, we have ||Sx,, — x,| — 0.
By the assumption of Theorem 2.1, S is semi-compact, therefore it follows

that there exists a subsequence {z,,} C {z,} such that z,, — w. Hence we
have that

|Sw — w| = lim || Sz, — zn,

:O’

ie, we F(S9).
We now prove that w = Pp(g)(z0) and z,, — w. Put w’ = Pp(g)(zo) and
consider the sequence {zo — z,, }. Then we have ¢ — z,, — 2o — w and by the
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fact that ||xg — zpy1|| < ||xo — w'|| for all n > 0 which is implied by the fact
that 2,41 = Pu,nw, (o), we obtain

lzo — w'll < [lzo —wl| = lim [lzg — zp, || = Hm (2o — 2y, 41|l < Jlwo — w']l.
1—00 71— 00
This implies that ||xg—w'|| = ||xo—w]|. (hence w’ = w by the uniqueness of the

nearest point projection of zo onto F'(S).) It follows that z,, — w’. Replacing
{z,} with {z,,}, also there exists a convergence subsequence of {z,,}. Hence,
we conclude that z,, — v’ = w.
Thus, y, — w. Next we show that w € VI(C, A).
Since {\,} C [0,2a], A, — Ao, thus y, = Po(I — AoA)w. Indeed,
lyn — Pe(I — MoA)w)|| = |Po(I — M\yA)x,, — Po(I — MgA)w||
< I = XAz, — (I — NoA)w||
< lan — wlf + Anl|Azn — Aw]] 4 [An = Ao [[Aw]|.
Since A is 1/a-Lipschitz continuous, hence,||Az,, — Aw| — 0. We have y,, —
Po(I — MpA)w. On the other hand, from y, — w and the uniqueness of the
limit, we have w = Po(I — AgA)w, i.e. w € VI(C,A). At the same time we
also show that {x,} converges strongly to w = Pp(s)nvi(c,a)(o)- a

Remark 2.2. Theorem 2.1 is generalized Theorem 2.2 in [14]. The operator

S extend from asymptotically nonexpansive mapping to asymptotically quasi-
nonexpansive mapping. If S = I is identical operator, then {z,} converges

strongly to Py r(c,a)(o).
3. Applications

In this section, we prove two theorems in a real Hilbert space by using
Theorem 2.1. A mapping T : C — C is called strictly pseudocontractive if
there exists k with 0 < k < 1 such that

1Tz — Ty|* < ||lz — yl|* + kl|(I = T)a — (I = T)yl”

for all z,y € C. If kK =0, then T is nonexpansive.

Put A=1-T , where T : C — C is a strictly pseudocontractive mapping
with k. Then A is (1 — k)/2-inverse-strongly monotone (see [3]). Actually, we
have, for all z,y € C,

(I = A)x — (I = A)y|* < |z — y||* + kl| Az — Ay||*.
On the other hand, since H is a real Hilbert space, we have
11 = A)a — (I = A)y|]2 = 2 — y|]2 + | Az — Ay||? — 2(z — y, Aw — Ay).
Hence we have -
(x—y, Az — Ay) > —— | Az — Ay||*.
Using Theorem 2.1, we first prove a strong convergence theorem for finding

a common fixed point of a asymptotically quasi-nonexpansive mapping and a
strictly pseudocontractive mapping.
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Theorem 3.1. Let C be a bounded closed convex subset of a real Hilbert space
H. let T be a k-strictly pseudocontractive mapping of C' into itself such that
F(S)NF(T) # 0 and let S be a uniformly L-Lipschitzian, asymptotically quasi-
nonezpansive mapping of C into itself with sequence {k,} C [1,00). Suppose
xo € C and {x,} is given by

xo€C, A>0,

Zp = QpTp + (1 - an)Snyna

H,={veC:|z,—v|?*<|zn —v|*+0,},

Wp={2€C:(z—xn,x0— xn) <0},

Tp+1 = PHnﬁWn (.’50), n Z 07
where

0, = (1 — ay) (k2 — 1)(diamC)* =0, as n — oo,

{an} is a sequence in [0,1) and {\,} is a sequence in [0,1 — k]. If {a,} and
{An} are chosen so that {\,} € [a,b] for some a,b with 0 < a < b < 1—k,
and A, — Ao, limy, 00 oy = 0. Assume that S is semi-compact. Then {x,}
converges strongly to Pr(s)np(r) (o).

Proof. Put A=1—T . Then A is (1 — k)/2-inverse-strongly monotone. We
have F(T) = VI(C, A) and Po(xn, — AAxy,) = (1 — A\p)xn + AT, (see[14]).
So, by Theorem 2.1, we obtain the desired result. ([

Using Theorem 2.1, we also have the following:

Theorem 3.2. Let H be a real Hilbert space. Let A be an a-inverse-strongly
monotone mapping of H into itself and let S be a uniformly L-Lipschitzian,
asymptotically quasi-nonexpansive mapping of H into itself such that F(S) N
A0 # 0. Suppose

zo e C, A>0,

Yn = Tp — A Az,

Zn = QpTn + (]— - Oén)Snyna

H,={veC:|z,—v|?<|xn—0]*+0,},

W, ={2€C:{z—xp,x0—2,) <0},

Tpy1 = Pu,ow, (z0), n >0,
where

0 = (1 —an) (k2 —1)M —0, as n— .

If we assume that {x,} is bounded sequence with bounds M ,{a,} is a sequence
in [0,1) and {\,} is a sequence in [0,2a]. If {a,} and {\,} are chosen
so that {\,} € [a,b] for some a,b with 0 < a < b < 2a, and A\, — Ao,
limy, 00 a, = 0. Assume that S is semi-compact. Then {x,} converges strongly
to Pr(syna-10(zo)-

Proof. We have A='0 = VI(H, A). So, putting Py = I, by Theorem 2.1, we
obtain the desired result. O
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