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VISCOSITY METHODS OF APPROXIMATION FOR A
COMMON SOLUTION OF A FINITE FAMILY OF
ACCRETIVE OPERATORS

JUN-MIN CHEN, L1-JUAN ZHANG, AND TIE-GANG FAN

ABSTRACT. In this paper, we try to extend the viscosity approximation
technique to find a particular common zero of a finite family of accretive
mappings in a Banach space which is strictly convex reflexive and has a
weakly sequentially continuous duality mapping. The explicit viscosity
approximation scheme is proposed and its strong convergence to a solution
of a variational inequality is proved.

1. Introduction

Let E be a Banach space with a dual space of E*, C' a nonempty closed
convex subset of F, and T : C — C' a mapping. Recall that T is nonexpansive
if |Tx —Ty|| < ||z —yl for all z,y € C. A point = € C is a fixed point of T
proved Tz = x. Denote by Fixz(T) the set of fixed points of T. f: C — C'is a
contraction on C' if there exists a constant 5 € (0,1) such that ||f(z) — f(y)] <
Bllz —yl|, Vz,y € C. The normalized duality mapping J from E to 27 is given
by J(z) = {g € E* : (z, g) = ||z||*> = ||¢||*}, z € E where E* denotes the dual
space of E and (-,-) denotes the generalized duality pairing.

Recall that an operator A with D(A) and R(A) in F is said to be accretive,
if for each x; € D(A) and y; € A(z;) (i = 1,2), there is a j € J(x2 — x1) such
that

(Y2 —y1,7) > 0.

An accretive operator A is m-accretive if R(I +AA) = E for all A > 0. Denote
by N(A) the zero set of A: i.e.,

N(A):= A1 (0)={x € D(A) : 0 € Az}.
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If A is accretive, then we can define, for each r > 0, a nonexpansive single-
valued mapping J,. : R(I+rA) — D(A) by J, := (I+7A)~!, which is called the
resolvent of A. we also know that for an accretive operator A, N(A) = Fix(J;).

Recently, Zegeye and Shahzad [13] have proved the strong convergence theo-
rem for a finite family of accretive operators, let [ > 1 be a positive integer, and
define the set A = 1,2,--- 1. We also can see [6], J. S. Jung also has proved
the strong convergence of an iterative method for finding common zeros of a
finite family of accretive operators.

Theorem 1.1. ([13]) Let E be a strictly convex and real reflexive Banach space
FE which has a uniformly Gateaux differentiable norm, and K a nonempty closed
convex subset of E. Let A;:i1 € A : K — E be a finite family of m-accretive
operators with ﬂézl N(A;) # 0. Assume that every nonempty closed bounded
convez subset of E has the fized point property for nonexpansive mappings. For
any given u, xg € C, let {x,} be generated by the algorithm

Tpy1 = apu+ (1 — @) Spzn, n >0, (1)
where S, = agl +arJa, + asJa, + -+ ajJa, with Ja, = (I + A;)7L, fori=
0,1,2,---,1, a; € (0,1), Zi:o a; =1, and {a,} a real sequence satisfying the
conditions (C1) limy, oo atp, = 0; (C2) 307ty = 400 and (C3) Y07 |ng1—
| < 400 or(C3)* limy, oo lentizanl _ g Then the sequence {x,} converges

Qpt1
strongly to a common zero of {A; : i € A}.

And in [5], L. Hu, L. Liu generalized and extended the result of Zegeye and
Shahzad [13], they proved the following theorem:

Theorem 1.2. ([5]) Let E be a strictly convex and real reflexive Banach space
E which has a uniformly Gateaux differentiable norm, and C' a nonempty closed
conver subset of E. Let {A; : i € A} : C — E be a finite family of accretive
operators satisfying the following range conditions:

d(D(4;)) CCcC [\RI+7r4), i=1,2--- L
>0
Assume that ﬂézl N(A;) #0. Let{a,},{Bn}, {vn} are three sequences in (0,1)
and {r,} is a sequence in (0,400), satisfying conditions:
(1) (CINlimy, ooy = 0; (C2)°0° ) ayy = +00;

(ii) 0 <liminf, ,o Bn <limsup,_,. Bn < 1;

(iii) lim, oo 7p =7,7 € RT.
For any u € C, x¢ € C, the sequence {x,} is given by

Tnt+1l = Qnt + BnTn + YnSr, Tn, n >0, (2)

where S, = agl + al.]?}n + angn 4+ o+ alan with J};n = (I +7r,A)7L, for
i=20,1,2,---,1, a; € (0, 1),2220 a; = 1. Then the sequence {z,} converges
strongly to a common zero of {A; : i € A}.
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The viscosity iterative has been studied by many researchers (see, [7], [§],
[3], [12]). In 2000, Moudafi [7] introduced viscosity approximation method and
proved that if F is a real Hilbert space, for given zg € C, the sequence {z,,}
generated by the algorithm

Tpg1 = anf(an) + (1 — an)Tay,n > 0, (3)

where f : C — C is a contraction mapping with constant 5 € (0,1) and
o, C (0,1) satisfies certain conditions, converges strongly to a fixed point of T
in C which is the unique solution to the following variational inequality:

(I —=fla*,xz—a*y >0, Vae Fix(T).

In 2004, Xu [12] studied further the viscosity approximation method for
nonexpansive mappings in uniformly smooth Banach spaces. This result of Xu
[12] extends Theorem 2.2 of Moudafi [7] to a Banach space setting.

In 2006, Paul-Emile Maing ¢ [8] considered the general iterative method

Tnt1 = apnTpx, + (1 — an)J;‘:xn, 4)

for calculating a particular zero of A, an m-accretive oprator in a Banach space
FE, T, being a sequence of nonexpansive self-mappings in £. Under suitable
conditions on the parameters and F, they stated strong and weak convergence
results of {x,}.

Motivated and inspired by above works, in this paper, we introduce and
study the following iterative algorithm in strictly convex reflexive Banach spaces
FE with a weakly sequentially continuous duality mapping from E to E*: for
given xg € C, let the sequence {z,} be defined by

Tn+1 = Oénf(l'n) + ann + 'YnSrT,,xna Yn > 0, (5)
where S, = aol + arJ} + aoJ? + -+ aiJl with J: = (I +r,A;)"! for
i=1,2,--,0,a; € (0,1), ¥ _a; = 1 and {r,} C (0,+00). {an}, {Ba} and

{7n} are real sequences in (0,1) satisfying a,, + 8, + 7, = 1. The present
results improve and extend many known results in the literature.

2. Preliminaries

Recall that a gauge function ¢ : RT — RT such that ¢(0) = 0 and
lim; 00 ¢(t) = oo0. The duality mapping J, : E — E* associated with a
gauge function ¢ is defined by

Jo(x) = {u” € B": (z, ") = [Jz[l[lu], [u]| = &(l[z])), Vo € E}.
In the particular case ¢(t) = ¢, the duality map J = J, is called the normal
duality map. We note that J,(z) = MJ(.’L‘), for x # 0. Tt is known that if

x
E is smooth then J; is single valued a!uy norm-to-weak* continuous(see[2]).
Following Browder [1], we say that a Banach space E has the weak contin-
uous duality mapping if there exists a gauge function ¢ for which the duality
map Jy is single valued and weak to weak® sequentially continuous (i.e., if
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{z,} is a sequence in E weakly convergent to a point x, then the sequence
{Jp(zn)} converges weak* to Js(x)). If Banach space E admits weakly se-
quentially continuous duality mapping J, then by ([4] Lemma 1), we get that
duality mapping J is single-valued. Tt is well known [?(1 < p < o0) spaces have
a weakly continuous duality mapping J, with a gauge function ¢(t) = tP~1.
Setting

®(t) = /0 o(r)dr, t>0,

one can see that ®(t) is a convex function and Jy = 0®(||z||), for x € E, where
0 denotes the subdifferential in the sense of convex analysis.

Recall that a Banach space E is said to be smooth if and only if the duality
mapping J is single-valued. A Banach space F is called strictly convex if for
a; € (0,1), 4 € A, such that 22:1 a; = 1, we have ||a1z1 +agze 4+ -+ ayzy]| < 1
for x; € U, i € A and x; # x; for some i # j. For in a strictly convex Banach
space we have that if ||z1|| = ||lz2|| = -+ = ||| = |larz1 + asze + - - + ajzy]],
for x; € E, a; € (0,1), i € A and Eﬁzlai =1, thenxy =29 =--- = xy.

Let C' a nonempty closed convex subset of £ and () a mapping of E onto
C'. Then Q is said to be sunny if Q(Q(z) +t(z — Q(x))) = Q(z) for all x € E
and t > 0. A mapping Q of E into F is said to be a retraction if Q* = Q. If a
mapping @ is a retraction, then Q(z) = z for every z € R(Q), where R(Q) is
the range of Q). A subset C' of F is said to be a sunny nonexpansive retract of
FE if there exists a sunny nonexpansive retraction of £ onto C and it is said to
be a nonexpansive retract of E if there exists a nonexpansive retraction of F
onto C. If E = H, the metric projection P is a sunny nonexpansive retraction
from H to any closed convex subset of H.

Lemma 2.1. (see [10]) Let E be a smooth Banach space and C a nonempty
subset of E. Let Q : E — C be a retraction and J the normalized duality
mapping on E. Then the following are equivalent:
(i) Q is sunny nonexpansive;
(i) (z —Qx),J(y —Q(z))) <0, forallz € E and y € K.
We note that Lemma 2.1 still holds if the normalized duality map J is
replaced with the general duality map J4, where ¢ is a gauge function.

Lemma 2.2. (see [11]) Let {s,} be a sequence of nonnegative real numbers
satisfying the following relation:

Sn+1 S (1 - an)Sn + A fhn, vn 2 07

where (i) 0 < a,, < 1, (ii) > o0, a, = oco. Suppose, either o, = o(ay,), or
oo op < 00, where 0, = appin, or (iii) limsup,, . pn, < 0. Then s, — 0 as
n — oo.

Lemma 2.3. (see [2]) Let E be a real Banach space. Then for all x,y € E we
get that

O(llz +yll) < @zl + (v, ds(x + ), Jo € Js- (6)
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Lemma 2.4. (The Resolvent Identity) For A >0 and p >0 and z € E,

Jha = JH(%U +(1- %)J,\x).

Lemma 2.5. (see [9]) Let {z,} and {y.} be bounded sequences in a Banach
space E such that

Tnt1 = Bptn + (1= Bn)yn, Yn >0,

where { B} is a sequence in (0,1) such that 0 < liminf,,_, B, < limsup,, . Bn
1. Assume

lim sup(||yn+1 — yull = |Tns1 — 20 ) < 0.
n— 00
Then limy, 00 [|yn — @n|| = 0.

Lemma 2.6. ([13]) Let C be a nonempty closed convex subset of a strictly
conver Banach space E. Let {A; : 1 < i <1} :C — E be a finite family of

accretive operators such that ﬂi:l N(A;) # 0, satisfying the range conditions:

dA(D(4;)) CCcC (\RI+r4), i=1,2-- L
r>0

Let ag,aq,--- ,a; be real numbers in (0,1) such that Zé:o a; =1 and S, =
aol + a1 J} +agJ2 + - +ayJl, where Jt = (I+rA;)~! andr > 0. Then S, is
nonexpansive and Fiz(S,) = ﬂé:l N(4).

Lemma 2.7. (Demiclosedness Principle) If K is closed convex subset of a real
space E satisfying Opial’s condition and T is a nonexrpansive mapping, then
xn —x and (I — T)x, — y implies that (I — T)x = y.

3. Main results

Throughout this section, we assume:

(i) F is a strictly convex reflexive Banach space with a weakly sequentially
continuous duality mapping J, for some gauge ¢. C is a nonempty closed
convex subset of F which is also a sunny nonexpansive retract of E.

(ii) The real sequence {a, } satisfies the two conditions: (C1)lim,—, e ap =0,
and (C2)>°77 o, = +00.

Theorem 3.1. Let {A; : 1 <i <1} :C — E be a finite family of accretive
operators satisfying the following range conditions:

cd(D(A;) € CcC ﬂ R(I+7rAy), i=1,2,--- 1
>0

Assume that ﬂi:l N(A;) # 0. Let {an}, {Bn} and {yn} are are three se-
quences in (0,1) and {r,} is a sequence in (0,+00), satisfying conditions
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0 < liminf, o B, < limsup,,_, . Bn < 1 and lim,_oo7, =7, 7 € RT. For

any xo € C, the sequence {x, }is given by
Tn+1 = Oénf(xn) + Bnxy + ’YnSrn‘rna n >0, (7)

where f : C — C is a contraction with constant 3, and S,, = aol + alJrln +
aJ?: + -t aqJl with Ji = (I +r,A;)7Y, fori=0,1,2,--,1, a; € (0,1),
Zé:o a; = 1. Then the sequence {x,} converges strongly to z* = Q(f(z*)),
which is a common zero of {A; : i € A} . Moreover, x* is the solution of the
variational inequality:

l
((I=fa*, J(@* —2)) <0, Vaoe[|N(A). (%)

i=1

Proof. By Lemma 2.6, this implies that F' := Fiz(S,, ) = ﬂé;l N(A;) # 0.
Take p € F', we obtain
[#nt1 = pll = llem (f(@n) = p) + Bn(@n = p) + Y0 (S, = )|
< an [ f(@n) —pll + (1 = an)lzn = pll
< anl[f(zn) = FP) + anllf(p) = Pl + (1 = an)[zn — pll
<= (1= Banlllzn —pll + anllf(p) = pl-

By induction, we obtain for all n > 0,
1
[#n — pll < max{[lzo — pll, mllf(p) —pll}-

Therefore, the sequences {z,}, {f(zn)} and {S, x,} are bounded. Rewrite
the iterative process (7) as follow:

anf(‘rn) + ’YnSrnxn
1- ﬂn

Tp1 = 5nxn + (1 - ﬁn)
= ann + (1 - 6n)yna

where y,, = %f(xn) + 11—’/‘3"&” Zn. We get that {y,} is also bounded. After

some manipulation this yields

_ G+l _
Yn+1 — Yn = 1_ 6n+1 f($n+1) 1_ 5nf(xn>

Qn
+ (1 - 1—514-1) (SrnJrlanrl - Srnmn)
n

Qo On41
+ - Sy, T
(1_/871 1_ﬁn+1> e
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By the resolvent identity, it follows that

. . . r r . .
”Jﬁnﬂanrl - Jinan = HJ;,L( = Tp41 + (1 - )Jﬁnﬂanrl) - J:’nan
Tn4+1 Tn+1
T r , :
<l (@nt1 —2n) + (1= —=)(Jr,,, Tns1 — J7, 20) |
7AnJrl TnJrl
T T
< |Znt1 — znl + 1 - = |M,
Tn+1 Tn+1
where M = sup,,>{zn — J\ , @} Since S, = aol + 22:1 a;Jt , we have
l
||ST'n+1xn+1 - STnxn” = ||Cl0(.73n+1 - .73") + Z ai(J:-nJrl-rn-i-l - Jﬁnxn)”
n=1

l
< aOHanrl —xp || + Z ai‘ljinﬂxwrl - Jrinxn”

n=1
Tn Tn
< [ ot = 2 o - 2
Tn+1 Tn+1
Tn
(1 —ao)|t — |
Tn+1
It follows that
[Yn+1 = ynll = Zns1 — znl|
Upt1 (70 Q1
S —— J\Tn - Tn +(1- Srn T I_Srnxn
T2 f ) = T2 @)l + (1= 72550, s ||
On On41
+ — Sr, Tnll — |Tn+1 — 2n
T2~ T2l s = 2]
Ap+1 Qp Q41
_ + _
< T ) = f@n)l + 17— 2 )
an+1 Tn Tn
+(1-— + ap(l — Tpnil — Tn
(1= 28 a1 = g —
Ap41 Tn
+(1— 2 (1 — o)l — M
( 1- ﬂn—i—l )( O)| Tn+1 |
(0% Op41
+ | : = 1Sr, Zall = [Zn+1 — @all

]-_ﬂn B ]-_BnJrl
T Tn (%
:{<1_an+1> |: n +a0(1_ v ) + n+1 B_I}HZ‘n-&-l_an

ﬁn+1 Tn41 Tn+1 1-— BnJrl
Apt1 Tn
+(1————)(1 —ag)|l — M
(1= 20— agf -
Qnp an+1
+ | (1S, znll + flI(@a)I]),

1=8n 1= Pnt1
from {z,}, {f(x,)} and {S, x,} are bounded, lim, o 7, = 7, limy, 00 @ =
0, we have
lim sup(ffyn 1 = ynl| = 2ns1 = 2all) < 0.
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Consequently, by Lemma 2.5, we obtain lim,_ ||¢n — z»|| = 0.

BrnTn + YnSr, Tn

Hanrl - 1_ n ||
Tp + Y Sr, T Ty + Y Sp T
=l f (o) + (1 — ) 2Tt D50 Dnlnt TS
S,
< | f(an) — PnTn T IS Tn
1—a,
=0 (n— o0),
and
||£L‘n+1 - xn” = Hanf(xn) + YnTn + 'YnSrnxn - an
= Hanf(-rn) + YnSr, Tn — (an + 'Vn)an
< (1 - Bn)Hyn — Tn
— 0.
Obviously,
ann + ’YnSrnxn _In
l|#n — | = |Zn — Sr, Znll-
1—a, 1—a,

By the conditions lim,_,. a, = 0 and limsup,_,. B, < 1, it follows that
liminf, v, > 0. Therefore, we obtain

1 _
20— Sy, 20| < —on

n

0 (n— o0).

Brnn + ’VnSrnl'n
1. =

T—— (nxnﬂ -

By the resolvent identity and S, = agl + Ei:l J;, this implies that

l
”Smxn = Spxn| = Zai('];nxn — Jry)||

i=1

< ZazHJ xn +(1- —)JZ ) — Jizn)||

<Zaz|| 1*7)(]1 zn)fxn)H

l
< aill - —|Ho:n —JL 2| =0 (n— oc0).

=1

Hence, we have
|Zn — Spxn|l < |20 — Sp 2nll + 1S, 20 — Spxn|| = 0 (0 — 00).
Next we shall show that

limsup(z* — f(z*), Jg(2* — 2p41)) < 0.

n—oo
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Since E is reflexive and {z,} is bounded, we may assume x,, — w such that
limsup(z® — f(z*), Jp(z* — Tpy1)) = lilrcnsup@* — f(x"), Jp(z" — zp,))-
n—oo — 00

From the Dimclosedness Principle, we have w € F. On the other hand, from
the standard characterization of retraction onto F' and the assumption that the
duality mapping Jg is weakly sequentially continuous, Lemma 2.1 gives that

limsup(a® — f(2*), Js(e" — @ui1)) = limsup(a® — f(2), To(a" — 20,))

n—o00 k—o00
= (z" — f(z"), Jp(z* —w) <0.
From Lemma 2.3, we get that
O([lzntr —27)
= O([lan(f(zn) = f(27)) + Bu(zn — %) + Y (Sr, 20 — 27)
+an(f(z") — 7))
< (llan(f(zn) = f(2")) + Bn(@n — %) + W (Sr, 20 — 7))
+on(f(z") — 2%, Jy(zni1 — 7))
< Q((anB + Bn +n)llzn — 27|) + o (f(27) — 27, Jg(2pia — 27))
<A =an(l=B)2(lzn — 27[) + an(f(z*) — 2%, Jo(2n41 — 27)).
By the Lemma 2.2, we have z, — x* as n — oco. Moreover, z* satisfying
condition (x) follows from the property of @. To show that it is unique, let
y* € F be another solution of the variational inequality (x) in F. Then adding

(f(z*) — a*, Jp(y* — 2*)) < 0 and (f(y*) — y*, Jo(z* — y*)) < 0, we have
(1—=5)o(||lz* —y*|])|lz* — y*|| < 0. This implies that z* = y* O

Theorem 3.2. Let {A; : i € A} : C — FE be a finite family of accretive
operators satisfying the following range conditions:

d(D(4;)) CCC [\ RI+r4), i=1,2--- L

>0

And assume that ﬂi’:l N(A;) #0. Let {an}, {Bn}, {7n} be three sequences in
(0,1) and r > 0 a real number satisfying 0 < liminf, _, o 3, < limsup,,_, ., Bn <
1. For any xo € C, the sequence {x,} is given by

Tn41 = Oénf(xn) + 6nxn + 'YnSrIn; n > 07

where S, = agl +ay J +ay J2+- -+ ayJL, with J = (I+1r4;)"! for0 < a; <1,
1=0,1,2,---,1, Zé:o a; = 1. Then the sequence {x,} converges strongly to

x*, which is a common zero of {A; : i € A} and the unique solution of the
variational inequality

!
(I—=flz",J(x"—x)) <0, Vxe ﬂ N(A).

i=1
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As direct consequences of Theorem 3.1 and Theorem 3.2, we obtain the two
corollaries below:

Corollary 3.3. Let {A4;:i € A} : C — E be a finite family of m-accretive op-
erators. Assume that ﬂizl N(A;) #0. Let {an}, {Bn}, {n} be three sequences
in (0,1) and r > 0 a real number satisfying the condition 0 < liminf, . B, <
limsup,,_,o, Bn < 1. For any xg € C, the sequence {x,} is given by

Tn+1 = Oénf(xn) + 6nxn + ’Ynsxna n >0,

where S = agl + arJa, + agJa, + - + ayJa,, with Ja, = (I + A;)~1 for
0<a;<1,1=0,1,2,---,1, Ei:o a; = 1. Then the sequence {x,} converges
strongly to x*, which is a common zero of {A; : i € A} and the unique solution
of the variational inequality
l
(I = fa*, J(x*—x)) <0, Vxe ﬂ N(A4;).
i=1

Corollary 3.4. Let A: C — E be an m-accretive operator such that N(A) # 0.
Let {an}, {Bn}, {7n} be three sequences in (0,1) and 1, € (0,400), satisfying

the conditions 0 < liminf,,_, B, < limsup,,_ . Bn < 1, andlim,_, 7’7‘:1 =1

For any g € C, the sequence {x,} is given by
Tpt1 = an f(Tn) + Bnn + Yndr, Tn, 1 >0,
where J,, = (I +r,A)~t. Then the sequence {x,} converges strongly to x*,
which is a zero of A and the unique solution of the variational inequality
(I = fa*, J(@* —z)) <0, Voe N(A).

Theorem 3.5. Let {A; : 1 <i <} :C — E be a finite family of accretive
operators satisfying the following range conditions:

A(D(A)) CCC (\RUI+74y), i=1,2,- 1
>0
Assume that mi;:1 N(A;) #0. Let {an}, {Bn} and {y,} are three sequences in
(0,1) and {r,} is a sequence in (0, +00), satisfying conditions 0 < liminf,, . B, <
limsup,, o Bn < 1 andlim, oo, =7, 7 € (0,+00). Forzg € C, the sequence
{zn} is given by
Tpt1 = anf(zn) + (1 —an) Az, + (L= XN)S,, x,), Yn >0,
where f : C — C is a contraction with constant 8, and S, = aol + a1Ja, +
agJa, + -+ apJa, with Ja, = (I + A;)7L, fori=0,1,2,--- .1, a; € (0,1),
22:0 a; = 1. Then the sequence {x,} converges strongly to x*, which is a
common zero of {A; : i € A} and the solution of the variational inequality:
1
((I=fa*, J(@* —2)) <0, Vaoe[|N(A). (%)

i=1
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Proof. Taking 8, = (1 — ay)A, Vn € N, we have

By

(5]
(6]
(7]
(8]
(9]
[10]
(11]
(12]

(13]

lim B, = lim (1 —a,)A=X€ (0,1).
n—oo n—oo
theorem 3.1, we obtain the conclusion. O
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