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The Accuracy Analysis of Methods to solve the Geodetic Inverse
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Abstract

The object of this paper is to compare the accuracy and the characteristic of various methods of solving the geodetic
inverse problem for the geodesic lines which be in the standard case and special cases(antipodal, near antipodal, equato-
rial, and near equatorial situation) on the W(GS84 reference ellipsoid. For this, the various algorithms (classical and
recent solutions) to deal with the geodetic inverse problem are examined, and are programmed in order to evaluate the
calculation ability of each method for the precise geodesic determination. The main factors of geodetic inverse problem,
the distance and the forward azimuths between two points on the sphere(or ellipsoid) are determined by the 18 kinds of
methods for the geodetic inverse solutions. After then, the results from the 17 kinds of methods in the both standard and
special cases are compared with those from the Karney method as a reference. When judging these comparison, in case
of the standard geodesics whose length do not exceed 100km, all of the methods show the almost same ability to
Karney method. Whereas to the geodesics is longer than 4,000km, only two methods (Vincenty and Pittman) show the
similar ability to the Karney method. In the cases of special geodesics, all methods except the Modified Vincenty
method was not proper to solve the geodetic inverse problem through the comparison with Karney method. Therefore,
it is needed to modify and compensate the algorithm of each methods by examining the various behaviors of geodesics
on the special regions.

Keywords : Geodetic inverse problem, geodesic, special cases, Karney method
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Karney 16.283 999975.508 | 4085797.710 |8084459.013 {10002067.683 19779362.839 [19959214.626
Vincenty 16.283 999975.508 14085797.710 |8084459.013 |10002067.684 19779362.838 {19959214.626
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Andoyer 16.283 999980.564 | 4085796.452 |8084448.256 [10002073.296 19779443.807 119959215.743
Raliike)) 16.263 1002359.128 | 4079296.066 8064418.784 | 9981748.691 |19788966.630 19936914.744
Haversine 16.260  11002000.000 | 4079000.000 |8064000.000 | 9982000.000 {19790000.000 |19940000.000
HEAA) 16.263 1002384.774 | 4105177.184 |9711824.536 |10749545.817 [19986606.523 19937130.855
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e 2kt et 17 6ol E15HA 4skeh 1Y 6
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1,018kmo)l A 2T 027, 2,000km HE]= AAS] 27
A1 3,000kmo]| A= 1447 &) AZHE HER $ITH Robbin 3f
H 5 1,018km o] 4] A 2ol Ali= Andoyer 3]} f-AFRE
HAEZE B ) Gauss B e -2 433km W
2,000kmol) A ZF2F 0.027 9 1.4” %, 3,000kmo] A= 5.8” €]
H2E Vel olch ®31, Kivioja Y Clark best B2 Z-
71107 9 10%, Vincenty 9] L} | 5714 ThE WSS oF
10° 4230} ur9)zh b 2 vhehde}. oF 16~20,000km
BN Rapp EEZAA of that H9l7H WAL 5 83
2ol X119 AeE b u) AAE A Zrbeke A3
2 59t 101 4e) o) 22t 1l S e 2 11
Y 60 A ALl WY 9 o= Moritz, Bessel, Kivioja,
Robbin, Sodano, Gauss ™8 ] = & Andoyer YHS=A] L
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7. S AMEHHOff T2 GNSS Al

=

Z{H}

22) of 24 3)47]9e) A

SAIZIE A 7HEHY 222 (B4 : %)
a2 EXM =8 7|FE HEAMSH) — (G1~GY)
3 GIQIH) | G2Oh | GIUiX) | G4BEE) | G5HEIZ) G6(USUD) | GI(ULAB) | GS8(PETS)
Karney |296.28889100 | 168.46085061 | 163.53031203 | 84.21508997 | 18536398544 | 93.74178106 | 311.57274578 | 44.168559%4
Vincenty 129628889107 | 168.46085064| 163.53031200 | 8421508997 | 18536398345 | 93.74178104 | 311.57274579 | 44.16855994
Pittman  |296.28889100 | 168.46085062| 16353031202 | 84.21508998 | 18536398545 | 9374178105 | 31157274579 | 44.16855994
HMR  [296.28889100 | 168.46085061 | 163.53031203 | 8421508997 | 18536398544 | 0374178106 | 31157274578 | 44.168559%
Clark Best |296.28889111| 168.46085056] 163.53031194 | 8421509000 | 18536398556 | 93.74178111 | 31157274583 | 44.16856000
Moritz 29628889100 | 168.46085062 163.53031202 | 8421508998 | 185.36398545 | 86.25821895 | 311.57274579 | 44.16855994
Bessel  1296.28889100 | 168.46085062| 163.53031202 | 8421508998 | 18536398545 | 9374178105 | 31157274579 | 44.168559%4
Kivioja  |296.28889100 | 168.46085061 | 163.53031203 | 8421508997 | 18536398544 | 93.74178142 | 31157274844 | 44.16854192
Robbin  296.28889110 | 168.46085040| 163.53030000 | 84.21509990 | 18536400330 | 93.74168210 | 311.57092730 | 44.17254970
Sodano  |296.28889104 | 168.46085064 | 16353031204 | 84.21508998 | 18536398544 | 9374178108 | 311.57274583 | 44.16855990
Bowring |296.17200076 | 168.27390622| 16331491226 | 84.12543238 | 185.21503589 | 9344304066 | 31134236300 | 44.0959879%4
Thomas  |296.26106211 | 168.44716174| 163.51151977 | 8421941181 | 18536996481 | 93.72899331 | 311.53983414 | 44.19986759
Gauss-mid |296.28889098 | 168.46085054| 16353031142 | 8421509009 | 18536398990 | 9374178708 | 31157234455 | 44.17016132
Puissant  {296.28889028 | 168.46085056| 163.53031333 | 8421444361 | 18536398722 | 93.72045778 | 31143992861 | 44.69781806
Andoyer |296.28826247 | 168.46098909| 163.53041007 | 8421517081 | 18536399064 | 93.74172011 | 311.57098390 | 44.17248380
HUE) 129638542478 | 168.50870655| 163.50694069 | 84.19540363 | 18534075415 | 93.77243231 | 311.67014047 | 44.08156843
Haversine |296.38555556 168.50861111| 163.59694444 | 84.19527778 | 185.34083333 | 93.77250000 | 31167027778 | 44.08166667
M) |296.27395815 | 168.53922932| 163.69345237 | 8533076281 | 18521183196 | 97.18236922 | 30526302029 | 54.49021041
8. S0 2 Rapp BE ZXM0| Ttk o2t (=)
20
s 2T R1 R2 R3 R4 R5 R6 R7
Karney | 52.67716856 |194.99972431| 95.46690650 | 15.73986361 | 45.00008447 | 5.00474503 | 89.02550414
Vineenty | 52.67703517 |194.99972431| 95.46690650 | 15.73986360 | 45.00008448 | 5.00474503 | 89.02550397
Pittman | 52.67716855 |194.99972431| 95.46690650 | 15.73986360 | 45.00008448 | 5.00475168 | 89.02550410
HMR | 52.67716836 |194.99972431| 95.46690650 | 15.73986361 | 45.00008447 | 5.00447625 | 89.02550411
Clark Best | 52.67716833 |194.99972444| 95.46690639 | 15.73986361 | 45.00008444 | 5.00474500 | 89.02550417
Moritz | 52.67697899 | 187.94717018| 84.53309350 | 15.77203418 | 45.15123244 | 6.49094192 | 70.48781475
~ Bessel | 52.67716855 |194.99972431| 95.46690650 | 15.74913654 | 45.08010646 | 6.46914827 | 90.36729491
Kivioja | 52.67713428 | 194.99972428| 95.46738256 NaN NaN NaN NaN
Robbin | 52.67761250 | 194.99998540| 95.46316850 | 15.75507660 | 45.04679930 | 6.44831180 | 88.77695400
Sodano | 52.67716849 |194.99972429! 95.46690662 | 15.73986363 | 45.00008411 | 5.00340698 | 89.64077001
Bowring | 52.40378068 |191.13447107| 95.27588758 | 15.40345012 4458124367 | 10.747206870| 81.73651036
Thomas | 52.71813363 |195.01376365| 95.43163151 | 15.78288345 | 45.09372650 | 4.56909089 | 89.02472801
Gauss-mid | 52.67716855 | 194.99978752| 9547488571 | 14.35264935 | 46.83313722 | 2.893866740) 87.15287707
Puissant | 52.67719500 NaN 94.25469028 NaN NaN NaN NaN
Andoyer | 54.06247733 [194.99997018| 84.53681864 | 15.75504864 | 45.04679750 | 6.44831212 | 88.77687804
YD) | 5257350931 | 19493490436} 95.54772753 | 15.72418013 | 45.01990825 | 6.44786827 | 89.86650963
Haversine | 52.57361111 | 194.93500000] 95.54777778 | 15.72416667 | 45.02000000 | 6.44777778 | 89.86638889
HFAA) | 5257356106 | 194.18460871]107.66556256| 68.43610542 | 85.31717400 | 89.99334230 | 90.63857534
Bl 2959 1Y 79 RE FAAL TEXH OB 7] Bojd o dlj4 dalelE o] o] WE HALR
Z 2] 4lof ujs) JMMXFE@%%] Olt RO 9] Z24E AtRET
T T S5 9 YR| 7L ol of vtrto] HRIsk= 2 AFE Vs dET HAFE Aol thdEtE
TAZ(P,=1° A, =07, ¢,=1°1"152", \,=179°46"178 ") ‘22 o BA A T AE 2 Wl Ve A
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':‘:3 o i HMR e Clark Best ;i’ 14.1 E:é 08 ~#-Vincenty 5 .
i%:_“ 100 i Moritz ~4-Bessel e” su i Pittman ,f‘ ‘z:
= e Kivioja - = Robbin / = 06 — T
-IEI-.' 8.0 - - Sodano ~—= Gauss-mid :!;: ‘;"-0_5 i HMR ; Ex
%Ta 60 - “# Andoyer S ea ;_—“; 0.4 K =eClark Best f - "a‘s
x40 :l_ K Y
= , = 02 o
fir 20 ‘ 02/ . *1a o {002
0.0 b B e e i H = 0.0 . e ;
oM e qm S8 M UWD Uss e RU R2 R3 R4 RS R6  R7
126) @S)  (101) (333) a3y (1018 (2000) (3000} (0.016) (1000) (4086) (8084} (10,002) (19,779) (19,959}
491 2HEA7FHE| (km) Rapp2| EF FX|4 =¥ (km)
T2 6.GNSS HEAZh ZX(M 22z Mt I 7. Rapp EX|MQ| {2t Tz}
PO LolA', ‘EEAAF 2QAI7F Hubs ‘A g9} vbe) Bowring &-0] 3}, HMR, Clarke's best, Haversine, Vincenty-2
7he] Hshe 2 02 Matwlolch ebd, 2149 A 2 Pitman WS HESH 4GS Ae] 9 A el
2 8 ey T aso] it S EAEE A am E & 77 AR E Aotk B8], v AR A D A9
0°5E02 7T 49, 36~3000km W99 ZAHE o vl - FES 98 vy dod FnAFE e
a9 49 T9 69 HAZE, FA4 A 4,000~  Haversine 3418 A sH3Ich
20,000km A-¢= 1 5% 13 79] HapR g HEl 2+ =4 Vincenty(Int'l 1924) 9 Bowring £-0]3}|(Clarke 1866)
7o) BGLE & FA BEFE AU AU A4 & BLEANA LA NN ALE 27 Inr] 1924 L
Ho g MAE 4 gtk Clarke 1866 B} A& 7] &0 2 3t} Vincenty-2 342
= A7 A Vincenty o] 2of wha} Kol S|4 A
4.3 50| ZX|Mo| Ha| W Mgzt o] Q3 E whadsto] Ay Aol
9,3 109 & 11& 72 Rapp W Bowring®] ‘50] 2 3}7], Sojalo] x4 o B 5|4 A TEHUA
A A 1238(F 4 Fa1)of| Uste] Karney, 5274 Vincenty, A F 229 93] wE E o] ASHantipodal, equatorial,
H 9, stMdtiHof oiE Rapp 50| EX|Me| Lol GO,
sHe Ghan A B C D E F
Karney 20,003,921.584 | 19,995,466.963 | 19,993,676.685 | 19,999,780.478 | 19,982,767.366 | 19,991,586.027
T 15" | 20004566723 | 19,996,147.417 | 19,994364.607 | 20,000.433.963 | 19,991,583.833 | 20,000,237.243
HMR 19,947,750.173 | 19,995,466.963 | 19,960,648.831 | 19,988,248.639 | 19,951,723.333 | 19,948,948.622
Clarke's Best 19,947,724.275 | 19,869,881.539 | 19,896,324.832 | 19,969,810.427 | 19,916,376.664 | 19,911,121.455
Haversine 20,020,000.000 | 19,980,000.000 | 19,980,000.000 | 20,010,000.000 | 19,990,000.000 | 19,990,000.000
Vincenty-2 20,003,931.459 NaN NaN NaN NaN NaN
Pittmanl 9,985,150.222 NaN NaN NaN NaN NaN
E 10, s{AHol m2 Rapp 50| £X|49) 92} (")
T
S 82 A B C D E F
Karney 179.98023966 | 30.13998017 39.61394939 29.31402700 | 16.09049992 18.70407633
T(ﬁ;t}’ llgczj‘;ty 179.98032290 | 29.99999997 | 39.41439050 | 29.19751944 | 16.09049985 | 18.70407624
HMR 269.83544736 | 30.13998000 | 269.95324592 | 283.84100247 | 302.54056417 | 286.78106156
Clarke's Best 90.16464556 | 90.00000000 90.21342444 86.05980556 7347730944 82.36878222
Haversine 131.75972222 | 90.00000000 90.08333333 78.76500000 46.17611111 64.36583333
Vincenty-2 2.891632650 NaN NaN NaN NaN NaN
Pittman 90.00000000 NaN NaN NaN NaN NaN
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B 11, sjMutHof 2 Bowring £0| £X|M9| 20|

22 o 2A] A7) w5

7z era A9 Aol o)

(28l:m
sH Can A B D E F
Karney 99,998911 | 7,999,699.557 | 19.953,585.022 | 19,997,494.598 | 20,000,037.680 | 19.955,238.798
B(Ocvgr‘?(%@‘zg” 100,000.000 | 7,999,748.876 | 19,953,434.020 | 19,997,409.660 | 19,999,925.020 | 19,955,095.850
HMR 99,998.911 | 7,999.699.554 | 19,954,047.818 | 19,974,311.357 | 19,997,883.611 | 19,957,147.071
Clark Best 99,998.911 | 7,999,699.554 | 19,953,585.022 | 19,932,702.121 | 19,980,334.254 | 19,950,503.003
Haversine 99,890.000 | 7,994,000.000 | 19,960,000.000 | 19,990,000.000 | 20,010,000.000 | 19,960,000.000
Vincenty-2 99,998911 | 7,999,699.555 | 19,953,585.022 NaN NaN NaN
Pittman 2,586.557 | 7,999,716.336 | 19,954,031.264 NaN NaN NaN
near antipodal, near equatorial, poles, =< logitude, same % 82 # 92 Kamey A0S 7|5 02 3 AeH
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