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Abstract

A Bayesian multiple change-point model for small data is proposed for multivariate means and is an extension
of the univariate case of Cheon and Yu (2012). The proposed model requires data from a multivariate
noncentral ¢-distribution and conjugate priors for the distributional parameters. We apply the Metropolis-
Hastings-within-Gibbs Sampling algorithm to the proposed model to detecte multiple change-points. The
performance of our proposed algorithm has been investigated on simulated and real dataset, Hanwoo fat
content bivariate data.

Keywords: Small data, change-point, noncentral ¢-distribution, Metropolis-Hastings-Within-Gibbs sam-
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AAS, FE, 719, FE% 5 oy Ropol A WRAe] e Balo] S5k Utk kA, Au
Aom WAA 59 AL LA A rlulEel, ABRL e BAZ BATIA £ Bt
3 Hofolth. B 7oL F4slelAY MAREAL J3] BEARE ThET. YuHoz Heel
Aatemel 890 stol GeiAtu), olelgt sheel e BTl glo] Aol We Hxe

o]

& (Tenderness) >} %%(Julcmess) o] FZ AMgHT) e oA H o] ¢
7h FE Sl 22 et Jdnh ket EHQ/\VE}OH A FdetA oA
NAAE 287k C’”jr wrebA] ghe-o] shel Sa3 s s A

QAT ARs} ATREE GECH: A, Sl MBFA A2, Chernofish Zacks (1964)5}
Smith (1975)7} W2 FE2 915f wlel A<t S AL, Carlin 5 (1992)2 nfzZE Asf &
H| 72 Z (Markov chain Monte Carlo; MCMC; Metropolis 5, 1953; Hastings, 1970) ¢ &]&<S 9]
|-3Fo] Smith (1975)2] WHHES sttt o W3 23l Ao, Barryet Hartigan (1993)-&
ARz HE3 23 (product partition model) A B4Eo] Hg HslE 3 IS zoton,
# 2ol Kim¥} Cheon (2010)3} Cheon¥} Kim (2010)-2 stochastic approximation Monte Carlo &
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TEES ol§3to] AWy} oW FFRIONA oAt thEUAY BYS AT ol% 2
of AFAA A o] By s BAS A AT LE AR WAt T WEH B
Fol MCMCE o] §3te] S| dstgich. A% Axan B42 A% vjolA o o Wagd =g e
AT obA7A] stk QAo : Aggos

L A 2298 3 4 gt B}
Yu (2012)7} S 2p29] w o)A ¢
B B =oALl thiek 2o wo]x] ok u|EAl

4 24 sut ek

A
dH o T AFAEE AAwXE WE7]Eo} 8|54 (noncentral) ¢ B2 & W2 Ao It B
FEEollAe wol A ¢k thiE vHlE4] ¢ X RYE Aty HERZL-HAVWAE 233 [ A
23 (Metropolis-Hastings-within-Gibbs Samph ; MHWGS) &312]&8 o]83lo] a3 F oA A
H BAS st gtk 2 =2olA oiRe A B4 A= 2006 d % 102 A2 o FejollA
Zebd k-9 Akl w2 ?—CHW(Tendernes )7 55 (Juiciness) 9] o] W= 2}F7 ot}

2 =2l 270l A wol x|k thF vjE A ¢ B v HEH 23 3 MHWGSE ©]§3F wlo] At
23 Adeo] tiste] 278k, 37l = 5‘4”5‘ 22 o] 24 9 I 23S HojErh 4%l = -7
o] oW 2k 72 AF A4S oY, 5= & =7 AEE Ak

2. BIOIX|OF T} HEks 24

2.1. HIOIRIQH it BIZAl ¢ 2 C1F wsk 9
Bz ol A tHERSA 24 Cheond} Yu (2012)04 ol 88 287} whie] 332 Ba) 2
Atk dx 1 28 e X7} ok WA ¢ REE mEcky 3, Wagel gt thag Ko 38

A
£ 3 (probability density function)+ t-23} 2t}

[ (Z|p, @, %) o [5]72 |1

7|A p ARE, de A5, G dx 1 8FA B5uE 0T N d x d BA-ZEA o)t}
AAMES S = (1, ,.._,n)7]— N2 T B2 /ARE o —‘jr%"é S8 o] Aar, Zzke] £E9
A5 W o3 E¥Ecty Ak e

=t, =1, 2 ¢+ 00 o8} WEjgtal 3L, 0 =
1,2, 0+ 19 B8 Ci = {m: cima <m < ci}oleh 3hab v} @%401 k7iehE o wed =

.

92 cres) el Helw
f@=1]r@) =11 A@) x-x T fenr@). (2.2)
Jj=1 JEC JECK+1
A7 i1 < j < ¢ (i =1,2,. + 1)l W3l &5 ~ fi(-|ga)olth oW fir B ¢ = (U, %)
(€ @ = (4,%))° &3t} =z Z}E‘é Sl et ... cnt+ 104 WEEtEE AA F0S k+ 1)
o REZZoZ FBE3l= ¢, co,. .., 5 W (change-points) o] FE2T}

ok g4 7 dA) ohae wEa ¢ BEGD W, B5 gk dA9 ARE p, AE @9
a9 SE gtk ged TOE kel NS A THn S AA mer gl —
(IO, p1, iy, ., pry,iiegs, D)2 BJAG § = (p,, )2} 318, 28 WE) X 054 mevt
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ol A= W, A= p, d x 1< HH a%}
3 (probability density function)+ o3} 2

F@pa,2) = [ £ @lpr D) x-ox [ fern @ prsr, @1, D)
JjECT JECK+1
p;+d

T2
] , i=1,2,...,k+1. (2.3)

(& —w:)'S™ (& — )

where fi (Z|pi, U, X) |2|7% |:1 +

WojR e F2E A8 @ (i = 1,2,...,k+ 1) AFEEZE FEEXE 2o AHEEZE Inverse-

Wishart 232 IW(vo, Ay ') S w2t 7Fg3c}h. 2 BEo| AfEEp =ni — 1 =¢; —ci—1 — 1]th

e, ATE podl B A e B ARE R PR S ek £ A Pt o) AAE
22 ol dExE A3t

E"‘;%Xéol EA l&wl, k71 AEE A (c1,c2,..., )2 b+ 1709 vTA B HAE (4, U, ...,

1) 7F AR ) = (TW) py i, .., peyt, Gks1, )9 SEFSE 23 2ot

k+1 c;

i=1j=c;_1+1
WP AR FEREE the3t 2ol e
™ (n<k>) o (D) X (@1, .o Togr) X 7 (B, ..., G

v vo+d+1
= |A0|70 x || R exp [f%tr (Aozfl)}

1 o R
X m X I(a,b)(u17~~~,uk+l) X

71 I(-)= AA Lot et M o] & 2AE (log-posterior) EHERZ Q] w0 A9t ThAZ ¢ 2
I o HSEREL gga 2k

log (W (n(k) }X)) o log (L (7(k> |X) - (77““)))
=> Z {*%loglE\f

i=1 j=c;_1+1

Jrallog{lJr L

vo+d+1
2

+ IOg (I(a,b) (’L_[l, e ,ﬂk+1)) — klog(n — 5) + log (1[3,..4,n73](cl7 ey Ck)) . (26)

+ %2 log | Ao] - log [ — %tr(AoE’l) —2(k + 1) log(b — a)

A9 ol uFA ¢ LE Bojol RASAT meba, oMo 2AFE
%1 RE T SRR ke ol 78 4 gk

k Ci — N 1= .
tog (7 (n7]X)) 35 - {—%loglE\ - pi;2 log |1+ (& _“i)'iil (&) —ui)]}
i i—1+1

vo+3

1
+ % log [Ao| — log |X| — Etr (AoEfl) —2(k+1)log(b—a)

+log (I(a,p) (@1, ..., dk+1)) — klog(n —5) +1og (If3,... .n—z)(c1, ..., ck)) . (2.7)
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2.2. WEZBa|A-SIAEAS ZBISH LA MZ2AD| HIOIXIQ D8 Mel
AEZAAM A5 E A 7] I A7 DARE wl, grE o2 2 =-7]) 2 (acceptance-rejection)
dye|Ey 22 9Ed (customized) L E|ES o] &3l | AdlE @E} £ =2 Miiller

(1991, 1993)7} A|¢Fetr A& (compromised) & d1BE, = HEZE
A =7 (Metropolis-Hastings-within-Gibbs Sampling; MHWGS) &372]
aeEANA fr(zk|zi,i # k)2 FEH FEE FEsh=t oJdwo] Jd+e H2x WE2(Gibbs sampler;
Geman¥} Geman, 1984)2] AMZ3 A7} Metropolis Hastings(MH; Hastings, 1970) ©@A 2 tjAH

ol WolAe RHGNA, WIFA BAE (... dun), BB AAE (a0, B Bat
Yol k7l W3Ho] S0 ALE neys BEx. MHWGS guglZe A4 dxs ohes 2}
UA BE ALES I8 U 2 = (21,0, 2015 Zht2, - -5 22k 41, 22k42) = (Ui, Ukt1,C1, -y

i =1,2,...,2k + 20|11 @A) THo| AR WE Tl z = (Y L0V 0 L0 ) ew 8
2},
Logi(zila™, 200 20D )= R 2 s R
t+1 t+1 t t t t+1 t+1 * t t
; izl 20 ) w8
t t+1 t+1 t t t+1 t+1 t t t =
((>|Z< ) 'f 1>» 54217" Zék:)+2) ( |Z( )7"'7 'f 1>7 'f)v z(+)1»"'7zék)+2)

A ?&D}
3. min(1,r)9] FE& 7R AW 2T = zrola, 71Zelw 2T = o[ ek,
o714 MH @3k Zizke] wbeol A 2.2 o wivk ek vhef MH @A-8 Z17ke] whEoA] ofg
ki /\]ﬁ“iﬂé 3% ()9l B S AAE A $ Yok AW 0A & wel AAW AP )
A FL AAE S 5 7] WiEel &S H8] £ =AM 23 e MH ZA Al sty

(Chen¥} Schmeiser, 1998).

2 RN MHWGS 2222 o880 Qolal FEo2 Rel ALR AF 53} Bayesian In-
formation Criterion(BIC)E FAlo] 1&dle] H A B3l Hul AL & (maximum a posteriori;
MAP) 28& A=t} (Cheond} Yu, 2012).

BIC = —2(log(2 5 $E21)) + (log(A12.2] 4))(24:9] ).

3.1. 2ojddd A=

B A7oA Aoe By molARe s 27t 20744 37) REos hd 607)9 oW AES
2 o]RolX AR t}E 4/} MEE A#=E AAAAT} (Figure 3.1). =, Z1,...,70 ~ BVT(p1 =
19,1 = (@1, U2, U3, U14) = ((3.53,2.71),(3.53,10.62), (4.93, 3.60), (3.72,8.03)); Z21,...,Ta0 ~
BVT(pQ = 19, ﬁz = (1_1:21, 17:22, ﬁgg, 1_1:24) = ((6.29, 6.78), (6.29, 6.78), (7.63, 8.22), (7.52, 480)), 541, ey
Zeo ~ BVT(ps = 19, s = (31, Us2, 33, Uss) = ((8.54,10.62), (8.54,2.71),(9.99,6.31), (9.76,7.56)).
2JAES 93 57 F7]1X 2+ R-software(version 2.12.1) & A3} T
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Figure 3.1. The plots of four simulated data from the bivariate ¢ distribution.

3.2. Polid Ayt

B moAye Watdo] Zzt 17, 270, 370 A we mEskgitt. Table 3.1 MHWGS €183
< o]&3t WEkde] 171, 270, 370 “?—3]' 47H«l 2AAE 250l thsl] ZH2Z 100002 A 8§ st
BEIONFEE| 7P Z 57 o2 RE d2 Afolth. Table 3.12RE EE A2 9lo] HEH 27

011/‘1-4 ZIANFEE o] e HEH A9 El/\}—‘.—ﬂféil‘/} 23 BICYE 7P 2 AL B 4 9t}
%, HEAE A7 (20,40) € W) 2EAATZEFS 47 (—69.8243, —71.0516, —31.6007, —30.7672)
7}3} 331 BIC#HS 27t (176.4977,178.9524,100.0506, 98.3835) 0.2 714 ZHA Aottt walA], A

$ 353} BICO ofs MAP 232 ¥ighyd 914] (20,40) < ufo|ct.

Figure 3.22 %€ 7} B39 (a)- WIH 9|9 AUns s|aETR0R 4719 RJAF g9

MAP B3 o] BF (20, 40)¥<S & & L, =3 (b)oll oJs MAP FAx]olA A&s] Al 74 A=
% o} (c)} (d)& ZF WsrollA MEEe] MAP 244

W o] 2| ¢k B &o MHWGS &ue&

—~

392 The AutbzE o 7 HE -2 (Tenderness) ¥ 85 (Juiciness) 22 9HS 738k} (Forrest, 1975).
e AAehe e NSE F 2% Ul A Bee] B90) Be e REeed £33 44 B
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Table 3.1. Three five models with the largest log-posterior values in four simulated data set according to the
number of change points.

(a) (b)
Change Log Change Log

CP No . BIC . BIC
patterns posterior patterns posterior
1 (20) —113.7180 252.0021 (20) —117.8768 260.3197
2 (20) —113.7204 252.0069 (20) —118.1020 260.7701
1 3 (20) —113.7917 252.1495 (20) —118.3465 261.2591
4 (20) —113.8655 252.2971 (20) —118.3475 261.2611
5 (20) —113.9012 252.3685 (20) —118.4261 261.4183
1 (20, 40) —69.8243 176.4977 (20, 40) —71.0516 178.9524
2 (20, 40) —69.9469 176.7428 (20, 40) —71.0703 178.9897
2 3 (20, 40) —69.9916 176.8324 (20, 40) —71.0861 179.0213
4 (20, 40) —69.9977 176.8444 (20, 40) —71.2407 179.3306
5 (20, 40) —170.4274 177.7039 (20, 40) —71.3068 179.4626
1 (7, 20, 40) —179.0371 207.2064 (20, 35, 40) —74.9210 198.9742
2 (17, 20, 40) —79.4618 208.0558 (20, 35, 40) —75.1090 199.3501
3 3 (11, 20, 40) —179.4962 208.1245 (20, 35, 40) —75.1779 199.4879
4 (12, 20, 40) —179.5388 208.2098 (20, 35, 40) —75.2199 199.5719
5 (7, 20, 40) —79.6206 208.3733 (20, 35, 40) —75.2578 199.6477
(c) (d)
cp No Change Log. BIC Change Log. BIC
patterns posterior patterns posterior

1 (20) —74.9694 174.5049 (20) —86.4568 197.4796
2 (20) —75.0331 174.6323 (20) —86.4952 197.5565
1 3 (20) —175.4836 175.5333 (20) —86.7231 198.0123
4 (20) —175.4953 175.5567 (20) —86.8292 198.2244
5 (20) —75.5601 175.6862 (20) —86.8919 198.3498
1 (20, 40) —31.6007 100.0506 (20, 40) —30.7672 98.3835
2 (20, 40) —31.7505 100.3501 (20, 40) —30.7991 98.4473
2 3 (20, 40) —31.7703 100.3897 (20, 40) —30.8469 98.5428
4 (20, 40) —31.8245 100.4981 (20, 40) —31.0136 98.8762
5 (20, 40) —31.9387 100.7265 (20, 40) —31.1008 99.0507
1 (16, 20, 40) —42.0882 133.3085 (11, 20, 40) —38.7646 126.6614
2 (6, 20, 40) —42.1872 133.5066 (15, 20, 40) —39.2003 127.5327
3 3 (6, 20, 40) —42.2566 133.6454 (11, 20, 40) —39.2577 127.6475
4 (5, 20, 40) —42.3444 133.8208 (16, 20, 40) —39.3930 127.9181
5 (16, 20, 40) —42.4502 134.0325 (17, 20, 40) —39.4890 128.1101

o] Aoty LA Jth (Wheeler 5, 1994). £ =F2 Cheon} Kim (2010)°4 AM&3 sheA8 %5
ARE olgatgon], o] ARE o) Wl YL viAE REALH $5L ke A 2 29
AN Ae] AteraE vlgo] EAHE A& olth (Jennings 5, 1978; Indurain 5, 2009). 3¢ Bk H71
£ 0FE 10071A ¢)t}. Figure 4.1 $53 Kol T W47t 242 x4 ko] ol ule} A
ol adolth. & AT EANAE o= A= AR ulEo] 99 Bte] {rE WA=
7] Ao, & =2ollA AT wlol x|t T Wghy ¥ e o8-Sl oWl Alve] WHAde éﬂﬂﬂ
gt
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Figure 3.2. The simulation results of four multiple change-point examples: (a) The histogram for log posterior

probabilities of change-point positions from the posterior samples; (b) A bivariate plot with the maximum log-

posterior estimate of the change-point positions; (c) A comparison of the MAP estimates of the change-point

positions and the true change-point positions in observations of the first variable. The vertical (dotted) lines
indicated the change-point positions identified by the MAP model, and the horizontal (dashed) lines indicate the
mean value of observations separated by change-point positions of the true model; (d) same with (c) except for the

second variable)
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Figure 4.1. A plot of juiciness and tenderness
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Table 4.1. Three ten models with the largest log-posterior values in fat data according to the number of change

points.
CP No Change patterns Log-posterior BIC
1 (27) —14.7105 53.9871
2 (27) —14.7327 54.0315
3 (27) —14.9964 54.5589
4 (27) —15.0501 54.6662
1 5 (27) —15.0657 54.6974
6 (22) —15.2512 55.0684
7 (22) —15.2623 55.0907
8 (22) —15.3023 55.1707
9 (27) —15.4431 55.4522
10 (43) —15.4556 55.4774
1 (43, 55) —14.4847 65.8185
2 (43, 55) —14.5022 65.8534
3 (43, 55) —14.9717 66.7925
4 (43, 55) —15.2261 67.3012
9 5 (43, 55) —15.2482 67.3454
6 (43, 55) —15.3916 67.6323
7 (43, 55) —15.4110 67.6711
8 (42, 55) —15.4647 67.7785
9 (42, 55) —15.5515 67.9521
10 (43, 55) —15.5825 68.0142
1 (27, 43, 55) —21.3942 91.9204
2 (27, 43, 55) —21.4704 92.0729
3 (21, 43, 55) —21.4708 92.0736
4 (22, 43, 55) —21.5082 92.1485
3 5 (27, 43, 55) —21.5674 92.2669
6 (19, 22, 55) —21.7648 92.6617
7 (28, 43, 55) —21.8883 92.9088
8 (24, 43, 55) —21.9040 92.9401
9 (10, 43, 55) —21.9071 92.9463
10 (20, 43, 55) —21.9218 92.9758

Table 4.1& MHWGS &18|&& 0|83l H3tAo] 17], 278, 370¢1 Aol zHzF 100000 2] X33}
o] IaAEEEC] 7 2 1070 e kA I gholl sigs = HEd fX% 2aAsdEY BICS
T3 A7E HojE3 Yt Figure 4.2(a)= W3A 9x]9] Auus sAEIH o WA 27H T
W 4334 55004 AR B2 NESE Ho 01 ‘E} wehA, HEhgdo] 270]m Me $A] (43,
55)d w, W% BIC Z& 1S AL A FAW WESTL A B =3 Hd) 2INF4E )
—14. 4847& 7P 27) wiEel | A (43, 55)°J e 2709 Ryo] MAP RPow AMHs
. 3 Figure 4.2(b) 2 FE] 2] 2ol WMkd x| (43, 55)0A] o= HAE Al 7§19 A= t}
= osoqsi elsha 912E & 5 vk Figure 4.2(c)% ()% Aol Toldol wel 22 %5
I e WslE Kol £ glon], Agher Wi e] MAP 34X (43, 55)° oJ3) F+ H2]
WIlE & & 4 QU
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Figure 4.2. The simulation results of multiple change points estimation: (a) The histogram for log posterior
probabilities of change points position; (b) A plot of juiciness and tenderness, with the maximum log-posterior
estimate of the change-point positions; (¢) A plot of the maximum log-posteriori estimated change positions with
the change-point positions (the vertical lines) and means (horizontal lines) of juiciness in each subregion; (d) same
with (c) except for tenderness)
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