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HILBERT `-CLASS FIELD TOWERS OF

IMAGINARY `-CYCLIC FUNCTION FIELDS

Hwanyup Jung

Abstract. In this paper we study the infiniteness of the Hilbert
`-class field tower of imaginary `-cyclic function fields when ` ≥ 5.

1. Introduction

Let k = Fq(T ),A = Fq[T ] and ∞ = (1/T ). For a finite extension F
of k, write OF for the integral closure of A in F and HF for the Hilbert
class field of F with respect to OF ([4]). Let ` be a prime number. Let

F
(`)
1 be the Hilbert `-class field of F

(`)
0 = F , i.e., F

(`)
1 is the maximal

`-extension of F inside HF , and inductively, F
(`)
n+1 be the Hilbert `-class

field of F
(`)
n for n ≥ 1. We obtain a sequence of fields

F
(`)
0 = F ⊂ F

(`)
1 ⊂ · · · ⊂ F (`)

n ⊂ · · · ,

which is called the Hilbert `-class field tower of F . We say that the

Hilbert `-class field tower of F is infinite if F
(`)
n 6= F

(`)
n+1 for each n ≥ 0.

For any multiplicative abelian group A, let r`(A) = dimF`
(A/A`) be the

`-rank of A. Let ClF and O∗F be the ideal class group and the group of
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units of OF , respectively. In [6], Schoof proved that the Hilbert `-class
field tower of F is infinite if

r`(ClF ) ≥ 2 + 2
√
r`(O∗F ) + 1.

Assume that q is odd, and let ` be a prime divisor of q− 1. By an imag-
inary `-cyclic function field, we always mean a finite (geometric) cyclic
extension F of degree ` over k in which∞ is ramified. In [2, 3], we studied
the infiniteness of the Hilbert 2-class field tower of imaginary quadratic
function fields and of the Hilbert 3-class field tower of imaginary cubic
function fields. The aim of this paper is to study the infiniteness of
the Hilbert `-class field tower of imaginary `-cyclic function fields when
` ≥ 5. We give a several criterions for imaginary `-cyclic function fields
to have infinite Hilbert `-class field tower with some examples.

2. Preliminaries

2.1. Rédei matrix and the invariant λ2. Assume that q is odd, and
let ` be an odd prime divisor of q − 1. Write P for the set of all monic
irreducible polynomials in A. Fix a generator γ of F∗q. Any `-cyclic

function field F can be written as F = k(
√̀
D), where D = aP r1

1 · · ·P rt
t

with a ∈ {1, γ} and Pi ∈ P , 1 ≤ ri ≤ ` − 1 for 1 ≤ i ≤ t. Then

F = k(
√̀
D) is imaginary if and only if ` - degD. Let σ be a generator

of G = Gal(F/k). Then we have

r`(ClF ) =
`−1∑
i=1

λi(F ),(2.1)

where λi(F ) = dimF`
(Cl(1−σ)

i−1

F /Cl(1−σ)
i

F ). By genus theory, λ1(F ) =

t − 1. Let η = γ
q−1
` . For 1 ≤ i 6= j ≤ t, let eij ∈ F` be defined by

ηeij = (Pi

Pj
)`. Let di ∈ F` be defined by degPi ≡ di mod ` for 1 ≤ i ≤ t.

Let R′F = (eij)1≤i,j≤t be the t × t matrix over F`, where the diagonal

entries eii are defined by the relation
∑t

i=1 rjeij = 0 or di+
∑t

i=1 rjeij = 0
according as a = 1 or a = γ. Then we have

Proposition 2.1. For an imaginary `-cyclic function field F over k,
we have

(2.2) λ2(F ) =

{
t− 1− rankR′F if a = 1,

t− rankR′F if a = γ.
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Proof. Let RF be the (t+ 1)× t matrix over F` obtained from R′F by
adding (d1 · · · dt) in the last row. By [1, Corollary 3.8], we have λ2(F ) =
t − rankRF . Using the relation

∑t
i=1 rjeij = 0 or di +

∑t
i=1 rjeij = 0

according as a = 1 or a = γ, it can be shown that rankRF = 1+rankR′F
if a = 1 and rankRF = rankR′F if a = γ. Hence we get the result.

2.2. Some lemmas. Let E and K be finite (geometric) separable ex-
tensions of k such that E/K is a cyclic extension of degree `, where ` is
a prime number not dividing q. Write S∞(F ) for the set of all primes of
F lying above ∞. Let γE/K be the number of prime ideals of OK that
ramify in E and ρE/K be the number of places p∞ in S∞(K) that ramify
or inert in E. It is known ([2, Proposition 2.1]) that the Hilbert `-class
field tower of E is infinite if

(2.3) γE/K ≥ |S∞(K)| − ρE/K + 3 + 2
√
`|S∞(K)|+ (1− `)ρE/K + 1.

For D ∈ A, write π(D) for the set of all monic irreducible divisors of
D.

Lemma 2.2. Assume that ` ≥ 5 is a prime divisor of q− 1. Let r = 2
if ` = 5 or 7 and r = 1 if ` ≥ 11. Let F = k(

√̀
D) be an imaginary

`-cyclic function field over k. If there is a nonconstant monic polynomial
D′ such that `| degD′, π(D′) ⊂ π(D) and (D

′

P1
)` = · · · = (D

′

Pr
)` = 1 for

some P1, . . . , Pr ∈ π(D) \ π(D′), then F has infinite Hilbert `-class field
tower.

Proof. Put K = k(
√̀
D′). Then K is an `-cyclic extension of k in

which ∞, P1, . . . , Pr split completely. Let E = KF . Applying (2.3) on
E/K with γE/K ≥ r` and |S∞(K)| = ρE/K = `, we see that E has

infinite Hilbert `-class field tower. Since E ⊂ F
(`)
1 , F also has infinite

Hilbert `-class field tower.

Lemma 2.3. Assume that ` ≥ 5 is a prime divisor of q − 1. Let
F = k(

√̀
D) be an imaginary `-cyclic function field over k. If there are

two distinct nonconstant monic polynomials D1, D2 such that `| degDi,
π(Di) ⊂ π(D) for i = 1, 2 and (D1

P
)` = (D2

P
)` = 1 for some P ∈ π(D) \

(π(D1) ∪ π(D2)), then F has infinite Hilbert `-class field tower.

Proof. Put K = k(
√̀
D1,
√̀
D2). Then K is a bicyclic `2-extension of

k in which ∞, P split completely. Let E = KF . By applying (2.3) on
E/K with γE/K ≥ `2 and |S∞(K)| = ρE/K = `2, we see that E has
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infinite Hilbert `-class field tower. Since E ⊂ F
(`)
1 , F also has infinite

Hilbert `-class field tower.

3. Hilbert `-class field tower of imaginary `-cyclic function
field

Let ` ≥ 5 be a prime divisor of q−1. Let F = k(
√̀
D) be an imaginary

`-cyclic extension of k, where D = aP r1
1 · · ·P rt

t with a ∈ {1, γ}, Pi ∈ P
and 1 ≤ ri ≤ ` − 1 for 1 ≤ i ≤ t and ` - degD. Since O∗F = F∗q, i.e.,
r`(O∗F ) = 1, by Schoof’s theorem, the Hilbert 3-class field tower of F is
infinite if r`(ClF ) ≥ 5. Since λ1(F ) = t− 1, F has infinite Hilbert `-class
field tower if t ≥ 6. Let ϑF be 0 or 1 according as a = 1 or a = γ. Then,
by (2.2), we have λ1(F ) + λ2(F ) = 2t − 2 + ϑF − rankR′F . Hence, for
the case t = 4 or t = 5, we have the following theorem.

Theorem 3.1. Let ` be an odd prime divisor of q−1. Let F = k(
√̀
D)

be an imaginary `-cyclic function field with D = aP r1
1 · · ·P rt

t . Assume
that t = 4 or 5. If rankR′F ≤ 2t − 7 + ϑF , then F has infinite Hilbert
`-class field tower.

Example 3.2. Consider k = F11(T ) and ` = 5. Then γ = 2 is a
generator of F∗11 and η = 4. Let P1 = T, P2 = T + 1, P3 = T + η and
P4 = T + η−1. We have e12 = e34 = 0, e13 = e24 = 2, e14 = e23 = 3.
Let F = k( 5

√
D) with D = γP1P2P3P4. Then F is an imaginary 5-cyclic

function field over k and the matrix R′F is
0 0 2 3
0 0 3 2
2 3 0 0
3 2 0 0


whose rank is 2. Then F has infinite Hilbert 5-class field tower by
Theorem 3.1.

In the following we will give more simple criterions for the infiniteness
of Hilbert `-class field tower of F by using Lemma 2.2 and Lemma 2.3.

Theorem 3.3. Assume that ` = 5 or 7. Let F = k(
√̀
D) be an

imaginary `-cyclic extension of k with D = aP r1
1 · · ·P rt

t . Then F has
infinite Hilbert `-class field tower if one of following conditions holds:

(1) t ≥ 4 and `| degPi for 1 ≤ i ≤ 3,
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(2) t ≥ 3 and `| degPi, (
Pi

P3
)` = 1 for i = 1, 2.

Proof. For (1), choose x, y, z, w ∈ F` such that (x, y) 6= (0, 0), xe14 +
ye24 = 0 and (z, w) 6= (0, 0), ze14 + we34 = 0. Let D1 = P x

1 P
y
2 and

D2 = P z
1P

w
3 . We have `| degD1, `| degD2 and (D1

P4
)` = (D2

P4
)` = 1. Hence,

by Lemma 2.3, the Hilbert `-class field tower of F is infinite. (2) is an
immediate consequence of Lemma 2.3.

Let N(n, q) be the number of monic irreducible polynomials of degree
n in A = Fq[T ]. Then it satisfies the following one ([5, Corollary of
Proposition 2.1]):

(3.1) N(n, q) =
1

n

∑
d|n

µ(d)q
n
d .

For α ∈ F∗q, let N(n, α, q) be the number of monic irreducible polyno-
mials of degree n with constant term α in A = Fq[T ]. Let Dn = {r :
r|(qn − 1), r - (qm − 1) for m < n}. For each r ∈ Dn, let r = mrdr,
where dr = gcd(r, q

n−1
q−1 ). In [7], Yucas proved that N(n, α, q) satisfies

the following formula:

(3.2) N(n, α, q) =
1

nφ(f)

∑
r∈Dn
mr=f

φ(r),

where f is the order of α in F∗q.

Example 3.4. Consider k = F11(T ) and ` = 5. By using (3.1), we
can see that there are 32208 monic irreducible polynomials of degree
5 in A = F11[T ]. Choose three distinct monic irreducible polynomials
P1, P2, P3 of degree 5. Then F = k( 5

√
TP1P2P3) is an imaginary 5-cyclic

function field over k whose Hilbert 5-class field tower of F is infinite by
Theorem 3.3, (1).

Example 3.5. Consider k = F29(T ) and ` = 7. For any α ∈ F∗29, we
have (α

T
)7 = α4. Using (3.2), it can be easily shown that N(7, 1, 29) =

N(7,−1, 29) = 88009572. Let P1 and P2 be monic irreducible polyno-
mials of degree 7 in A = F11[T ] with P1(0) = 1 and P2(0) = −1. Then
(P1

T
)7 = ( 1

T
)7 = 1 and (P2

T
)7 = (−1

T
)7 = 1. Hence F = k( 7

√
TP1P2) is an

imaginary 7-cyclic function field over k whose Hilbert 7-class field tower
of F is infinite by Theorem 3.3, (2).
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Theorem 3.6. Assume that ` ≥ 11. Let F = k(
√̀
D) be an imaginary

`-cyclic extension of k with D = aP r1
1 · · ·P rt

t . Then F has infinite Hilbert
`-class field tower if one of following conditions holds:

(1) t ≥ 3 and `| degPi for i = 1, 2,
(2) t ≥ 2 and `| degP1, (

P1

P2
)` = 1.

Proof. For (1), choose x, y ∈ F` such that (x, y) 6= (0, 0), xe13 +ye23 =
0. Let D = P x

1 P
y
2 . Then D is a monic nonconstant polynomial with

`| degD and ( D
P3

)` = ηxe13+ye23 = 1. Hence, by Lemma 2.2, the Hilbert

`-class field tower of F is infinite. (2) is an immediate consequence of
Lemma 2.2.

Example 3.7. Consider k = F23(T ) and ` = 11. By using (3.1), we
can see that there are 86619068901264 monic irreducible polynomials of
degree 11 in A = F23[T ]. Choose two distinct monic irreducible poly-
nomials P1, P2 of degree 11. Then F = k( 11

√
TP1P2) is an imaginary

11-cyclic function field over k whose Hilbert 11-class field tower of F is
infinite by Theorem 3.6, (1).

Example 3.8. Consider k = F53(T ) and ` = 13. Using (3.2), it can
be easily shown that N(13, 1, 53) = 38515860836695985496. Let P be a
monic irreducible polynomial of degree 13 in A = F53[T ] with P (0) = 1.

Then (P
T

)13 = ( 1
T

)13 = 1. Hence F = k( 13
√
TP ) is an imaginary 13-cyclic

function field over k whose Hilbert 13-class field tower of F is infinite by
Theorem 3.6, (2).
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