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VARIOUS FRAMES AND CONNECTIONS

Yong Chan Kim∗ and Jung Mi Ko

Abstract. We investigate the properties of various frames and
connections on partially ordered sets. In particular, we study the

relations between various connections and various frames.

1. Introduction

Pawlak [6] introduced rough set theory to generalize the classical
set theory. Rough approximations are defined by a partition of the
universe which is corresponding to the equivalence relation about in-
formation. It is an important mathematical tool for data analysis and
knowledge processing [1-8]. Järvinen et.al.[3] define rough approxima-
tions on partially order relations that are not necessarily equivalence
relations. Wille [8] introduced the formal concept lattices by allowing
some uncertainty in data as examples as Galois, dual Galois, residuated
and dual residuated connections. Formal concept analysis is an impor-
tant mathematical tool for data analysis and knowledge processing
[1-7]. Orlowska and Rewitzky [5] investigated the algebraic structures
of operators of Galois-style connections.

In this paper, we investigate the properties of various relations,
frames and connections on partially ordered sets. In particular, we
study the relations between various connections and various frames.

2. Preliminaries

Let X be a set. A pair (X, eX) is called a partially order set (simply,
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poset)if eX ⊂ X × X is reflexive, transitive and anti-symmetric. Let
(X, eX) be a poset. If we define a relation (x, y) ∈ e−1

X iff (y, x) ∈ eX ,

then (X, e−1
X ) is a poset. We can define a poset (P (X), eP (X)) where

eP (X) ⊂ P (X)× P (X) as (A,B) ∈ eP (X) iff A ⊂ B for A,B ∈ P (X).

Definition 2.1. [5] Let (X, eX) and (Y, eY ) be posets and f : X →
Y and g : Y → X maps.

(1) (eX , f, g, eY ) is called a Galois connection if for all x ∈ X, y ∈ Y ,
(y, f(x)) ∈ eY iff (x, g(y)) ∈ eX .

(2)(eX , f, g, eY ) is called a dual Galois connection if for all x ∈
X, y ∈ Y , (f(x), y) ∈ eY iff (g(y), x) ∈ eX .

(3) (eX , f, g, eY ) is called a residuated connection if for all x ∈ X, y ∈
Y , (f(x), y) ∈ eY iff (x, g(y)) ∈ eX .

(4) (eX , f, g, eY ) is called a dual residuated connection if for all
x ∈ X, y ∈ Y , (y, f(x)) ∈ eY iff (g(y), x) ∈ eX .

(5) f is an isotone map if (f(x1), f(x2)) ∈ eY for all (x1, x2) ∈ eX .
(6) f is an antitone map if (f(x2), f(x1)) ∈ eY for all (x1, x2) ∈ eX .

Definition 2.2. [4,5] Let R ⊂ X × Y be a relation. For each B ∈
P (Y ), we define operations [R], [[R]], ⟨R⟩, [⟨R⟩], [R]c, ⟨R⟩c : P (Y ) →
P (X) as follows:

[R](B) = {x ∈ X | (∀y ∈ Y )((x, y) ∈ R → y ∈ B)},

[[R]](B) = {x ∈ X | (∀y ∈ Y )(y ∈ B → (x, y) ∈ R)}

⟨R⟩(B) = {x ∈ X | (∃y ∈ Y )((x, y) ∈ R & y ∈ B)}

[⟨R⟩](B) = {x ∈ X | (∃y ∈ Y )((x, y) ∈ Rc & y ∈ Bc)}.

[R]c(B) = {x ∈ X | (∀y ∈ Y )((x, y) ∈ R → y ∈ Bc)}

⟨R⟩c(B) = {x ∈ X | (∃y ∈ Y )((x, y) ∈ R & y ∈ Bc)}.

For each R−1 = {(y, x) ∈ Y × X | (x, y) ∈ R}, we similarly de-
fine operations [R−1], [[R−1]], ⟨R−1⟩, [⟨R−1⟩], [R−1]c, ⟨R−1⟩c : P (X) →
P (Y ).

Definition 2.3. [4] Let (X, eX) be a poset. A set A ∈ P (X) is
called an eX-upper set if (x ∈ A & (x, y) ∈ eX) → y ∈ A for x, y ∈ X.
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Theorem 2.4. [4] Let (X, eX) and (Y, eY ) be posets and R ⊂ X×Y
be a relation. For A ∈ P (X) and B ∈ P (Y ), we define operations as
follows:

[eX ](A) = {x ∈ X | (∀z ∈ X)((x, z) ∈ eX → z ∈ A)},

⟨eX⟩(A) = {x ∈ X | (∃z ∈ X)((x, z) ∈ eX & z ∈ A)},

I(X) = {A ∈ P (X) | [eX ](A) = A},

I(Y ) = {B ∈ P (Y ) | [eY ](B) = B},

Then we have the following properties:

(1)If (eX)x = {z ∈ X | (x, z) ∈ eX} and (eX)−1
x = {z ∈ X | (z, x) ∈

eX}, then (eX)x and ((eX)−1
x )c are eX -upper sets.

(2) (eX ◦R)−1 = R−1 ◦ e−1
X and (R ◦ eY )−1 = e−1

Y ◦R−1.

(3) eX ◦R ⊂ R iff e−1
X ◦Rc ⊂ Rc.

(4) R ◦ e−1
Y ⊂ R iff Rc ◦ eY ⊂ Rc.

(5) A is an eX -upper set iff [eX ](A) = A iff [e−1
X ](Ac) = Ac iff

⟨e−1
X ⟩(A) = A.

(6) If eX ◦R ⊂ R , then (R−1
y )∗, [R](B), [R]c(B), [⟨R⟩](B), ⟨Rc⟩(B),

⟨Rc⟩c(B), [[Rc]](B) ∈ I(X).

(7) If e−1
X ◦ R ⊂ R, then R−1

y , ⟨R⟩(B), ⟨R⟩c(B), [[R]](B), [Rc](B),
[Rc]c(B), [⟨Rc⟩](B) ∈ I(X).

(8) If R ◦ eY ⊂ R, then Rx, ⟨R−1⟩(A), [[R−1]](A), [(Rc)−1](A),

[(Rc)−1]c(A), ⟨R−1⟩c(A) ∈ I(Y ).

(9) If R ◦ e−1
Y ⊂ R, then Rc

x, [R
−1](A), [R−1]c(A), [⟨R−1⟩](A),

⟨(Rc)−1⟩(A), ⟨(Rc)−1⟩c(A), [[(Rc)−1]](A) ∈ I(Y ).

Definition 2.5 [3,6]. In above theorem, [eX ](A) and ⟨eX⟩(A) are
called rough lower approximation and rough upper approximation, re-
spectively, for A ∈ P (X) on a partially ordered set.

If eX is an equivalence relation, [eX ](A) and ⟨eX⟩(A) are rough
lower approximation and rough upper approximation for A ∈ P (X) in
a Pawlak’s sense [6].
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3. The properties of rough approximations

Definition 3.1 [3,5]. Let (X, eX) and (Y, eY ) be posets, R ∈
P (X × Y ) and S ∈ P (Y ×X). A structure (eX , R, S, eY ) is called:

(1) a Galois frame if S = R−1 and eX ◦R ◦ e−1
Y ⊂ R.

(2) a dual Galois frame if S = R−1 and e−1
X ◦R ◦ eY ⊂ R.

(3) a residuated frame if S = R−1 and eX ◦R ◦ eY ⊂ R.
(4) a dual residuated frame if S = R−1 and e−1

X ◦R ◦ e−1
Y ⊂ R.

lemma 3.2. Let (X, eX) and (Y, eY ) be posets and f : X → Y and
g : Y → X maps.

(1) If g is antitone and define (x, y) ∈ R1 iff (x, g(y)) ∈ eX (resp.
(x, y) ∈ R2 iff (g(y), x) ∈ eX), then eX ◦ R1 ◦ e−1

Y ⊂ R1 (resp. e−1
X ◦

R2 ◦ eY ⊂ R2).
(2) If g is isotone and define (x, y) ∈ R1 iff (x, g(y)) ∈ eX (resp.

(x, y) ∈ R2 iff (g(y), x) ∈ eX), then eX ◦R1 ◦ eY ⊂ R1 (resp. e−1
X ◦R2 ◦

e−1
Y ⊂ R2).
(3) If f is antitone and (x, y) ∈ R1 iff (y, f(x)) ∈ eY (resp. (x, y) ∈

R2 iff (f(x), y) ∈ eY ), then eX◦R1◦e−1
Y ⊂ R1 (resp. e

−1
X ◦R2◦eY ⊂ R2).

(4) If f is isotone and (x, y) ∈ R1 iff (y, f(x)) ∈ eY (resp. (x, y) ∈ R2

iff (f(x), y) ∈ eY ), then e−1
X ◦R1 ◦ e−1

Y ⊂ R1 (resp. eX ◦R2 ◦ eY ⊂ R2).

Proof. (1) Since g is antitone, (y, y1) ∈ eY implies (g(y1), g(y)) ∈
eX . Then

(x, x1) ∈ eX & (x1, y1) ∈ R1 & (y1, y) ∈ e−1
Y

iff (x, x1) ∈ eX & (x1, g(y1)) ∈ eX & (y, y1) ∈ eY

(⇒) (x, x1) ∈ eX & (x1, g(y1)) ∈ eX & (g(y1), g(y)) ∈ eX

(⇒) (x, g(y)) ∈ eX iff (x, y) ∈ R

Hence eX ◦R1 ◦ e−1
Y ⊂ R1.

Other cases are similarly proved.
�

Theorem 3.3. Let (X, eX) and (Y, eY ) be posets and f : X → Y
and g : Y → X maps.

(1) If (eX , f, g, eY ) is a Galois connection and define relations R ∈
P (X × Y ) and S ∈ P (Y ×X) as

(x, y) ∈ R iff (x, g(y)) ∈ eX , (y, x) ∈ S iff (x, y) ∈ R.
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Then (eX , R, S, eY ) is a Galois frame.
(2) If (eX , f, g, eY ) is a dual Galois connection and define maps

relations R ∈ P (X × Y ) and S ∈ P (Y ×X) as

(x, y) ∈ R iff (g(y), x) ∈ eX , (y, x) ∈ S iff (x, y) ∈ R.

Then (eX , R, S, eY ) is a dual Galois frame.
(3) If (eX , f, g, eY ) is a residuated connection and define relations

R ∈ P (X × Y ) and S ∈ P (Y ×X) as

(x, y) ∈ R iff (x, g(y)) ∈ eX , (y, x) ∈ S iff (x, y) ∈ R.

Then (eX , R, S, eY ) is a residuated frame.
(4) If (eX , f, g, eY ) is a dual residuated connection and define rela-

tions R ∈ P (X × Y ) and S ∈ P (Y ×X) as

(x, y) ∈ R iff (g(y), x) ∈ eX , (y, x) ∈ S iff (x, y) ∈ R.

Then (eX , R, S, eY ) is a dual Galois frame.

Proof. (1) Let (eX , f, g, eY ) be a Galois connection. If (y1, y2) ∈ eY ,
since (g(y), g(y)) ∈ eX iff (y, f(g(y)) ∈ eY , we have (y1, y2) ∈ eY and
(y2, f(g(y2)) ∈ eY implies (y1, f(g(y2)) ∈ eY iff (g(y2), g(y1)) ∈ eX .
Hence g is antitone. By Lemma 3.2(1), eX ◦ R ◦ e−1

Y ⊂ R. Thus
(eX , R, S, eY ) is a Galois frame.

(2),(3) and (4) are similarly proved.
�

Theorem 3.4. Let (X, eX) and (Y, eY ) be posets with I(X) =
{A ∈ P (X) | [eX ](A) = A} and I(Y ) = {B ∈ P (Y ) | [eY ](B) = B}.

(1) If (eX , f, g, eY ) is a Galois connection and define relations R ∈
P (I(X)× I(Y )) and S ∈ P (I(Y )× I(X)) as

(A,B) ∈ R iff (∀x ∈ X)(f(x) ∈ B → x ∈ Ac),

(B,A) ∈ S iff (∀y ∈ Y )(g(y) ∈ A → y ∈ Bc).

Then (eI(X), R, S, eI(Y )) is a Galois frame.
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(2) If (eX , f, g, eY ) is a dual Galois connection and define relations
R ∈ P (I(X)× I(Y )) and S ∈ P (I(Y )× I(X)) as

(A,B) ∈ R iff (∀x ∈ X)(x ∈ Ac → f(x) ∈ B),

(B,A) ∈ S iff (∀y ∈ Y )(y ∈ Bc → g(y) ∈ A).

Then (eI(X), R, S, eI(Y )) is a dual Galois frame.
(3) If (eX , f, g, eY ) is a residuated connection and define relations

R ∈ P (I(X)× I(Y )) and S ∈ P (I(Y )× I(X)) as

(A,B) ∈ R iff (∀x ∈ X)(x ∈ A → f(x) ∈ B),

(B,A) ∈ S iff (∀y ∈ Y )(y ∈ B → g(y) ∈ A).

Then (eI(X), R, S, eI(Y )) is a residuated frame.
(4) If (eX , f, g, eY ) is a dual residuated connection and define rela-

tions R ∈ P (I(X)× I(Y )) and S ∈ P (I(Y )× I(X)) as

(A,B) ∈ R iff (∀x ∈ X)(f(x) ∈ B → x ∈ A),

(B,A) ∈ S iff (∀y ∈ Y )(y ∈ B → g(y) ∈ A).

Then (eI(X), R, S, eI(Y )) is a dual residuated frame.

Proof. (1) We have (A,A′) ∈ eP (X) & (A′, B′) ∈ R & (B′, B) ∈
e−1
P (Y ) ⊂ (A,B) ∈ R from:

(f(x) ∈ B → f(x) ∈ B′)&(f(x) ∈ B′ → x ∈ A′c)&(x ∈ A′c → x ∈ Ac)

→ (f(x) ∈ B → x ∈ Ac)

Hence eP (X) ◦R ◦ e−1
P (Y ) ⊂ R.

For A ∈ I(X), B ∈ I(Y ) and a Galois connection (eX , f, g, eY ),
since x ∈ A iff x ∈ A and (x, g(f(x))) ∈ eX implies g(f(x)) ∈ A and
y ∈ B iff y ∈ B and (y, f(g(y))) ∈ eY implies f(g(y)) ∈ B, we have
R−1 = S from:

(A,B) ∈ R iff (∀x ∈ X)((f(x) ∈ B → x ∈ Ac)

(⇒) (∀y ∈ Y )(f(g(y)) ∈ B → g(y) ∈ Ac)

(⇒) (∀y ∈ Y )(y ∈ B → g(y) ∈ Ac)

(⇒) (∀y ∈ Y )(g(y) ∈ A → y ∈ Bc)

(⇒) (B,A) ∈ S,
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(B,A) ∈ S iff (∀y ∈ Y )(g(y) ∈ A → y ∈ Bc)

(⇒) (∀x ∈ X)(g(f(x)) ∈ A → f(x) ∈ Bc)

(⇒) (∀x ∈ X)(x ∈ A → f(x) ∈ Bc)

(⇒) (∀x ∈ X)(f(x) ∈ B → x ∈ Ac)

(⇒) (A,B) ∈ R.

(2) We have (A,A′) ∈ e−1
P (X) & (A′, B′) ∈ R & (B′, B) ∈ eP (Y ) ⊂

(A,B) ∈ R implies e−1
P (X) ◦R ◦ eP (Y ) ⊂ R from:

(x ∈ A′ → x ∈ A)&(x ∈ (A′)c → f(x) ∈ B′)&(f(x) ∈ B′ → f(x) ∈ B)

→ (x ∈ Ac → f(x) ∈ B)

Since f(g(y)) ∈ B & (f(g(y)), y) ∈ eY implies y ∈ B, we have R ⊂ S−1

from:

(A,B) ∈ R iff (∀x ∈ X)(x ∈ Ac → f(x) ∈ B)

(⇒) (∀y ∈ Y )(g(y) ∈ Ac → f(g(y)) ∈ B)

(⇒) (∀y ∈ Y )(g(y) ∈ Ac → y ∈ B)

(⇒) (∀y ∈ Y )(y ∈ Bc → g(y) ∈ A)

(⇒) (B,A) ∈ S,

Similarly, S ⊂ R−1.
(3) For A,B ∈ I(X), since f(g(y)) ∈ B & (f(g(y)), y) ∈ eY → x ∈

B and x ∈ A & (x, g(f(x))) ∈ eX → (g(f(x))) ∈ A, we have

(A,B) ∈ R iff (∀x ∈ X)(x ∈ A → f(x) ∈ B)

(⇒) (∀y ∈ Y )(g(y) ∈ A → f(g(y)) ∈ B)

(⇒) (∀y ∈ Y )(g(y) ∈ A → y ∈ B)

(⇒) (B,A) ∈ S,

(B,A) ∈ S iff (∀y ∈ Y )(g(y) ∈ A → y ∈ B)

(⇒) (∀x ∈ X)(g(f(x)) ∈ A → f(x) ∈ B)

(⇒) (∀x ∈ X)(x ∈ A → f(x) ∈ B)

(⇒) (A,B) ∈ R.
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(4) For A ∈ I(X), since g(f(x)) ∈ A & (g(f(x)), x) ∈ eX → x ∈ A
and y ∈ B & (y, f(g(y))) ∈ eY → f(g(y)) ∈ B, we have

(A,B) ∈ R iff (∀x ∈ X)((f(x) ∈ B → x ∈ A)

(⇒) (∀y ∈ Y )(f(g(y)) ∈ B → g(y) ∈ A)

(⇒) (∀y ∈ Y )(y ∈ B → g(y) ∈ A)

(⇒) (B,A) ∈ S,

(B,A) ∈ S iff (∀y ∈ Y )(y ∈ B → g(y) ∈ A)

(⇒) (∀x ∈ X)(f(x) ∈ B → g(f(x)) ∈ A)

(⇒) (∀x ∈ X)(f(x) ∈ B → x ∈ A)

(⇒) (A,B) ∈ R.

�

Theorem 3.5. Let (eX , R, S, eY ) be a Galois frame.

(1) If we define [R−1]c : I(X) → I(Y ) and [S−1]c : I(Y ) → I(X) as

y ∈ [R−1]c(A) iff (∀x ∈ X)((x, y) ∈ R → x ∈ Ac)

x ∈ [S−1]c(B) iff (∀y ∈ Y )((y, x) ∈ S → y ∈ Bc)

Then (eI(X), [R
−1]c, [S−1]c, eI(Y )) is a Galois connection.

(2) If we define [⟨R−1⟩] : I(X) → I(Y ) and [⟨S−1⟩] : I(Y ) → I(X)
as

y ∈ [⟨R−1⟩](A) iff (∃x ∈ X)(x ∈ Ac & (x, y) ∈ Rc)

x ∈ [⟨S−1⟩](B) iff (∃y ∈ Y )(y ∈ Bc & (y, x) ∈ Sc).

Then (eI(X), [⟨R−1⟩], [⟨S−1⟩], eI(Y )) is a dual Galois connection.

Proof. (1) Since R ◦ e−1
Y ⊂ eX ◦ R ◦ e−1

Y ⊂ R, by Theorem 2.4 (9),

[R−1]c(A) ∈ I(Y ). Since (eX ◦ R ◦ e−1
Y )−1 = eY ◦ S ◦ e−1

X ⊂ S, by
Theorem 2.4 (9), [S−1]c(B) ∈ I(X). Hence [R−1]c and [S−1]c is well
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defined. Moreover, (eI(X), [R
−1]c, [S−1]c, eI(Y )) is a Galois connection

from

B ⊂ [R−1]c(A) iff ⊢ (∀y ∈ Y )(y ∈ B → y ∈ [R−1]c(A))

iff ⊢ (∀y ∈ Y )(y ∈ B → (∀x ∈ X)((x, y) ∈ R → x ∈ Ac))

iff ⊢ (∀y ∈ Y )(∀x ∈ X)(y ∈ B → (x ∈ A → (x, y) ∈ Rc))

iff ⊢ (∀y ∈ Y )(∀x ∈ X)(x ∈ A → (y ∈ B → (x, y) ∈ Rc))

iff ⊢ (∀y ∈ Y )(∀x ∈ X)(x ∈ A → ((x, y) ∈ R → y ∈ Bc))

iff ⊢ (∀x ∈ X)(x ∈ A → (∀y ∈ Y )((x, y) ∈ R → y ∈ Bc))

iff ⊢ (∀x ∈ X)(x ∈ A → x ∈ [S−1]c(B))

iff A ⊂ [S−1]c(B).

(2) Since R ◦ e−1
Y ⊂ eX ◦ R ◦ e−1

Y ⊂ R, by Theorem 2.4 (9), then

[⟨R−1⟩](A) ∈ I(Y ). Since (eX ◦ R ◦ e−1
Y )−1 = eY ◦ S ◦ e−1

X ⊂ S, by
Theorem 2.4 (9), [⟨S−1⟩](B) ∈ I(X). Hence [⟨R−1⟩] and [⟨S−1⟩] is
well defined. Moreover, (eI(X), [⟨R−1⟩], [⟨S−1⟩], eI(Y )) is a dual Galois
connection from

[⟨R−1⟩](A) ⊂ B iff ⊢ (∀y ∈ Y )(y ∈ [⟨R−1⟩](A) → y ∈ B)

iff ⊢ (∀y ∈ Y )((∃x ∈ X)(x ∈ Ac & (x, y) ∈ Rc) → y ∈ B)

iff ⊢ (∀y ∈ Y )(∀x ∈ X)((x, y) ∈ Rc) → (x ∈ Ac → y ∈ B)

iff ⊢ (∀y ∈ Y )(∀x ∈ X)((x, y) ∈ Rc) → (y ∈ Bc → x ∈ A)

iff ⊢ (∀x ∈ X)((∃y ∈ Y )(y ∈ Bc & (x, y) ∈ Rc) → x ∈ A)

iff ⊢ (∀x ∈ X)(x ∈ [⟨S−1⟩](B) → x ∈ A)

iff [⟨S−1⟩](B) ⊂ A.

�

Theorem 3.6. Let (eX , R, S, eY ) be a dual Galois frame.
(1) If we define ⟨R−1⟩c : I(X) → I(Y ) and ⟨S−1⟩c : I(Y ) → I(X)

as
y ∈ ⟨R−1⟩c(A) iff (∃x ∈ X)(x ∈ Ac & (x, y) ∈ R)

x ∈ ⟨S−1⟩c(B) iff (∃y ∈ Y )(y ∈ Bc & (y, x) ∈ S).
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Then (eI(X), ⟨R−1⟩c, ⟨S−1⟩c, eI(Y )) is a dual Galois connection.

(2) If we define [[R−1]] : I(X) → I(Y ) and [[S−1]] : I(Y ) → I(X) as

y ∈ [[R−1]](A) iff (∀x ∈ X)(x ∈ A → (x, y) ∈ R)

x ∈ [[S−1]](B) iff (∀y ∈ Y )(y ∈ B → (y, x) ∈ S).

Then (eI(X), [[R
−1]], [[S−1]], eI(Y )) is a Galois connection.

Proof. (1) Since R ◦ eY ⊂ e−1
X ◦ R ◦ eY ⊂ R, by Theorem 2.4 (8),

⟨R−1⟩c(A) ∈ I(Y ). Since (e−1
X ◦ R ◦ eY )

−1 = e−1
Y ◦ S ◦ eX ⊂ S, by

Theorem 2.4 (8), ⟨S−1⟩c(B) ∈ I(X). Hence ⟨R−1⟩c and ⟨S−1⟩c is
well defined. Moreover, (eI(X), ⟨R−1⟩c, ⟨S−1⟩c, eI(Y )) is a dual Galois
connection from

⟨R−1⟩c(A) ⊂ B iff ⊢ (∀y ∈ Y )(y ∈ ⟨R−1⟩c(A) → y ∈ B)

iff ⊢ (∀y ∈ Y )((∃x ∈ X)(x ∈ Ac & (x, y) ∈ R → y ∈ B))

iff ⊢ (∀y ∈ Y )(∀x ∈ X)((x, y) ∈ R → (x ∈ Ac → y ∈ B))

iff ⊢ (∀y ∈ Y )(∀x ∈ X)((x, y) ∈ R → (y ∈ Bc → x ∈ A))

iff ⊢ (∀x ∈ X)((∃y ∈ Y )(y ∈ Bc & (x, y) ∈ R) → x ∈ A)

iff ⊢ (∀x ∈ X)(x ∈ ⟨S−1⟩c(B) → x ∈ A)

iff ⟨S−1⟩c(B) ⊂ A.

(2) Since R◦eY ⊂ e−1
X ◦R◦eY ⊂ R, by Theorem 2.4 (8), [[R−1]](A) ∈

I(X). Since S ◦eX ⊂ R, by Theorem 2.4 (8), [[S−1]](B) ∈ I(X). Then
(eI(X), [[R

−1]], [[S−1]], eI(Y )) is a Galois connection from

B ⊂ [[R−1]](A) iff ⊢ (∀y ∈ Y )(y ∈ B → y ∈ [[R−1]](A))

iff ⊢ (∀y ∈ Y )(y ∈ B → (∀x ∈ X)(x ∈ A → (x, y) ∈ R))

iff ⊢ (∀y ∈ Y )(∀x ∈ X)(y ∈ B → (x ∈ A → (x, y) ∈ R))

iff ⊢ (∀y ∈ Y )(∀x ∈ X)(x ∈ A → (y ∈ B → (x, y) ∈ R))

iff ⊢ (∀x ∈ X)(x ∈ A → x ∈ [[S−1]](B))

iff A ⊂ [[S−1]](B).

�
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Theorem 3.7. Let (eX , R, S, eY ) be a residuated frame.
(1) If we define ⟨R−1⟩ : I(X) → I(Y ) and [S−1] : I(Y ) → I(X) as

y ∈ ⟨R−1⟩(A) iff (∃x ∈ X)((x, y) ∈ R & x ∈ A)

x ∈ [S−1](B) iff (∀y ∈ Y )((y, x) ∈ S → y ∈ B)

Then (eI(X), ⟨R−1⟩, [S−1], eI(Y )) is a residuated connection.

(2) If we define [(Rc)−1] : I(X) → I(Y ) and ⟨(Sc)−1 : I(Y ) → I(X)
as

y ∈ [(Rc)−1](A) iff (∀x ∈ X)((x, y) ∈ Rc → x ∈ A)

x ∈ ⟨(Sc)−1⟩(B) iff (∃y ∈ Y )(y ∈ B & (y, x) ∈ Sc).

Then (eI(X), [(R
c)−1], ⟨(Sc)−1⟩, eI(Y )) is a dual residuated connec-

tion.

Proof. (1) Since R ◦ eY ⊂ eX ◦ R ◦ eY ⊂ R, by Theorem 2.4 (8),
⟨R−1⟩(A) ∈ I(Y ). Since S ◦ e−1

X ⊂ (eX ◦ R ◦ eY )−1 = e−1
Y ◦ S ◦ e−1

X ⊂
S, by Theorem 2.4 (9), [S−1](B) ∈ I(X). Hence ⟨R−1⟩ and [S−1]
is well defined. Moreover, (eI(X), ⟨R−1⟩, [S−1], eI(Y )) is a residuated
connection from

⟨R−1⟩(A) ⊂ B iff ⊢ (∀y ∈ Y )(y ∈ ⟨R−1⟩(A) → y ∈ B)

iff ⊢ (∀y ∈ Y )((∃x ∈ X)(x ∈ A & (x, y) ∈ R) → y ∈ B)

iff ⊢ (∀y ∈ Y )(∀x ∈ X)(x ∈ A → ((x, y) ∈ R → y ∈ B))

iff ⊢ (∀x ∈ X)(x ∈ A → (∀y ∈ Y )((x, y) ∈ R → y ∈ B))

iff A ⊂ [S−1](B).

(2) Since R◦eY ⊂ eX◦R◦eY ⊂ R and R◦eY ⊂ R iff Rc◦e−1
Y ⊂ Rc, by

Theorem 2.4 (8), [(Rc)−1](A) ∈ I(Y ). Since S◦e−1
X ⊂ (eX ◦R◦eY )−1 =

e−1
Y ◦S◦e−1

X ⊂ S, by Theorem 2.4 (9), ⟨(Sc)−1⟩(B) ∈ I(X). So, [(Rc)−1]
and ⟨(Sc)−1⟩ is well defined. Thus, (eI(X), ⟨R−1⟩, ⟨(Sc)−1⟩, eI(Y )) is a
dual residuated connection from

B ⊂ [(Rc)−1](A) iff ⊢ (∀y ∈ Y )(y ∈ B → y ∈ [(Rc)−1](A))

iff ⊢ (∀y ∈ Y )(y ∈ B → (∀x ∈ X)((x, y) ∈ Rc → x ∈ A)

iff ⊢ (∀y ∈ Y )(∀x ∈ X)(y ∈ B → ((x, y) ∈ Rc → x ∈ A)

iff ⊢ (∀y ∈ Y )(∀x ∈ X)((y ∈ B & (x, y) ∈ Rc) → x ∈ A)

iff ⊢ (∀x ∈ X)((∃y ∈ Y )(y ∈ B & (x, y) ∈ Rc) → x ∈ A)

iff ⟨(Sc)−1⟩(B) ⊂ A.
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�

Theorem 3.8. Let (eX , R, S, eY ) be a dual residuated frame.
(1) If we define ⟨(Rc)−1⟩ : I(X) → I(Y ) and [(Sc)−1] : I(Y ) → I(X)

as

y ∈ ⟨(Rc)−1⟩(A) iff (∃x ∈ X)((x, y) ∈ Rc & x ∈ A)

x ∈ [(Sc)−1](B) iff (∀y ∈ Y )((y, x) ∈ Sc → y ∈ B)

Then (eI(X), ⟨(Rc)−1⟩, [(Sc)−1], eI(Y )) is a residuated connection.

(2) If we define [R−1] : I(X) → I(Y ) and ⟨S−1⟩ : I(Y ) → I(X) as

y ∈ [R−1](A) iff (∀x ∈ X)((x, y) ∈ R → x ∈ A)

x ∈ ⟨S−1⟩(B) iff (∃y ∈ Y )((y, x) ∈ S & y ∈ B)

Then (eI(X), [R
−1], ⟨S−1⟩, eI(Y )) is a dual residuated connection.

Proof. (1) Since R ◦ e−1
Y ⊂ e−1

X ◦ R ◦ e−1
Y ⊂ R and R ◦ e−1

Y ⊂ R
iff Rc ◦ eY ⊂ Rc, by Theorem 2.4(9), ⟨(Rc)−1⟩(A) ∈ I(Y ). Since
S ◦ eX ⊂ (e−1

X ◦ R ◦ e−1
Y )−1 = eY ◦ S ◦ eX ⊂ S, by Theorem 2.4 (8),

[(Sc)−1](B) ∈ I(X). Hence ⟨(Rc)−1⟩ and [(Sc)−1] is well defined. Then
(eI(X), ⟨(Rc)−1⟩, [(Sc)−1], eI(Y )) is a residuated connection from:

⟨(Rc)−1⟩(A) ⊂ B iff ⊢ (∀y ∈ Y )(y ∈ ⟨(Rc)−1⟩(A)(A) → y ∈ B)

iff ⊢ (∀y ∈ Y )((∃x ∈ X)(x ∈ A & (x, y) ∈ Rc) → y ∈ B)

iff ⊢ (∀y ∈ Y )(∀x ∈ X)(x ∈ A → ((x, y) ∈ Rc → y ∈ B))

iff ⊢ (∀y ∈ Y )(∀x ∈ X)(x ∈ A → (∀y ∈ Y )((x, y) ∈ Rc → y ∈ B))

iff A ⊂ [(Sc)−1](B).

(2) Since R◦e−1
Y ⊂ e−1

X ◦R◦e−1
Y ⊂ R, by Theorem 2.4 (9), [R−1](A) ∈

I(Y ). Since S ◦ eX ⊂ (e−1
X ◦R ◦ e−1

Y )−1 = eY ◦S ◦ eX ⊂ S, by Theorem
2.4 (8), ⟨S−1⟩(B) ∈ I(X). Hence [R−1] and ⟨S−1⟩ is well defined. We
similarly proved as in (1).

�
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Example 3.9. Let (X = {a, b, c, d}, eX) and (Y = {x, y, z}, eY ) be
posets with

eX = {(a, a), (a, b), (a, c), (a, d), (b, b), (b, d), (c, c), (c, d), (d, d)}.

eY = {(x, x), (x, y), (x, z), (y, y), (z, y), (z, z)}.

Put a relation R ⊂ X × Y as

R = {(a, x), (b, x), (b, y), (b, z), (c, x), (c, z), (d, x), (d, y), (d, z)}.

Then (eX)a = {a, b, c, d}, (eX)b = {b, d}, (eX)c = {c, d}, (eX)d = {d}
are eX -upper sets. Since (a, b) ∈ eX & (b, y) ∈ R, but (a, y) ̸∈ R.
Hence eX ◦ R ̸⊂ R. Since e−1

X ◦ R = R, R−1
x = {a, b, c, d}, R−1

y =

{b, d}, R−1
z = {b, c, d} are eX -upper sets. Since R ◦ e−1

Y = R, Rc
a =

{y, z}, Rc
b = ∅, Rc

c = {y}, Rc
d = ∅ are eY -upper sets. Since R ◦ eY ̸⊂ R,

Ra = {x} is not an eY -upper sets because x ∈ Ra & (x, y) ∈ eY , but
y ̸∈ Ra.

Furthermore, I(X) = {∅, X, {d}, {b, d}, {c, d}, {b, c, d}} and I(Y ) =
{∅, Y, {y}, {y, z}}.

(1) We obtain ⟨(Rc)−1⟩ : I(X) → I(Y ) and [(Sc)−1] : I(Y ) → I(X)
as

⟨(Rc)−1⟩(A) =


{y, z} if A = X,

{y} if A ∈ {{b, c, d}, {c, d}}
∅ if A ∈ {∅, {d}, {b, d}}

[(Sc)−1](B) =


{b, d} if B = ∅,
{b, c, d} if B = {y}
X if B ∈ {Y, {y, z}}

Then (eI(X), ⟨(Rc)−1⟩, [(Sc)−1], eI(Y )) is a residuated connection.

(2) We obtain [R−1] : I(X) → I(Y ) and ⟨S−1⟩ : I(Y ) → I(X) as

[R−1](A) =


Y if A = X,

{y, z} if A = {b, c, d},
{y} if A ∈ {{b, d}, {a, b, d}}
∅ otherwise
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⟨S−1⟩(B) =


X if x ∈ B,

{b, c, d} if B ∈ {{y, z}, {z}},
{b, d} if B = {y},
∅ if B = ∅.

Then (eI(X), [R
−1], ⟨S−1⟩, eI(Y )) is a dual residuated connection.

(3) (eI(X), [R
−1]c, [S−1]c, eI(Y )) is not a Galois connection because

[S−1]({y}c) = {a, c, d} ̸∈ I(X).
(4) (eI(X), [⟨R−1⟩], [⟨S−1⟩], eI(Y )) is not a dual Galois connection

because [⟨S−1⟩]({y}) = {a} ̸∈ I(X).
(5) (eI(X), ⟨R−1⟩c, ⟨S−1⟩c, eI(Y )) is not a dual Galois connection be-

cause ⟨R−1⟩c({b, d}) = {x, z} ̸∈ I(Y ).
(6) (eI(X), [[R

−1]], [[S−1]], eI(Y )) is not a Galois connection because

[[R−1]]({c, d}) = {x, z} ̸∈ I(Y ).
(7) (eI(X), [(R

c)−1], ⟨(Sc)−1⟩, eI(Y )) is not a dual residuated connec-

tion because [(Rc)−1]({d}) = {x} ̸∈ I(Y ).
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