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Abstract

A fuzzy set A defined on a probability space (£2,F,P) is called a fuzzy event. Zadeh defines the probability of the
fuzzy event A using the probability P. We define the generalized triangular fuzzy set and apply the extended
algebraic operations to these fuzzy sets. A generalized triangular fuzzy set is symmetric and may not have
value 1. For two generalized triangular fuzzy sets A and B, A(+)B and A(—)B become generalized
trapezoidal fuzzy sets, but A(-)B and A(/)B need not to be a generalized triangular fuzzy set or a
generalized trapezoidal fuzzy set. We define the normal fuzzy probability on R wusing the normal distribution. And
we calculate the normal fuzzy probability for generalized triangular fuzzy sets.
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1. Introduction P (A) :f w (@) dPw), w,(+):2 —[0.1]
0

We define the generalized triangular fuzzy set and ] - )
calculate four operations of two generalized triangular We  defined the normal fuzzy probability using the

fuzzy sets([4]). Four operations are based on the normal distribution and calculated the normal fuzzy
Zadeh's extension principle([6], [7], [8]). And Zadeh probability for quadratic fuzzy number([2]). And then
defines the probability of fuzzy event as follows. we had the explicit formula for the normal fuzzy

Let (2,7,P) be a probability space, where £ probability for trigonometric fuzzy number.
denotes the sample space, & the o-algebra on {2, Furtherr.nore we calcul_ated the normal. fuzzy
and P a probability measure. A fuzzy set A on 2 is probability for trigonometric fuzzy numbers driven by
called a fuzzy event. Let w,(-) be the membership the abov_e four operations([3)).

In this paper, we calculate the normal fuzzy

function of the fuzzy event A. . . .
Y probability for generalized triangular fuzzy sets.

Then the probability of the fuzzy event A is defined
by Zadeh([9]) as

2. Preliminaries

Mol Xl: 20114 12€ 262! Let (2,&,P) be a probability space, and X be a
AMAHEA)L XL 20124 32 232 random variable defined on it. Let g be a real-valued
AMEA AKX 2012 32 282l Borel-measurable function on R. Then ¢(X) is also
T 1 Al K| Xt a random variable.

This work was supported by the research grant of Jeju

National University in 2011. Definition 2.1. We say that the mathematical
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expectation of ¢g(X) exists if

Bly(0)= [ g(x@)arto) = [ gnir
is finite.

We note that a random variable X defined on
(2, #,P) induces a measure Py on a Borel set BE®
P(B)=P{X(B)}. Then
Py becomes a probability measure on £ and is called
the probability distribution of X. It is known that if
Elg(X)] exists, then g is also integrable over R
with respect to Py. Moreover, the relation

defined by the relation

S axiar= [ gwaro 1

holds. We note that the integral on the right-hand
side of (2.1) is the Lebesgue- Stieltjes integral of g
with respect to Py. In particular, if ¢ is continuous

on R and E[g(X)] exists, we can rewrite (2.1) as
follows

/ gX0dp= f 99Py = f iog(m)dF(x), (2.2)

where F' is the distribution function corres— ponding
to Py, and the last integral is a Riemann-Stieltjes

integral.

Let F be absolutely continuous on R with
probability ~ density function f(z)=F(2). Then
Elg(X)] exists if and only if the integral

/ lg(z)If (x)dz is finite and in that case we have

El= [ g(@)f(e)ds

Example 2.2. Let the random variable X (denoted

X~ N(m,o?)) have the normal distribution with the
probability density function

(@ m)’

1 25°

e , z€R

flz)=

2o

where 62>0 and mER. Then FE[X[]<c for
every v>0, and we have

E[X]=m and El[(X—m)?] =5

The induced measure Py 1is called the normal
distribution.

A fuzzy set A on {2 is called a fizzy event. Let

w (- ) be the membership function of the fuzzy

event A. Then the probability of the fuzzy event A
is defined by Zadeh([9]) as

P = [ u,@aP@). u,(-):2 -0l

Definition 2.3. The normal fuzzy probability P (A)
of a fuzzy set A on R is defined by

P(4)= / 1w (@)dPy (2.3)

where Py is the normal distribution.

Definition 2.4. A triangular fuzzy number is a fuzzy
number A having membership function

0, r<ay, a3 <,
Tr—a
_ , 4 =2 <ay
LLA(l')— Ay — g
as—x
, ay <z <ay
a3 = Uy

The above triangular fuzzy number is denoted by
A=(aay0a).

Definition 2.5. The addition, subtraction,
multi-plication, and division of two fuzzy sets are
defined as

1. Addition A(+)B :

Waenp(2) =sup,_,  min{u,(z), uyy) }
2. Subtraction A(—)B :

Wayp(z) =sup,_,_ min{u,(x), uz(y)}
3. Multiplication A( - )B :

Wa(yp(z) =sup,_, . minfu,(z), uz(y)}
4. Division A(/)B :

Waip(z) =sup, _,,min{u,(z), uzy)}

Example 2.6. ([2]) For two triangular fuzzy number
A=(1,2,4) and B=(2,4,5), we have

1. Addition : A(+)B=(3,6,9).
2. Subtraction : A(—)B=(—4, —2,2)
3. Multiplication :
0, <2, 20<z,
2t Vo , 2 < x<8§,
Mg )B(l’): 2
To VOt V29+2x 8 < < 20.

Note that A( - )B is not a triangular fuzzy number.
4. Division :
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1
07 1’<€, 2§$7
5z—1 1 1
= — < il
hapl®) S\ 5 FErsy,
—et2  1_ o,
c+1 2 'S #

Note that A(/)B is not a triangular fuzzy number.

3. Generalized triangular fuzzy sets

In this section, we define the generalized triangular
fuzzy set and apply the extended algebraic operations
to these fuzzy sets. A generalized triangular fuzzy
set is symmetric and may not have value 1.

Definition 3.1. A generalized triangular fuzzy set is
a symmetric fuzzy set A having membership function

0, r<ay ay < w,
2¢(x—a,) a, +a,
P a =z<
wylz) =1 a—q ! (3.1
~2(e—a,)  a+a
— =z <a
Ay — a4 2 ’

where a;,a,S R and 0 <c<1.

The above generalized triangular fuzzy set is
denoted by A= ((a;,c, a,)).

Theorem 3.2. ([4]) For two generalized triangular
fuzzy sets  A=((ayc a)) andB=((b c,b,)), if
¢ ¢ and ugz(z) =¢ in [k k], we have the
followings.

L A B=(a,+by 3 (o +;) +hyy ey, 3 0y +ay)

2
+ky, ay+b,), ie, A(+)B is a generalized trapezoidal
fuzzy set.

1 1
2. A(=)B=(a,— b, §(a1+a2) — ks, €15 E(oz1 +a,)

—kpa,—b), ie, A(=)B is a generalized
trapezoidal fuzzy set.

3. A(-)B is a fuzzy set on (ab;,ab,), but need
not to be a generalized triangular fuzzy set

or a generalized trapezoidal fuzzy set.

a a.
4. A(/)B is a fuzzy set on (b—l,b—Z), but need not to
2 1

be a generalized triangular fuzzy set or a
generalized trapezoidal fuzzy set.
1
Example 3.3. ([4) Let A:((275,8)) and
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B=((1, %7 5)) be generalized

ie.,

and

HB(x) =

2

triangular fuzzy sets,
r<2, 8<ux,
2<zx<h

h <z <8,

r<l1, 5<x,
1<x<3

3<x <5,

Let A, and B, be the a-cuts of A4 and B,

respectively. Let Aa:[a(f’),a2

(@)

] and B, =", 6]

. 1 1
Since oe:g(a(l”)—Q) and a:—g(ag‘l)—S), we have
) . 2
A, = [a(l‘*>7aé”)}: [6a+2, —6c+8]. Since «a =g(b§‘”)71)
2
and a=— g(bé”)—{’)), we have B, =[]
5 5 .
= [5a+1, —5a+5]. Then we have the followings.
1. Addition :
0, r <3, 13 < x,
2 29
Z (= < =2
7 (z—3), 3<x< 1
HA(+)B(5L’) = 1 §< 35
2’ =TS
2 35
2 (z-13), Z<a<1
17(x 3), TS r<13,
. .29 1 35
ie., A(+)B=(3, LY ,13).
2. Subtraction :
0, r<—3, 7T<x,
2 5
il 32 < =
17(a7+3) 3,x<4,
wios(@)={ 1 s__n
2’ 1=
2 11
— = — < <
17(:0 7), T =r<T
. Bl
ie., A(=)B=(-3, 1°2° 4 7).

3. Multiplication :

Mg(. )3(1’) =



0, r<2,40 <z,
1 45
—(—11+ /121 —60(2— 2 <z < —,
30 + 60(2—x) T 1

1 45 75

il g -

2’ 4—x< 4’

— /2500—60(40 — )

<z<40

)B is a fuzzy set on (2,40), but not a
set or a generalized

Thus A( -
generalized triangular fuzzy
trapezoidal fuzzy set.

4. Division :
0, x<%,8§x,
10z —4 2_ 4
Ma)p ) =7 4 20
= Zor< =,
2’ 3"
2(z—8) 20
- =L < .
set12’ 9 ~ U8
2

Thus A(/)B is a fuzzy set on (3,8), but not a

generalized triangular fuzzy set or a generalized
trapezoidal fuzzy set.

4. Normal fuzzy probability

In this section, we derive the explicit formula for
the normal fuzzy probability for generalized triangular
fuzzy sets and give some examples.

Theorem 4.1. Let X~ N(m.,o?) and A=((a;,c a,))
be generalized triangular fuzzy set. Then the normal
fuzzy probability of a generalized triangular fuzzy set
A is

— a, ta,—2m
2me (2 1 2 )

P ) == ~ 4.1)
— M) - M)
2¢(a, + o) a, tay,—2m o mm
_\/ﬁ(aa—al)(N( 20 )N o )
2c(ay,+0) ag—m . a, +a,—2m
i V2r (ay—ay) M o =M 20 )

where N(a) is the standard normal distribution, that
is,

1 a t
Na) = / " exnl—

Proof Since

0, xr < a; Qo <ux,
QC(x—al) al+a2
) a <z < ,
LLA(J;) = a2_a1 2
_QC(z—a?) a1+a2
=z <a,
Ay — 2
we have
Pa)= [ wo)dpy
7aio+a>
= : (x)f(z)dx
ay
+/a,+a292($)f(13)d1’7
-
2¢(z—ay) —2¢(z—a,)
where gl(x)_ilv 92($)=42and
Ay —ay Ay — 0y
1 —m)? ) _
f(x) = eXD(* (I Tzn) ) Puttlng M:t,
2o o
then
a1+a2 (L'*m)'
= 2¢(x—ay) _dezm)
P (A)i 1 1 e 20 dl'
a Ay — Qg 2w o
(x—m)’
a, —20(.7:—@2) 1 -
+/a +a e 7 dx
% ay =y 2o
a; tay, —2m 2
2 — -t
:—C/a *W:U (m+0't)€ zdt
Vor(ay—ay) J 227

o
a; ta, —2m £

20&] 20 T2
- _ e “dt
\/%(a —a,) J o
2T g —
a
ay—m 2

2 - -5
—40/ (m+ot)e 2t

\/ﬁ(ag_al) ay +ay, —2m

20
a,—m 2

2ca, p 5
+ /a +a,—2m € dt
Vor (ay—a,) J 27270

20
a, ta,—2m
20

2me (
= N
v2r (ay,—a,)
2mce

Vo (ay—ay)

2ca,

V27 (4 —ay)

|
|
2ca, (
|
|

a;—m )

a1+a2—2m -m

V2 (ay—ay)

2co

B
+
R
[N}
3
3

)
)
yta—2m a1+a2 2m )
)
)
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a, ta,—2m a,—m
_ 2me (2 1 2 M 1 )

V27 (a4 —ay)

20 o

- M)

2c(a, +0o) a, tay,—2m a—m
Ve (- a) M)
N 2c(ay,+0o) NaZ*m)iN(al-FaQ*?m))
\/ﬁ(%*al) o 20 ’

Thus the proof is complete.

Example 4.2. 1. Let A=((2,é,8)) be a generalized

Then the normal fuzzy
N(3,2?2) s

triangular fuzzy number.
probability of A with respect to X~
. -3
0.1777. In fact, putting mT:t, we have
(z—3)°

~ Sr—2 1 —=
P (A :/ —_— 8 d
(4) , 6 2\/2776 v

88—z 1 -
+/ e 8 dx
5 6 242r

2

tz
(2t+1)e Zdt
6\/27T\/ 1/2

2

/5/2 _?
(2t—5)e 2dt
6 V2T

1 /1 -5
= — te
3V 2w —-1/2
1 /1 -5
+ e
62 J —1p2

| %

1
3V 2

t?

5/2 L
+ / e “dt
6v2r Y4

2. Let B=((1,-,5)) be a generalized triangular

fuzzy number. Then the normal fuzzy probability of
B with respect to X~ N(3,3%) is 0.1924. In fact,

. -3
putting IT=t, we have
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1 8 3V2m
(z—3)
53( S—x 1
+/ 8 dx
3 3\/27r

0 £
(3t+2)e Zdt
8 V2T / 2/3
/2/5 7§
(3t—2)e *dt
8 V2T

t
72
8\/2_7f 2/3

2

+—f 7
44/27 —2/3

2
2

/2/3 -5
e — te “dt
8v2m J g

l2

2/3 -5
+ / e “dt
427 Vg

=$(e *1)
3
+W(M§ —M=3

=0.1924.

w|ro
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