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Abstract

Logistic regression is a well known binary classification method in the field of sta-
tistical learning. Mixed-effect regression models are widely used for the analysis of
correlated data such as those found in longitudinal studies. We consider kernel exten-
sions with semiparametric fixed effects and parametric random effects for the logistic
regression. The estimation is performed through the penalized likelihood method based
on kernel trick, and our focus is on the efficient computation and the effective hyperpa-
rameter selection. For the selection of optimal hyperparameters, cross-validation tech-
niques are employed. Numerical results are then presented to indicate the performance
of the proposed procedure.

Keywords: Generalized cross-validation function, kernel trick, logistic regression, lon-
gitudinal data, mixed-effects model, penalized likelihood.

1. Introduction

Logistic regression (Amemiya, 1985; Agresti, 2002) is a popular method for binary classifi-
cation problems. The output of a logistic regression model can be interpreted as a posterior
estimate of the probability that an observation belongs to each of two disjoint classes. The
probabilistic nature of the logistic regression model affords many practical advantages, such
as the ability to accommodate unequal relative class frequencies in the training set or to ap-
ply an appropriate loss matrix in making predictions that minimize the expected risk. As a
result, this model has been adopted in a diverse range of applications, including cancer classi-
fication and analysis of DNA binding sites. For data that are clustered and/or longitudinal,
mixed-effect regression models are becoming increasingly popular (Hedeker and Gibbons,
2006; Wu and Zhang, 2006). Mixed-effects models constitute both fixed and random effects.
In clustered data, subjects are clustered within an organization such as a hospital, school,
clinic or firm. In longitudinal data where individuals are repeatedly assessed, measurements
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are clustered within individuals. For clustered data the random effects represent cluster
effects, while for longitudinal data the random effects represent subject effects. There has
been much work done on mixed-effect models for continuous responses, and non-continuous
responses data (Winkelmann, 2003; Shim and Seok, 2008).

In this paper we propose a semiparametric kernel logistic regression model (SKLR) for the
binary classification of longitudinal data. The proposed model is derived by employing the
penalized likelihood method based on kernel tricks in Vapnik (1995), Smola and Schölkopf
(1998). For the easy selection of optimal hyperparameters to achieve high generalization
performance, we propose a generalized cross validation (GCV), which uses quadratic loss
function instead of the idea of exponential family of Xiang and Wahba (1996).

The rest of this paper is organized as follows. In Section 2 we review the kernel logistic
regression briefly. In Section 3 we propose SKLR with longitudinal data using mixed-effect
kernel extensions with semiparametric fixed effects and parametric random effects. In Sec-
tion 4 we propose GCV function for the model selection. In Section 5 we perform the
numerical studies through examples. In Section 6 we give the conclusions.

2. Kernel logistic regression

A nonlinear form of logistic regression, known as kernel logistic regression, can be ob-
tained via kernel tricks (Pi et al., 2011), whereby a conventional logistic regression model
is constructed in a high dimensional nonlinear feature space induced by a Mercer’s kernel
(1909).

More formally, given a training data, D = {(xi, yi)}ni=1, xi ∈ X ⊂ Rd, yi ∈ R, a feature
space F ; (φ : X → F ), is defined by a kernel function, K : X ×X → R, that evaluates the
inner product between the images of input vectors in the feature space, i. e. K(xk,xl) =
φ(xk)′φ(xl). The most popular kernel function used for nonlinear case is the Gaussian
kernel,

K(xk,xl) = exp

(
−

1

σ2
‖xk − xl‖2

)
, (2.1)

where σ2 is the kernel parameter. The negative log-likelihood function of the kernel logistic
regression model constructed in the feature space is given as follows:

`(η) = −
n∑
i=1

yiηi +

n∑
i=1

log (1 + exp(ηi)) , (2.2)

where ηi = ω′φ(xi)+b. Often, model penalization improves generalization performance and
so we employ the following penalty term ‖ω‖2 to the negative log-likelihood function during
model fitting:

`(ω, b) = −C1

n∑
i=1

(yi(ω
′φ(xi) + b)) + C1

n∑
i=1

log (1 + exp(ω′φ(xi) + b)) +
1

2
‖ω‖2, (2.3)

where C1 > 0 is a penalty parameter which controls the trade-off between the goodness-of-fit
on the data and the smoothness.
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From now we denote by Kthe n×n matrix consisting of K(xi,xj). Then the representa-
tion theorem (Kimeldorf and Wahba, 1971) guarantees that the minimizer of the penalized
negative log-likelihood (2.3) to be ηi =

∑n
j=1Kijαj + b = K1iα, where Kij = K(xi,xj),

K1i is the ith row of the kernel matrix K1 = (K,1) and α = (α1, · · · , αn, b)′. Now the
problem becomes obtaining α = (α1, · · · , αn, b)′ to minimize

`(α) = −C1

n∑
i=1

yi(K1iα) + C1

n∑
i=1

log (1 + exp (K1iα)) +
1

2
α′K0α (2.4)

where K0 =

(
K 1
1′ 0

)
. Note that pi = exp(ηi)/(1+exp(ηi)) = exp (K1iα) /(1+exp (K1iα)).

Using Newton’s method, the estimate of α can be obtained iteratively as follows:

α = α−
(
K ′1WK1 +

1

C1
K0

)−1(
K ′1(p− y) +

1

C1
K0α

)
, (2.5)

where y = (y1, · · · , yn)′ p = (p1, · · · , pn)′ and W is a diagonal matrix with the ith diagonal
element of pi(1−pi). The estimate of α can be obtained iteratively reweighted least squares
(IRWLS) algorithm from (2.5) as follows:

α =

(
K ′1WK1 +

1

C1
K0

)−1
K ′1Wz, (2.6)

where z = (z1, · · · , zn)′ is the working response vector such that zi = ηi+(yi−pi)/(pi(1−pi)).

3. SKLR with longitudinal data

Let yij be the indicator function such that 1 if the jth observation in the ith subject
belongs to a certain class, 0 otherwise. Then we can consider a logistic regression model of
the form,

log
pij

1− pij
= b0 + η1(zij) + η2(xij) + bi for i = 1, · · · , N, j = 1, · · · , ni,

where (zij ,xij) are covariates, the random effect bi assumed to follow iid N(0, σ2
B) can be

interpreted as the subject effect and pij is the probability of the jth observation in the ith
subject,

pij = P (yij = 1|zij ,xij) =
exp(b0 + η1ij + η2ij + bi)

1 + exp(b0 + η1ij + η2ij + bi)
.

The negative log-likelihood can be written as

L(η, b) =

N∑
i=1

ni∑
j=1

{−yij(b0 + η1ij + η2ij + bi) + log(1 + exp(b0 + η1ij + η2ij + bi))}.

The weights η1ij and η2ij are related to covariates zij and xij such as η1ij = β′zij , and
η2ij = ω′φ(xij), respectively. Known that φ(u)′φ(v) = K(u, v) which are obtained from the
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application of Mercer’s conditions (1909). Then the estimates of (b0,β,ω, b) are obtained
by minimizing the penalized negative log likelihood:

L(b0,β,ω, b) =

N∑
i=1

ni∑
j=1

{−yij(b0 + β′zij + ω′φ(xij) + bi) (3.1)

+ log(1 + exp(b0 + β′zij + ω′φ(xij) + bi))}

+
λ1

2
||ω||2 +

λ2

2
||b||2,

where λ1 and λ2 are nonnegative constants which control the tradeoff between the goodness-
of-fit on the data and ||ω ||2 and ||b||2.

The representation theorem (Kimeldorf and Wahba, 1971) guarantees that the minimizer
of the penalized negative log likelihood to be η1ij = Kijα, where Kij is the row of K∗

corresponding to xij , K
∗ is the

∑
i ni ×

∑
i ni kernel matrix generated from {xij}, and α

is a
∑
i ni × 1 parameter vector to be estimated.

Now the problem (3.1) becomes obtaining b0,β,α and b (N × 1 vector) to minimize

L(b0,β,α, b) =

N∑
i=1

ni∑
j=1

{−yij(b0 + β′zij +Kijα+ bi) (3.2)

+ log(1 + exp(b0 + β′zij +Kijα+ bi))

+
λ1

2
α′K∗α+

λ2

2
||b||2.

The penalized negative log-likelihood (3.2) can be rewritten as

L(β) = −yV α̃+ log(1 + exp(V α̃)) + α̃′Uα̃, (3.3)

where

α̃ =


b0
β
α
b

, y =

y.1...
y.N

 , V = (1, Z,K∗, L), U =


0 01 02

0′1
λ1

2
K∗ 03

0′2 0′3
λ2

2
IN

,

0 = (p+ 1)× (p+ 1) zero matrix, 01 = (p+ 1)×
∑N
i=1 ni zero vector, 02 = (p+ 1)×N zero

matrix, 03 =
∑N
i=1 ni × N zero matrix, y′.1 =

(
y11, · · · ,yn11

)′
, L =

∑N
i=1 ni × N matrix

with ith column L′.i =
(
04,1ni×1,05

)′
, 04 =

∑i−1
l=1 nl×1 zero vector, and 05 =

∑N
l=i+1 nl×1

zero vector.
By minimizing the penalized negative log-likelihood (3.3) we obtain the estimator of pa-

rameter vector α̃′ =
(
b0,β,α, b

)′
, but not in a explicit form, which leads to use the iterative

reweighted least squares (IRWLS) procedure. At (t+ 1)st iteration, the parameter vector is
estimated as follows,

α̃(t+1) = (V ′WV + U)−1V ′Wy∗, (3.4)

where W is a diagonal matrix of p(t)(1−p(t)) and y∗ = W−1(y−p(t))+V α̃(t) is the working
response vector.
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4. Model selection using GCV function

The functional structures of the kernel logistic regression for longitudinal data is character-
ized by hyper-parameters, the regularization parameters (λ1, λ2) and the kernel parameters.

For the model selection of the kernel logistic regression, we define the leave-one-out cross
validation (CV) function for a set of hyperparameters, θ, as follows:

CV (θ) =
1

Nn

N∑
i

ni∑
j=1

(yij − p̂θ(−ij)(x∗ij))2,

which can be rewritten as follows by denoting the kth observation as {yk,x∗k} = {yk, (zk,xk)},

CV (θ) =
1

Nn

Nn∑
k=1

(yk − p̂(−k)θ (x∗k))2,

where p̂θ(x
∗
k) is the estimate of p(x∗k) from full data and p̂

(−k)
θ (x∗k) is the estimate of p(x∗k)

from data without kth observation. Since for each candidate of hyper-parameter sets,
∑
i ni

of p̂θ
(−k)(x∗

k)’s should be computed, selecting parameters using CV function is computa-
tionally formidable. By leaving-out-one lemma (Craven and Wahba, 1979), we have

(yk − p̂(−k)θ (x∗k))− (yk − p̂θ(x∗k)) = p̂θ(x
∗
k)− p̂(−k)θ (x∗k)

≈
∂p̂θ(x

∗
k)

∂yk
(yi − p̂(−k)θ (x∗k))

and

∂p̂θ(x
∗
k)

∂yk
=
∂ν̂θ(x

∗
k)

∂y∗k

∂p̂θ(x
∗
k)

∂ν̂θ(x∗k)

∂y∗k
∂yk

= skk, (4.1)

where ν̂θ(x
∗
k) = b̂0 + η̂1(zk) + η̂2(xk) + b̂k and sjk = ∂ν̂θ(x

∗
j )/∂y

∗
k is the (j, k) th element of

S which is the hat matrix such that ν̂θ(x
∗) = Sy∗, S = V (V ′WV +U)−1V ′W . From (4.1)

we have p̂θ(x
∗
k) − p̂(−k)θ (x∗k) ≈ skk(yi − p̂θ(x∗k)).Then the ordinary cross validation (OCV)

function can be obtained as

OCV (θ) =
1

Nn

Nn∑
k=1

(
yk − p̂θ(x∗k)

1− skk

)2

. (4.2)

Replacing skk by their average tr(S)/Nn, the generalized cross validation (GCV) function
can be obtained as

GCV (θ) =
Nn
∑Nn

k=1(yk − p̂θ(x∗k))2

(Nn − tr(S))2
. (4.3)

Details of derivation of GCV function can be found in Cho et al. (2010), Hwang (2010), and
Hwang (2011).
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5. Numerical studies

We illustrate the performance of the semiparametric kernel logistic regression through the
simulated data and the real data on the nonlinear cases.

For the simulated data, we set N = 20, ni = 10, and

log
pij

1− pij
= −0.25 + sin(2πxij) + bi,

where xij ∼ U(0, 1), bi ∼ N(0, 0.12) for i = 1, · · · , 20(N). The radial basis kernel function
is utilized in this example, which is

K(x1, x2) = exp(−
1

σ2
(x1 − x2)2).

(λ1, λ2, σ
2) is selected as (1, 1, 0.004) from the GCV function (4.3). b0 is estimated as

-0.7662.

Figure 5.1 True probability (solid line), estimated probability (dotted line) of randomly selected 4
subjects

72 patients with acute spinal cord injury and bacteriuria were randomly divided into two
treatment groups. 36 patients in the first group were treated for all episodes of urine tract
infection and 36 patients in the second group were treated only if two specific symptoms
occurred (Joe, 1997).

We set the probability of bacteriuria of patient i at j-th time,

P (yij = 1|zij ,xij) =
exp(b0 + βzij + η2(xij) + bi)

1 + exp(b0 + βzij + η2(xij) + bi)
,
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Figure 5.2 Histogram of true b’s (Left) and estimated b’s (Middle). CV function (solid line) and GCV
function (dotted line) with (λ1, λ2 )=(1,1) (Right)

where z=indicator function of the second treatment, x=time (weeks), i = 1, · · · , 72(N),

j = 1, · · · , ni with
∑N
i=1 ni = 820. (λ1, λ2, σ

2) is selected as (10, 5, 2) from GCV function
(4.3). b0 is estimated as -0.4680 and β is estimated as 1.2391, which implies that the sec-
ond treatment tends to have larger probabilities than the first treatment, that is, the first
treatment looks superior.

Figure 5.3 Probability of bacteriuria for the first treatment (Left) and the second treatment (Middle),

solid line : average of probabilities at each time. Histogram of b̂ (Right)
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6. Conclusions

In this paper, we dealt with estimating semiparametric kernel logistic regression of longi-
tudinal data using IRWLS procedure and obtained GCV function. Through the examples
we showed that the proposed procedure derives the satisfying results. We focused on the
binary classification problem in this paper. The multi-classification problem will be studied
in the future paper.
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