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Abstract

This paper deals with the estimations of the least squares support vector regres-
sion when the responses are subject to randomly right censoring. The estimation is
performed via two steps - the ordinary least squares support vector regression and the
least squares support vector regression with censored data. We use the empirical fact
that the estimated regression functions subject to randomly right censoring are close to
the true regression functions than the observed failure times subject to randomly right
censoring. The hyper-parameters of model which affect the performance of the pro-
posed procedure are selected by a generalized cross validation function. Experimental
results are then presented which indicate the performance of the proposed procedure.

Keywords: Censored regression, generalized cross validation function, Kaplan-Meier
estimator, kernel function, least squares support vector machine, randomly right cen-
soring.

1. Introduction

The accelerated failure time model and the least squares method to accommodate the
censored data seem appealing since they are familiar and well understood. Miller (1976) pro-
posed a simple estimation in censored regression model by applying the weighted least square
method. Koul et al. (1981) proposed a censored regression model using the weighted obser-
vations. Zhou (1992) proposed the M-estimators of regression parameter with the weights
suggested by Koul et al. (1981). Yang (1999) proposed a censored median regression model
as an alternative to the mean regression model for examining the covariate effect with the
data subject to randomly right censoring and showed that the estimators are consistent
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and asymptotically normally distributed. Heuchenne and Keilegom (2005) proposed an es-
timation procedure which extends the least squares procedures for nonlinear regression with
censored data.

Support vector machine (SVM) and least squares SVM (LS-SVM) have been very suc-
cessful in classification and regression problems (Vapnik, 1998; Suykens and Vanderwalle,
1999). Applications of SVM and LS-SVM can be found in Shim (2005), Shim and Lee
(2009), Cho et al. (2010), Hwang and Shim (2010). In this paper we use LS-SVR and LS-
SVR for censored data (LS-SVRc) using a weighting system formed with the Kaplan-Meier
estimator (Kaplan and Meier, 1958) of the censoring distribution. The use of the Kaplan-
Meier weights to account for censoring has been first proposed by Stute (1993). Shim et al.
(2011) proposed a semiparametric LS-SVR to consider situations where the functional form
of the effect of one or more covariates is unknown in censored data. The existing nonlinear
estimation methods of the AFT model have not been widely used in practice, mainly due to
their complexity even when the number of covariates is relatively small (Jin et al., 2003). In
contrast, the proposed method can be easily applied to the analysis of censored data with
high dimensional covariates, since its estimation procedure is done by solving simple linear
equation systems.

In this paper we estimate the regression function by LS-SVR for censored regression via two
steps - the ordinary LS-SVR and LS-SVRc, where the weighted squared error loss function
are included in the optimization problem of LS-SVR. It is well known that the estimation
performance of LS-SVR and LS-SVRc are affected the hyper-parameters. The rest of this
paper is organized as follows. In Section 2 we give a brief review of LS-SVR. In Section 3
we present the estimation procedure of two-step LS-SVR for AFT model and GCV function
for selecting hyper- parameters. In Section 4 we perform the numerical studies through
examples. In Section 5 we give the concluding remarks.

2. Least squares support vector for regression

Let the data set be denoted by {xi, yi}ni=1, with each input vector xi ∈ Rd and the
response yi ∈ R which is the output corresponding to xi. For kernel ridge regression, we
can assume the functional form of unknown regression function f for given input vector x
by f(x) = ω′φ(x) + b where ω is an appropriate weight vector. Here the feature mapping
function φ(·) : Rd → Rdf maps the input space to the higher dimensional feature space
where the dimension df is defined in an implicit way. The optimization problem is defined
with a regularization parameter C as

min
1

2
ω′ω +

C

2

n∑
i=1

e2i (2.1)

over {ω, e} subject to equality constraints,

ei = yi − ω′φ(xi)− b, i = 1, · · · , n.

The Lagrangian function can be constructed as

L(ω, e, b : α) =
1

2
ω′ω +

C

2

n∑
i=1

e2i −
n∑
i=1

αi(ei − yi + ω′φ(xi) + b), (2.2)
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where αi’s are the Lagrange multipliers. The Karush-Kuhn-Tucker (Smola and Scholkopf,
1998) conditions for optimality are given by

∂L

∂ω
= 0 → ω =

n∑
i=1

αiφ(xi)

∂L

∂b
= 0 →

n∑
i=1

αi = 0

∂L

∂ei
= 0 → αi = Cei, i = 1, · · · , n

∂L

∂αi
= 0 → ω′φ(xi) + ei − yi = 0, i = 1, · · · , n,

leading to the solution (
α
b

)
=

(
K + I/C 1

1′ 0

)−1(
y
0

)
(2.3)

with y = (y1, · · · , yn)′, α = (α1, · · · , αn)′, and K = {Kkl} where Kkl = φ(xk)′φ(xl), k, l =
1, · · · , n, which are obtained from the application of Mercer’s conditions (1909). Several
choices of the kernel K(·, ·) functions are possible (Gunn, 1998). From (2.3) the fitted re-
gression function is obtained as

f̂(x) = Kα+ b. (2.4)

3. Two-step LS-SVR in censored regression

To explain LS-SVR with censored data, we put ti to be the response variables correspond-
ing to vector, xi or transformation on it, where i = 1, 2, · · · , n. Let m(xi) be the regression
function of the response variable given xi. We assume that m(xi) is related to the vector
of covariates xi in a form as

m(xi) = ω′φ(xi) + b for i = 1, 2, · · · , n, (3.1)

where b is the bias, φ(xi) is a nonlinear feature mapping function.
In fact we can not observe ti’s but the observed variable, yi = min(ti, ci) and δi = I(ti ≤

ci), where I(·) denotes the indicator function and ci is the censoring variable corresponding
to xi for i = 1, 2, · · · , n. ci’s are assumed to be independently distributed with unknown
survival distribution functions.

In most practical cases survival distribution function of ci’s, G, is not known and needs to
be estimated by the Kaplan-Meier (1958) estimator or its variation. The problem considered
here is that of the estimation of m(xi) based on (δ1, y1,x1), · · · , (δn, yn,xn). Koul et al.
(1981) defined new observable responses y∗i as y∗i = uiyi with

ui =
δi

G(yi)
, (3.2)
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and showed y∗i has the same mean as ti and thus follows the same linear model as ti does.

Here, Ĝ, the Kaplan-Meier estimates (Kaplan and Meir, 1958) of survival distribution func-
tion G of ci’s can be obtained as,

Ĝ(y) =

{∏
i:y(i)≤y

(
n−i
n−i+1

)1−δ(i)
, if y ≤ yn

0, otherwise

where (y(i), δ(i)) is (yi, δi) ordered on yi for i = 1, · · · , n. Zhou (1992) proposed M-estimator
of the regression parameter with a quadratic error loss function.We consider the similar
weighting scheme as Zhou (1992) replacing the optimal problem of LS-SVR by

min
1

2
ω′ω +

C

2

n∑
i=1

uie
2
i (3.3)

over ω, b, e subject to yi − ω′φ(xi)− b = ei, i = 1, · · · , n.
The estimates of α and b can be obtained from the linear equation:(

Ks + diag(us)
−1/C 1

1′ 0

)(
α
b

)
=

(
ys
0

)
(3.4)

where xs = {xi|δi = 1}, ys = {yi|δi = 1}, us = {ui|ui 6= 0} = {ui|δi = 1}, Ks = K(xs,xs)
is an ns × ns matrix and ns is a size of us. The estimated regression function of t given x
is obtained as follows,

m̂(x) = K(x,xs)α + b. (3.5)

Some ui’s could be inflated values, which could result in inaccurate estimation of the survival
times.

The functional structures of LS-SVR with the censored data is characterized by hyper-
parameters, the regularization parameter C and the kernel parameters. To select the hyper-
parameters, we define the cross validation (CV) function as follows,

CV (λ) =
1

n

n∑
i=1

ui(yi − m̂(xi)
(−i))2 =

1

n

∑
i∈Is

ui(yi − m̂(xi)
(−i))2

=
1

n

ns∑
j=1

usj(ysj − m̂(xsj)
(−j))2 (3.6)

where Is = {i = 1, · · · , n|δi = 1}, usj is the jth element of us = {ui, i ∈ Is}, λ is the
set of hyper-parameters and m̂(xsj)

(−j) is the regression function estimated without an
observation corresponding to usj . Since for each candidates of parameters, m̂(xsj)

(−j) should
be evaluated, selecting parameters using CV function is computationally formidable. By
leaving-out-one lemma (Kimeldorf and Wahba, 1981),

(ysj − m̂(xsj)
(−j))− (ysj − m̂(xsj))

= m̂(xsj)− m̂(xsj)
(−j) ≈

∂m̂(xsj)

∂ysj
(ysj − m̂(xsj)

(−j))
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we have

(ysj −m(xsj)
(−j)) ≈

ysj −m(xsj)

1−
∂m(xsj)

∂ysj

and m(xsj) = Sj.ys,

where Sj. is the jth row of the hat matrix such that S(xs,xs) = (1nsS12 +KsS22), S12 and
S22 are submatrices of the inverse matrix in (3.4),

S =

(
S11 S12

S21 S22

)
=

(
Ks + diag(us)−1/C 1

1′ 0

)−1
. (3.7)

Using (3.7) the ordinary cross validation (OCV) function can be obtained as follows,

OCV (λ) =
1

n

ns∑
j=1

usj

ysj − m̂(xsj |λ)

1−
∂m̂(xsj)

∂ysj


2

=
1

n

ns∑
j=1

usj

(
ysj − m̂(xsj |λ)

1− sjj(λ)

)2

, (3.8)

where sjj is the jth diagonal element of the hat matrix S. By summing the weighted squared
residuals in (3.8) revised by (1− tr(S)/ns)

2, GCV function can be then obtained as follows,

GCV (λ) =
1

n

∑ns

j=1 usj(ysj − m̂(xsj |λ))2

(1− tr(S)/ns)2
. (3.9)

For the censored data we can obtain the estimated regression function of t given x is
obtained as in (3.4), but for better estimation we propose two-step LS-SVR for in censored
regression. Two-step LS-SVR for in censored regression consists of two steps as follows;

(i) Use {yi,xi|i ∈ Is} as training data set and {xi|i /∈ Is} as test data set to obtain the
estimated regression function given { xi|i /∈ Is}, m̃(xi|i /∈ Is).
(ii) Define pseudo response ỹi such that ỹi = yi if δi = 1 and ỹi = m̃(xi) if δi = 0. We
use {ỹi,xi, δi, i = 1, · · · , n} as training data set and {xi, i = 1, · · · , n} as test data set to
obtain the estimated regression function given {xi, i = 1, · · · , n}, m̂(xi), i = 1, · · · , n. By

using {ỹi,xi, δi, i = 1, · · · , n} as training data set, we can see that ui = δi/Ĝ(yi), used in

(3.4) is changed to u∗i = δi/G̃(ỹi), which affects the estimated values of α and b, where Ĝ

is Kaplan-Meier estimates of the censoring distribution from {yi, δi, i = 1, · · · , n} and G̃ is
Kaplan-Meier estimates of the censoring distribution from {ỹi, δi, i = 1, · · · , n}. The reason
why we use the pseudo response is that we empirically found that ỹi for i /∈ Is is close to
the true regression function than yi for i /∈ Is.

4. Numerical studies

We illustrate the performance of the censored regression estimation using two-step LS-SVR
through the simulated example and real example.
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Example 4.1 For the nonlinear censored regression case, 100 of x’s are generated from a
uniform distribution, U(0, 1), and (t, c)’s are generated as follows.

ti = f(xi) + εti , ci = c+ f(xi) + εci , i = 1, · · · , 100,

where f(xi) is the regression function of ti given xi, εti ’s and εci ’s are generated from
normal distributions, N(0, 0.1). c is chosen for 25%, 35% and 45% censoring proportion.
We repeated the above procedure 100 times to obtain 100 data sets for each of various
censoring proportions. The Gaussian kernel is utilized in this example, which is

K(x1, x2) = exp

(
−

1

σ2
(x1 − x2)2

)
.

The regularization parameter C and the kernel parameter σ2 are obtained by GCV function
(3.10). The Figure 4.1 shows the true regression function(solid line) superimposed on the
scatter plots of 100 data with 25%, 35% and 45% censoring proportion, where uncensored
data points are denoted by ”·” and the censored by ”o”.

0 0.5 1
−0.5

0

0.5

1

1.5

x

y

0 0.5 1
−0.5

0

0.5

1

1.5

2

x

y

0 0.5 1
−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

x

y

Figure 4.1 The true regression function (solid line) superimposed on the scatter plots of 100 data with
various censoring proportions

Mean squared error (MSE) is used for the performance metric,

msek =
1

n

n∑
i=1

(f̂k(xi)− f(xi))
2,

where f(x) is the true regression function, f̂1(x) is the estimated regression function obtained

by LS-SVRc and f̂2(x) is the estimated regression function obtained by two-step LS-SVR.
From 100 data sets of each censoring proportion we obtained the means, standard deviations
and medians of mse1’s and mse2’s as in Table 4.1. Box plots of 100 mse1’s and mse2’s
according to various censoring proportions are shown in Figure 4.2. In Table 4.2 we obtained
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Figure 4.2 Box plots of 100 mse′1s and mse′2s according to various censoring proportions

Table 4.1 The means, standard deviations and medians of mse1’s and
mse2’s according to various censoring proportions

censoring proportion mse1 mse2

25%
mean 0.0074 0.0072
std 0.0048 0.0048

median 0.0066 0.0062

35%
mean 0.0109 0.0101
std 0.0094 0.0091

median 0.0067 0.0065

45%
mean 0.0158 0.0144
std 0.0096 0.0090

median 0.0131 0.0128

Table 4.2 95% confidence interval of E(mse1)-E(mse2)
according to various censoring proportions

25% 35% 45%
lower 0.0000376 0.0004 0.0008
upper 0.0005124 0.0010 0.0019

95% confidence interval of E(mse1)-E(mse2) according to various censoring proportions, we
can see that all three confidence intervals includes positive numbers, which indicates that
mse2 is smaller than mse1.

Example 4.2 We use the small cell lung cancer data in Ying et al. (1995). In this study,
121 patients are randomly assigned to be treated with either arm A (Cisplatin followed by
Etoposide) or arm B (Etoposide followed by Cisplatin) with 62 patients assigned to arm A
and 59 to arm B. Ying et al. (1995) considered a log-linear model in the age at entry, which
is represented as

ti = b+ β1xi + η(zi) + εi = b+ β1xi + β2zi + εi, i = 1, · · · , 121,
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where ti is the base 10 logarithm of the ith patient’s survival time, xi = 0 if the ith patient
is treated with arm A and 1 otherwise, zi is the entry age of the ith patient. We want to
evaluate their linear model using the proposed two-step LS-SVR with linear kernel. The
optimal Lagrange multipliers {αi : i ∈ Is} can be obtained from the linear equation (3.4).
The estimated regression function given (xi, zi) is obtained as

m̂(xi,zi) = b̂+
∑
j∈Is

αjK((xj , zj), (xi, zi)) = b̂+ β̂1xi + β̂2zi, i = 1, · · · , 121.

If K is the linear kernel β̂1 =
∑
j∈Is xjαj and β̂2 =

∑
j∈Is zjαj . The estimated regression

functions superimposed on the scatter plots of data points are shown in Figure 4.3. For two-
step LS-SVR with linear kernel, the parameter C = 1 is chosen by GCV function (3.10) and
estimates of (b, β1, β2) are obtained as (2.9960, -0.1721, -0.0038). Ying et al. (1995) obtained
them as (3.028, -0.163, -0.004). Thus, estimates of the covariate effects from two methods
are reasonably close. With the jackknife method 95% confidence intervals of b, β1 and β2 are
obtained as (2.6552, 3.3362), (-0.3381, -0.0062), and (-0.0102, 0.0026), respectively. These
results indicate that there is a significant evidence that arm A is better than arm B. For the
two-step LS-SVR with Gaussian kernel, the parameters (C, σ2) are chosen as (1, 5) by GCV
function. The estimated regression functions by two-step LS-SVR are described in Figure
4.3, in there we see the linear kernel looks appropriate for these data.
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Figure 4.3 The estimated regression functions (Linear: linear kernel, Nonlinear: Gaussian kernel) for arm
A (Left) and arm B (Right) by two-step LS-SVR

5. Concluding remarks

In this paper, we dealt with estimating the regression function using two-step LS-SVR
when the responses are subject to randomly right censoring. We obtained GCV function
for the proposed procedure. By using GCV function the model selection becomes easier
and faster than that by a leave-one-out cross validation. Through the examples we showed
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that the proposed procedure derives the satisfying results and is attractive approaches to
modelling of the censored data.
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