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A GENERALIZATION OF

THE LORENTZIAN SPLITTING THEOREM

Jong-Gug Yun

Abstract. In this paper, we obtain a generalized Lorentzian splitting
theorem by weakening the assumption of nonnegative Ricci curvature.

1. Introduction

In 1982, S. T. Yau [9] conjectured the Lorentzian version of the celebrated
Cheeger-Gromoll splitting theorem, which states that if a spacetime (M, g) is
timelike geodesically complete and obeys the timelike convergence condition,
then it splits as an isometric product (R×H,−dt2 + h), provided that (M, g)
has a complete timelike line. Much developments have been made to resolve
this conjecture (cf. [4], [5]) and Newman [7] at last established a complete proof
of the Lorentzian splitting theorem conjectured by Yau using the Lorentzian
Busemann functions.

Thereafter, in 1996, G. Galloway and A. Horta [6] presented a general theory
of regularity for Lorentzian Busemann functions in future timelike geodesically
complete spacetimes and using these results, the authors simplified many as-
pects of the proof of the Lorentzian splitting theorem.

On the other hand, the assumption of nonnegative Ricci curvature in the
Lorentzian splitting theorem (called as the timelike convergence condition in
the above) has a special meaning in the context of general relativity. That is to
say, it corresponds to the so called strong energy condition and is interpreted
as representing the attraction of gravity in some senses.

However, in the inflationary cosmological models, the strong energy condi-
tion does not hold during the inflationary phase. Furthermore, contemporary
cosmological observations report that the universe is expanding in an acceler-
ating way rather than an decelerating way, which implies that the violation
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of the strong energy condition might be possible in the current state of the
universe.

It is therefore of interest to investigate that if the strong energy condition
is weakened, then to what extent we can still say about the classical results
on the geometric structure of the spacetime. Many of these kinds of research
have been made on the existence of singularity of the spacetime by A. Borde,
C. Chicone and P. Ehrlich, F. Tipler etc. (cf. [2], [3], [8]).

Motivated by these situations, the purpose of this paper is to establish a gen-
eralized Lorentzian splitting theorem under some weakened energy condition
by following the lines along the arguments in [6].

Specifically, the weakened energy condition we are considering in this paper
can be described as follows:

C1 : lim inft→∞
∫ t

0
Ric(σ′(s), σ′(s))ds ≥ 0 along each timelike geodesic ray

σ : [0,∞) → M.

C2 : There is a constant K > 0 such that

lim sup
t→∞

∫ t

0

max{−Ric(σ′(s), σ′(s)), 0}ds ≤ K

along each timelike geodesic ray σ : [0,∞) → M.

Here, timelike geodesic ray is a future inextendible timelike geodesic σ :
[0,∞) → M each segment of which is maximal, that is,

L(σ|[a,b]) = d(σ(a), σ(b)), 0 ≤ a < b.

Recalling that the classical strong energy condition says that

Ric(σ′(s), σ′(s)) ≥ 0

for any timelike vector σ′(s), it is clear to see that the above conditions C1, C2
are automatically satisfied if we assumed the strong energy condition.

Thus the following theorem is a generalization of the Lorentzian splitting
theorem in [7] (or in [9]).

Theorem 1.1. Let (M, g) be a timelike geodesically complete spacetime of
dimension n ≥ 3 such that the above conditions C1, C2 are satisfied. Then
(M, g) splits isometrically as a product (R × H,−dt2 + h), where (H,h) is
a complete Riemannian manifold, provided that (M, g) contains a complete
timelike line.

2. A generalized maximum principle

In order to generalize the Lorentzian splitting theorem in [6], we need to
establish a generalized version of maximum principle presented in Proposition
4.4 of [6].
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We first introduce some basic concepts and notations essential to our work
as follows (For many notations of which precise descriptions are omitted here
(such as I±(σ)), we refer to [6] or the standard reference like [1]).

Let S be a subset of M and σ : [0,∞) → M be a future inextendible causal
curve emanating from σ(0) ∈ S. Then σ is called an S-ray if L(σ|[0,a]) =
d(S, σ(a)) for all a > 0, where d(S, q) = sup{d(p, q) : p ∈ S} and d(p, q) is the
Lorentzian distance from p to q.

For any timelike S-ray σ and z ∈ I−(σ) ∩ I+(S), let zn → z and put
pn = σ(rn), where rn → ∞. If µn : [0,∞) → M is a segment of maximal curve
from zn to pn, then by the well known results (such as Lemma 2.1 and Lemma
2.4 in [6]), we can construct a ray µ (= limn→∞ µn) starting at z which is called
a generalized co-ray of σ.

If every generalized co-ray of σ starting at z is timelike, then we say that
the generalized timelike co-ray condition holds at z.

We also define the Lorentzian Busemann function b : M → [−∞,∞] associ-
ated to a future complete timelike S-ray γ : [0,∞) → M as follows:

b(x) = lim
r→∞

br(x), where br(x) = d(γ(0), γ(r))− d(x, γ(r)).

For a general theory of regularity for the Lorentzian Busemann functions in
the future timelike geodesically complete spacetimes, we refer the reader to [6].

Now we can state our generalized version of maximum principle in [6] as
follows.

Proposition 2.1. Let M be a future timelike geodesically complete spacetime
which satisfies the conditions C1, C2, and let γ be a timelike S-ray. Let W ⊂
I−(γ)∩I+(S) be an open set on which the generalized timelike co-ray condition
holds. Let Σ ⊂ W be a connected smooth spacelike hypersurface with nonpositive
mean curvature, HΣ ≤ 0. If the Busemann function b = bγ attains a minimum
along Σ, then b is constant along Σ.

Proof. Proposition 2.1 can be proved along the same lines as in Proposition 4.4
in [6] and we need only to obtain the following modified version of (3-1) in [6].

Lemma 2.2. Assume that the conditions C1, C2 are true and let γ be any
timelike geodesic ray . Then for any −δ < 0 and t0 > 0, there exists t1 (> t0)
such that ∆dr(γ(t1)) > −δ, where dr(x) = d(x, γ(r)).

Proof of Lemma 2.2. We first let ϕ(t) := ∆dr(γ(t)) and obtain the following
Riccati inequality (cf. (14.28) in [1]):

ϕ′(t) ≥ Ric(γ′(t), γ′(t)) +
1

n− 1
ϕ2(t).

We now suppose that the lemma is not true, which implies that there exist
−δ < 0 and t0 > 0 such that ϕ(t) ≤ −δ for all t > t0.

We then consider two cases as below.
Case I. ϕ(t̃) = 0 for some t̃ with 0 ≤ t̃ ≤ t0.
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First note that by the condition C1, for any ϵ > 0, we can choose {s1, s2, . . .}
with t0 < s1 < s2 < · · · → ∞ such that∫ si

0

Ric(γ′(s), γ′(s))ds ≥ −ϵ

for all i = 1, 2, . . . .
If we now integrate the above Riccati inequality from t̃ to si, then we obtain

(ϕ(si) =)

∫ si

t̃

ϕ′(s)ds ≥
∫ si

t̃

Ric(γ′(s), γ′(s))ds+
1

n− 1

∫ si

t̃

ϕ2(s)ds

=

∫ si

0

Ric(γ′(s), γ′(s))ds−
∫ t̃

0

Ric(γ′(s), γ′(s))ds

+
1

n− 1

∫ si

t̃

ϕ2(s)ds

≥ −ϵ+

∫ t̃

0

Ric(γ′(s), γ′(s))ds+
1

n− 1

∫ si

t̃

ϕ2(s)ds

> 0

for some large i, since
∫ si
t̃

ϕ2(s)ds → ∞ as i → ∞ (Recall that ϕ(t) ≤ −δ for
all t > t0).

This is a contradiction and the lemma is true for this case.
Case II. ϕ(t) ̸= 0 for any t > 0.
In this case, we can say

− 1

ϕ2(t)
≥ − 1

δ2

for all t > t0.
Now the Riccati inequality for ϕ(t) implies that for all t > t0

1

ϕ(t)
=

∫ t

0

ϕ′(s)

−ϕ2(s)
ds ≤

∫ t

0

Ric(s)

−ϕ2(s)
ds−

∫ t

0

1

n− 1
ds

≤
∫
{s|Ric(s)≤0}∩[0,t]

Ric(s)

−ϕ2(s)
ds− t

n− 1

=

∫
{s|Ric(s)≤0}∩[0,t0]

Ric(s)

−ϕ2(s)
ds

+

∫
{s|Ric(s)≤0}∩[t0,t]

Ric(s)

−ϕ2(s)
ds− t

n− 1
,

where we used ϕ(t) → −∞ as t → 0 in the first equality (cf. p. 537 in [1]) and
let Ric(s) = Ric(γ′(s), γ′(s)).
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If we let A(t0) =
∫
{s|Ric(s)≤0}∩[0,t0]

Ric(s)
−ϕ2(s)ds ≥ 0, then the above inequalities

turn into the following:

1

ϕ(t)
≤ A(t0) +

∫
{s|Ric(s)≤0}∩[t0,t]

Ric(s)

−δ2
ds− t

n− 1

≤ A(t0) +
K

δ2
− t

n− 1
,

where we used the condition C2 in the second inequality.
Now note that A(t0) +

K
δ2 − t

n−1 goes to −∞ as t → ∞, which implies that

ϕ(t) → 0 as t → ∞.
But this contradicts to the fact that ϕ(t) ≤ −δ for all t > t0.
Thus the lemma is proved. □

Now we can use the above Lemma 2.2 (as a suitable replacement of (3-1)
in [6]) to follow the same arguments in the proof of Proposition 4.4 in [6] . In
fact, we can now apply the same analysis for ∆Σbp,t to our case using Lemma
2.2 and complete the proof of Proposition 2.1 (for details, refer to [6]). □

3. Proof of Theorem 1.1

We can now follow the same line of the proof of the Lorentzian splitting
theorem presented in [6] with just a slight modifications.

We first let γ : R → (M, g) be any unit speed complete timelike line and
define

b+r (x) = r − d(x, γ(r)), b−r (x) = r − d(γ(−r), x)

and

b+ = lim
r→∞

b+r , b− = lim
r→∞

b−r .

Then by the similar arguments in [6] using our generalized maximum principle
(Proposition 2.1), we can show that there exist an open neighborhood U of
γ(0) in M and a smooth embedded a causal hypersurface Σ such that Σ ⊆
{b+ = b− = 0} ∩ U (refer to [6] or [1] for details).

For each q in Σ, we consider the curve cq : R → (M, g) given by cq(t) =
exp(tN(q)), where N(q) is a future directed unit normal to Σ at q. Then it
can be shown that cq(t) is a maximal timelike line passing through q which is
asymptotic to γ. Furthermore, these asymptotes c to γ turn out to be focal
point free to Σ at c(0).

If we now consider E : R×Σ → (M, g) defined by E(t, q) = exp(tN(q)), then
it can also be shown that E is a diffeomorphism onto its image U1 = E(R×Σ).

Now the Raychaudhuri equation for the mean curvature H(t) of the leaf
Σt = E({t} × Σ) says that the following holds.

H ′(t) = −Ric(N(c(t)), N(c(t)))− ||∇N ||2,
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where N = −∇b+ is a future directed unit vector field which is normal to Σt.
If H(t0) > 0 (or H(t0) < 0) for some t0, then we can see that H(t) = −∞ at
some t > t0 (or t < t0) by the following theorem due to A. Borde [2].

Theorem 3.1 ([2]). Let γ(t) be a causal geodesic with affine parameter t which
is complete for t ≥ t0. Suppose that for any ϵ > 0 there is a b > 0 such that if
t′ > t0 there is an interval I > t′ of length ≥ b with∫ t

t0

Ric(γ′(s), γ′(s))ds ≥ −ϵ for all t ∈ I.

Then for any congruence containing γ with H(t0) ≤ 0 we have either H(t) ≡
0 for all t ≥ t0 or H → −∞ at some t > t0. Here H is the expansion of the
congruence defined by H = div(Dγ′) and it satisfies the Raychaudhuri equation.

But this contradicts to the fact that the asymptotes c to γ are focal free to
Σ. Thus we have H(t) ≡ 0 for all t and from the above Raychaudhuri equation,
we know that

0 ≤ lim inf
t→∞

∫ t

0

Ric(N(c(s)), N(c(s)))ds = − lim sup
t→∞

∫ t

0

||∇N ||2ds,

which implies that

lim sup
t→∞

∫ t

0

||∇N ||2ds ≤ 0.

This is possible only if we have ||∇N ||2 ≡ 0, that is ∇N ≡ 0. Thus N must
be parallel in U1 = E(R × Σ) and this implies that E is an isometry of (R ×
Σ,−dt2 ⊕ h) and (U1, g|U1).

It can be further shown that this local splitting may be extended to a global
splitting by the standard arguments in [1] or [4]. So, we complete our proof of
Theorem 1.1.
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