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ABSTRACT 

A novel method of transient stability analysis is presented in this paper. The proposed method extracts data points near 
the basin-of-attraction boundary and then builds a support vector machine (SVM) model learned from the generated 
data. The constructed SVM classifier has been shown to reduce dramatically the conservativeness of the estimated 
basin of attraction. 
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1.  INTRODUCTION 

Multi-basin process is one of the widely used dy-
namical systems that have plenty of application areas, 
including machine learning, electrical engineering, in-
dustrial engineering, applied mathematics, and so on 
(Chiang et al., 1995; Jardim et al., 2000; Jung et al., 
2010; Jung et al., 2011; Kim and Lee, 2007; Lee, 2003; 
Lee and Chiang, 2004; Lee and Lee, 2005; Lee, 2005; 
Lee and Lee, 2006; Lee and Lee, 2006; Lee et al., 2009; 
Lee and Lee, 2010). In particular, let us consider a 
nonlinear dynamic system described by 

 
( ) / ( ( ))dz t dt F z t=    (1) 

 
where F: Rn→Rn are continuously differentiable for the 
existence of solutions. We will call the process in Eq. 
(1) as a multi-basin process if it decomposes the whole 
phase space into multiple basins of attractions, where 
each basin is represented by its representative stable 
equilibrium point, i.e., 

 
n

iR ( ( ))icl A s= U   (2) 

Here, is  is the stable equilibrium point, and ( )iA s , 
called the basin of attraction of ,is  is the set of all points 
that converges to is  when Eq. (1) is applied. Quite a 
large class of Eq. (1) under some mild conditions can be 
shown to be multi-basin processes (Chiang et al., 1995; 
Jung et al., 2010; Lee and Chiang, 2004; Lee and Lee, 
2005; Lee and Lee, 2006). 

One of the key issues in the applications of multi-
basin processes is the estimation of the basin of attrac-
tion for a given stable equilibrium points. The closest 
unstable equilibrium point (C-UEP) method can deter-
mine the optimal critical level value of the Lyapunov 
energy function to find a larger region within the basin 
of attraction and is one of the most popular methods 
adopted for transient stability analysis (TSA),an impor-
tant tool in planning and operating power and control 
systems to predict the system response to various distur-
bances (Chiang et al., 1995; Jung et al., 2010; Jung et 
al., 2011). However, it has some practical limitations. 
First, the estimated region is very conservative, which 
can lead to serious TSA consequences because conser-
vative estimates of the basin of attraction could result in 
unnecessary interruptions in the operation of power sys-
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tems and in expensive overdesign of control systems. 
Second, by only comparing the current energy values 
without numerically integrating the point, the C-UEP 
method cannot guarantee that the current operating point 
is within the basin of attraction of a desired stable equi-
librium point. These handicaps constitute the main ob-
stacles of the C-UEP method to perform reliable and 
efficient actions, especially for TSA, in due time. 

Recently, the pattern recognition approach has come 
up as an alternative approach to overcome these draw-
backs. In this paper, we employ support vector (SV) 
machines (SVMs) to estimate a basin of attraction. Con-
sidering that SVM is originally designed for binary clas-
sifications and the verification of whether a point is in-
side a basin of attraction of interest or not can be con-
sidered as a binary classification problem, SVM is a 
good choice as an assessment model for TSA. The basic 
idea is as follows: first, the original space is transformed 
into a reduced space of lower dimension, hopefully pre-
serving the original phase space information. Then, a set 
of points lying on the basin-of-attraction boundary is 
generated using the C-UEP method, and a binary class 
dataset from the set is extracted after some perturbations, 
where the dataset is composed only of potential SVs. 
Finally, an SVM classifier is trained by the extracted 
dataset. Considering that the dataset is extracted near the 
exact basin-of-attraction boundary, the conservativeness 
of the estimated basin of attraction can be reduced dra-
matically, and a fast reliable assessment for TSA is en-
abled or the stability margin can be predicted. 

2.  DESCRIPTION OF SVMS 

In this section, the SVMs to be employed as assess-
ment model for an online TSA in the proposed method 
are briefly reviewed. SVMs are primarily designed to 
minimize the upper bound of the expected error by op-
timizing the trade-off between the empirical risk (or 
training error) and model complexity captured by the 
VC dimension (Vapnik, 1999). Let us consider a train-
ing dataset { } 1

, ,N
i i i

x y
=

=  where { }1, 1ix ∈ − +  and { 1,iy ∈ −  
}1 ,+  and consider a nonlinear transformation to a higher 

dimensional feature space ( ) : .d HR Rϕ ⋅ →  To minimize 
the expected error, SVMs can be formulated into the 
following quadratic optimization problem: 

 
21

2 1, ,
min N

iiw b
w C

ε
ε

=
+ ∑  

( )s.t. , ( ) 1 ,T
i i iy w x b iϕ ε+ ≥ − ∀             (3) 

0,i iε > ∀  
 

where andw b  define the linear classifier in the feature 
space and the regularization parameter 0C >  determines 
the trade-off between the empirical error and the model 
complexity, leading to the dual problem 

1
21 , 1

max ( , )N N
i i j i j i ji i j

y y K x x
α

α α α
= =

−∑ ∑  

s.t. 0 ,i C iα≤ ≤ ∀                     (4) 

1
1N

i ii
yα

=
=∑  

 
where , 1, ,ia i N= L  are the Lagrange multipliers and K  
( , ) ( ) ( )Ta b a bϕ ϕ= ⋅  is the Mercer’s inner product kernel. 
From the dual problem perspective, transform ( )ϕ ⋅  does 
need not be specified at all but requires only knowledge 
of the kernel function that computes the inner products 
in the feature space. In this paper, we used the most 
widely used Gaussian RBF kernel function as follows: 

 
2( , ) exp( / ).K a b a b σ= − −    (5) 

 
From the solution of the quadratic optimization pro-

blem (Eq. (4)) ˆ , 1, , ,i i Nα = L  the optimal hyperplane ˆ ( )f x  
can be constructed as follows: 

 

1
ˆ ˆ ˆˆ ˆ( ) ( ) (x, )NT

i i ii
f x W x b y K x bϕ α

=
= ⋅ + = +∑     (6) 

1
ˆ ˆ ( , )N

SV i i i SVi
b y y K x xα

=
= −∑  

 
where ( , )SV SVx y  is any SV whose output class label satis-
fies 0.SVα >  

3.  PROPOSED METHOD 

The proposed method is based on the distinguish-
ing feature of an SVM, where only SVs are used to de-
termine the optimal separating hyperplane (Vapnik, 
1999). If only the training data are extracted in advance 
on the marginal boundary near the decision boundary, 
then an SVM model can be efficiently optimized with 
fewer training patterns, showing a decision boundary 
similar to that of large datasets containing many points 
outside the marginal boundary. 

3.1 Phase I: Reducing the Dimension of the Phase 
Space 

Given a nonlinear dynamic system described by Eq. 
(1), we first transform Eq. (1) into the following equiva-
lent reduced system: 

 
( ) / ( ( ))dx t dt G x t=   (7) 

 
where G: Rm→Rm is continuously differentiable with m 
< n. 
Here, one essential requirement of this transformation is 
that, for each trajectory of Eq. (1), a trajectory of Eq. (7) 
should exist. One feasible condition for this situation is 
when the following relationship holds: 

 
1( ) ( ) )T TF z AG A A A z−=    (8) 
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where A is an n-by-m matrix of full rank m. Using trans-
formation z = Ax, each trajectory of Eq. (1) can easily 
show that such F(z) corresponds to a trajectory of Eq. 
(7). The main purpose of Phase I is to obtain a reliable 
set of sample points for the next Phase II because sam-
pling in a lower dimensional space is easy. 

3.2 Phase II: Extracting a Dataset Near the Basin-
of-attraction boundary ∂ ( )sA x   

To identify the basin-of-attraction boundary ( ),sA x∂  

the following result is adopted: under some mild condi-
tions (Jardim et al., 2000). 

 

s 1 1A(x ) ( )=∂ = UN s i
i W x     (9) 

 
where 1 , 1, 2, ,ix i N= L  are type-1 UEPs in the stability 
boundary and 1( )s iW x  is the stable manifold of 1.

ix  ( A  
denotes the closure of set A). The points on the marginal 
boundary near ( )sA x∂  can be numerically obtained as 
follows: 

 
Step 1: The type-1 equilibrium points on ( ),sA x∂  whose 
unstable manifolds contain trajectories approaches .,sx  

are located (Lee, 2003). 
Step 2: For each type-1 equilibrium point (e.g., x̂ ), its 
stable manifold is determined as follows: 

i) A normalized stable eigenvector v of the Jacobian 
at x̂  is determined. 

ii) The intersection of this stable eigenvector with the 
boundary of an ε -ball of x̂  is found (The inter-
section points are x̂ vε+  and x̂ vε− ). 

iii) The vector field from each of these intersection 
points is integrated after some specified time. If 
the trajectory remains inside this ε -ball, then the 
next step is processed; otherwise, the value of ε  
is replaced by ,αε  and the intersection points x̂ ±  

vε  are replaced by ˆ ,x vαε±  where 0 1;α< <  this 
step is repeated. 

iv) The vector field is numerically integrated back-
ward (reverse time) starting from these intersec-
tion points. 

v) The resulting trajectories are the stable manifold 
of ˆ.x  

 
For type-1 equilibrium point 

*
1 ,x  we extract the data 

points at uniform intervals from 
*
1( )sW x  (bold solid line), 

determined by Step 2, where four points are extracted. 
Next, to make a binary class dataset, we shift all the 
extracted points in the direction of stable equilibrium 
point sx  and also in the opposite direction as small in-
tervals r1 and r2. Then, we assign a class label to each 
shifted point by numerically integrating the shifted point 
and checking whether or not it converges to ,sx  that is, 
if it converges to ,sx  then, a stable class label is assign-
ned (denoted as-1); otherwise, unstable class label is 
assigned (denoted as+1). By repeating the above process 

for all type-1 equilibrium points, we can obtain a binary 
class dataset near s(x ).A∂  Readers are referred to (Lee 
and Lee, 2006) for some illustrative examples. 

3.3 Phase III: Constructing an SVM Model for 
Estimating the Basin of Attraction ( )sA x  

The obtained optimal separating hyperplane can be 
considered as the estimated basin-of-attraction boundary 
(that is, ˆ ( ) 0f x = ). From this function, we can determine 
whether or not the current fault on the trajectory is in-
side ( ),sA x  without using any numerical integration but 
by only checking if ˆ ( ) 0f x <  (stable) or ˆ ( ) 0f x >  (un-
stable). The constructed SVM classifier has the follow-
ing desirable properties: first, it dramatically reduces the 
conservativeness of the estimated basin of attraction 
compared with those of the existing direct method or 
other neural network techniques, thereby enabling accu-
rate assessment of TSA using the estimated optimal 
separating hyperplane. Second, applying labels to the 
output class for each extracted point whether it con-
verges to sx  or not is time-consuming, and the computa-
tional burden for SVM quadratic optimization Increases 
proportionally with data size. Hence, reducing the data 
size without compensating for the generalization per-
formance is very important. From this point of view, our 
scheme of extracting a dataset from potential SVs near 

( )sA x∂  helps overcome such computational complexity 
problems. 

4.  EXPERIMENTAL RESULTS 

To illustrate the proposed method, some simulations 
were performed on the 3-MPS-i and 3-MPS-iisystems, 
considered in (Chiang et al., 1995) and (Jung et al., 2010), 
respectively. Phase-I has been applied to the original 4-
D systems, and 2-D reduced gradient systems of three-
machine power systems were obtained using machine 
number three as the reference. To demonstrate empiri-
cally the performance of the proposed method, we com-
pared the accuracy of the proposed method with those of 
other existing methods on the above power systems. The 
performance comparison was conducted based on two 
factors: (i) assessment model (SVM, multilayer percep-
tron (MLP), and the C-UEP method) and (ii) extraction 
of a dataset (proposed method and random generation 
method). Taking these items into considerations, the pro-
posed method was compared with the three other meth-
ods. In Table 1, C-UEP and Proposed represent the C-
UEP and the proposed methods, respectively. R-MLP 
(random sampling+MLP) and R-SVM (random sampling 
+MLP) represent the MLP in (Jung et al., 2010) and the 
SVM model in (Jung et al., 2011), respectively. For fair 
comparison, the size of the randomly generated dataset 
was made equal to that of the dataset of the proposed 
method.  
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Table 1. Error rate (%) on the Test Dataset. F. Alarm and F. 
Dismissal Represent the False Alarm and False 
Dismissal Rates, Respectively 

 3-MPS-i 3-MPS-ii 
 F. Alarm F. Dismissal F. Alarm F. Dismissal

C-UEP 18.0 6.0 17.5 32.5 
R-MLP 2.0 16.0 2.5 10.0 
R-SVM 2.0 10.0 2.5 20.0 

Proposed 2.0 0.0 0.0 0.0 
 
The training and test data sizes are 70 and 50on 3-

MPS-i, and 50 and 40 on 3-MPS-ii, respectively. The 
same test dataset was used for the performance compari-
son of the four methods. The criteria were the false dis-
missal rate (the rate of unstable points classified as sta-
ble class) and the false alarm rate (the rate of stable 
points classified as unstable class) on the test dataset. 
The parameter tuning of the proposed method was rela-
tively easier than those of the other existing methods. 
The shift amount parameters r1 and r2 were determined 
according to our desired conservativeness. If we want to 
avoid an unnecessary interruption (false alarm), then we 
set r1 to a smaller value. As a result, larger estimated 
basins of attraction are obtained. On the other hand, if 
we want to avoid false dismissals, then we make the 
basin of attraction more conservative (on the extreme, a 
subset of ( )).sA x  To accomplish this objective, we set r2 
to a smaller value and r1 to a relatively larger value. As 
shown in Figure 1(a) and Figure 1(b), the estimated ba-
sin of attraction of the proposed method is nearly the 

same as that of the true basin of attraction ( ).sA x  The C-
UEP method has a very conservative smaller estimate, 
and the R-MLP and R-SVM methods have larger esti-
mates, in addition to suffering from non-zero false dis-
missal rate problem by incorrectly classifying unstable 
states as stable state, which is often worse than the direct 
methods and resulting in very large operating costs. The 
simulation results demonstrated that the proposed me-
thod dramatically reduces not only the computational 
burden but also the conservativeness of the estimated 
basin of attraction. 

5.  CONCLUSIONS 

In this paper, a new hybrid method for TSA has 
been developed. The proposed method first extracts the 
data points from the union of stable manifolds of type-1 
equilibrium points on the basin-of-attraction boundary 
and obtains the binary class dataset after some perturba-
tion of the extracted points in which the SVM model is 
trained. The extracted dataset is designed to compared 
with the other be distributed near the basin-of-attraction 
boundary so that it assessment for TSA. Benchmark re-
sults demonstrated that the proposed method is compu-
tationally efficient and reliable becomes similar to SVs 
for the constructed decision boundary. Therefore, the pro-
posed method dramatically reduces not only the compu-
tational burden but also the conservativeness of the es-
timated basin of attraction. Ultimately, it enables an on-
line existing technique. Application of the proposed me-
thod to more large-scale and high-dimensional power 
system problems has yet to be investigated. 

 

  
(a)                                                  (b) 

Figure 1. Illustration of the Estimated Basins of Attraction. The normal dotted line is the exact basin-of-attraction boundary 
( ).sA x∂  (a) The bold solid line and the bold dashed-dotted line are the estimates of the proposed method and the C-

UEP, respectively, where the symbols ‘-’ (stable) and ‘+’ (unstable) denote the dataset extracted by the proposed 
method. (b) The bold solid line and bold dashed–dotted line are the estimates of R-MLP and R-SVM, respectively, 
where the plotted dataset is randomly generated for training of these methods 
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