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A Derivation of the Equilibrium Point for a Controller of a Wheeled
Inverted Pendulum with Changing Its Center of Gravity
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Abstract: An equilibrium point of a WIP (Wheeled Inverted Pendulum) with changing its center of gravity is derived and validated
by various numerical simulations. Generally, the WIP has two equilibrium points which are unstable and stable one. The unstable one
is interested in this study. To keep the WIP over the unstable equilibrium point, the WIP is consistently being adjusted. A state
feedback controller for the WIP needs a control reference for the equilibrium point. The control reference can be obtained by
studying an equilibrium point of the WIP based on statics. By using Lagrange method, this study is deriving dynamic equations of the
WIP both with and without changing its center of gravity. Various numerical simulations are carried out to show the validation of the
equilibrium point.
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Fig. 1. AWheeled Inverted Pendulum.
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Fig. 2. System modeling of a Wheeled Inverted Pendulum.

15 FAIEE ARk AR ] (@) 7 el
S gl Ustel WugoR RS WA 919
40 (S A1 AAN) )

. So=t yA0 g3y
AHEE gxIxke] FYAE detsh] flEiME WA, 59
St Ago] metsofol Bt ot A& @Adslr] f1s)
A AR AxIAe] welst WMol e s Hh =
g 2R AL ol HES Alefshy] flaiM= Aol

719] 53l HE o] mpetd FQa v} 9
1. SYet g4l

98t WA A S FEdl=d 2 ARE-E+= Newton-Euler
HE gl il %Zﬂé% &8 AXRS Q9= 1
TE5E AL ATE AR 71T Al2RE FEske vl

IRtel BEE HEH0l 25 27 497

T Aok aEARE 2 AFY] FAE AE
q 7o) B 6%4 Aol Sgs= BPH Aolmw
AR 7438 Alxle] 22§l Lagrange Hel 598 v
q A8

Age] eI T2k AeIA Us Tt ol 7
abglry.

T =tmxt s Ly
1 1 19
2 2
1 3 @
.2
:§£M1+R7E\JX
U,=0 @

o wl, x o ¢ 77t A% AT A% brg
eI A8 AW Aol vlngo] flkn Adehd
=R BA7E AT A& Aol L5eA T, 9} 9]
T3} o] Anbelry,

SEN= NP

294 U, =

T, :1M2v§ +13292 =1M2(x§ + y§)+3329‘2
2 2 2 2 ®
:%szz + lexécose+%(\]2 +M,1%)6°
U, =M,g lcosé 4

ol m, v, = A AT SHmolal A FATA L] W
A= A7 %, =x+1sing, y,=lcosd & BHEIL g & F
H7S S vekdith

ZF el Sldshs Ty, Ty, Uy, Uy ©188ke] 2R g <%
A} A 2=Ee) A el ok L o) gk

L=T,+T,-U,-U,

)

:%(M1+M2+J1/R2)X2+M2IX9c059 (5)

+%(J2 +M,1%)8% —M,g I cosd
Tzl A

FagAeh L3} dulel WER x 9k 0 S 2
2ol dwtsl sloR /RS ¢ &

Aol s P

E(#j—& =(M, +M, +J,/R?)X
+M, IcosHé—leézsinazé

i[ﬁj—%— M,lcosax
dt\o6) 00 @)

+(J,+M,I158-M,glsind=—7

©)

i}%—ag ARIALe] HEAole] HAe 2HAI7F ol x| o

=5 JEFA tisiA 2HAE A A" Al7lE Aotk

& %‘éfi} ] Hoﬂ*ﬂ %63@01 gfets]ojof s},
e Q3 e

253 ﬁﬁz}ﬂ Aol 3}%'6“ = U‘EE T I



N
©
(0]

o Agsh=s T8 & £ F vk w, 27 HolAA
@I AHIHE AR ARg el o BAHe A
HA I 04 FEgR o] FTEEFS Feuto] Aol 2Hg
& Zlolt}. 1 A3t AAE FRskA] oA HolAA] &
ovz Paiert eddt oldd e delld e
geleh WA @7 () ekl o gejst wAe o
3} 7ro] zheksl Fuo] AAaA WA Alo] & Ao}
0=7/R @)
-M.g l;sind=-¢ ©

31 4 @l SJaha Bl AP FEEA 1, 7 7
Ax oA TEEIE ol FIH AFsHe A
o 7187] A% 6, = @ thest ol A

7,=0 (10)
0, =sin| = =0 (1)
M,gl

sk sk 2ol 9, =09l AHE AL 4 ok olle
A WS FE ), TSl AHAel tiste] o]
Q) A EARTT BAHew Adeglonw v

3 Azl Aol
o] WA i IAolA vt 22 Aol arejEofok
Bt el AEs g, =0 & BFH x7do] oplel
w<ee] Al 7127 Zhed o)) o] 9=0 A=
AellA] MEdt x=x=0=0=0 ZFE fFeH shte] A4
el slgRity. =, WA 242 0=0 7t oft

o o aa&w EA)st #
SolFAe] a9 39} o] AAlel vjE Al deiA
nAe] g gk WEdTaL ZPgE. oleld

W A SEeluAs} gxd Al sl 4 @3 @)

7% 3 @A AR SR Alxw ma,

o T1

Fig. 3. Realistic system modeling of a Wheeled Inverted Pendulum.
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Table 1. Wheeled Inverted Pendulum parameters.
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