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Abstract

Detecting outliers in a linear regression model eventually fails when similar observations are classified differ-
ently in a sequential process. In such circumstances, identifying clusters and applying certain methods to the
clustered data can prevent a failure to detect outliers and is computationally efficient due to the reduction of
data. In this paper, we suggest to implement a clustering procedure for this purpose and provide examples
that illustrate the suggested procedure applied to the Hadi-Simonoff (1993) method, reverse Hadi-Simonoff
method, and Gentleman-Wilk (1975) method.
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oA FE]st X4 # Q Hadi-Simonoff (1993)<] ¥ 18]11 Hadi-Simonoff Xt} 22
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Y=XB+e,
o714 Vi nx 1 MgWs e, Bt px 1 HAAFME, X+ pAe] B905E vehls nx p 3
Foln] et Pipo] 00| RAFH] 02,9 n x 1 LAPE o]},

e =]
A3 AR AN A thge] o] dAE AT Y3 o 7HA W B =Rl oEA 2 7EY W
HE Gentleman-Wilk (1975)¢] ¥ 3} Hadi-Simonoff (1993) 11 o] Hadi-Simonoff (1993) =l
A GRS d40 7 A3PsH= 9 Hadi-Simonoff ¥HH-S A ¢ksto] 223},
A 74 9 % Gentleman-Wilke] e ol 4328 2782 A%2AE Suz Asdeel 14 B
t}. Gentleman-Wilke] ¥H-& 7heks| o2} zro] A= 4 9t}
1. FAAQA o] x| 2} k& A st
2. AA dlolE] nAolA kNZ FAH e s BE 2 LCroll tidte] k7Y FEAE AAYS W
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Aote oA F2 Q-Q oY P-P 10| AMSETW FHZQ HhS w=A Hrt
Hadi-Simonoff ®'-2 7|2 YT oA Al&ste] ZF dAEE o|AxZe F7|E Eoj7lHA oA
ol i3t HEHA o)A AgRE £AFAT it ¢ AAHY AAE FLsle] AT Hadi-
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&A{\/l —+ xZT (X]:CIX]\/[)_I Ti
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, ifig M.

3. ldljpHE
1 B0 o1 5 28 SABATL S BAAE AT VAR T
Fe A9 9 2 @7 Se4 99 AAE wEa

Hadi-Simonoff ® 3} 22 £aH4 W2 27] F2 |9 Aol A date] 2o v¢ Fad
AL 3}n] 0|9} BBt} Hadi9} Simonoff = F 74A9] 7127 A% ¥hE< AASL Yok Hadi-
Simonoff ®-2 thek A tlolEle] ¥k F= o] sl F& tlo|H2RE AlAEte] A4 AAS
ﬂ%“?‘s}ﬂi ool Z7|7F 29 27] AR DA A AAEko] Bl thdo] gth o2 TR 9
< °*°§ Hadi-Simonoff & J¥Foz AZsto] o2& o7k WHe A4l & 5+ Aok
ek Hadi-Simonoff ¥FH-2 th23} Zo] A" 4 Atk

s}

L A 2zl g3 REFHS T F dioll siFshe AZAE AT UmA] (n - )74 AFAE
FTTOE 7HFe T A AW S Hadi-Simonoffe] o] 44 AAE 43Pttt

2. o]4x9] /M4e o A S84 Hadi-Simonoffe] o] A% AAL vk}l o] wAoA AR}
o] AEFI I o]F IR BEo IIV7A HABAINI} AL V7AW AFTHd ol AEHE A9

g ol AT o r AR

Hadi-Simonoff®} & Hadi-Simonoff -2 E3 WA oA oAz B0 2 F7F e A 1 o]F
ANAME G A Hct vhHe| Gentleman-Wilk WFH-2 o] A Ao} Adaglo] o] X1
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Table 2.1. Artificial data with 7 outliers

Cikea X Y Ciked X Y
1 —4 0 14 9.87 10.11
2 20 24 15 2.55 3.03
3 19.9 23.9 16 7.51 6.86
4 19.8 23.8 17 2.67 2.1
5 -5 -9 18 4.4 3.74
6 —4.9 —8.9 19 7.65 7.57
7 —4.8 —8.8 20 7.01 6.4
8 11.36 11.1 21 1.28 1.05
9 11.66 11.92 22 4.48 4.72
10 0.2 —0.27 23 8.73 9.39
11 5.27 4.95 24 4.36 4.63
12 10.52 11.38 25 5.47 6.04
13 6.16 6.34

Table 2.2. Results of applying Gentleman-Wilk method, Hadi-Simonoff method, reverse Hadi-Simonoff method
for Table 2.1 data

7] G-W o] 4% Hadi-Simonoff o] %3] A3 3 Hadi-Simonoff ©] A}x] AA
8 1891015212224 18101521 22 24 25 N 1891015212224 N
7 18910152125 18910 15 21 22 N 18910152125 N
6 189101521 189101521 N 189101521 N
5 18101521 18101521 N 18101521 N
4 181521 181521 N 181521 N
3 1815 1815 N 1815 N
2 18 18 N 18 N
1 1 1 Y 1 Y

Table 2.3. Modified Paul-Fung data

1D 1 2 3 4 5 6 7 8 9 10
X 1 2 3 4 5 6 -5 —4.9 10 9.9
Y 2.01 3.01 4.03 5.03 6.02 7.01 —4.01 —4 5.02 5

= Foll Y= WA FA o] YR E 7HAs FF Fo' FE X
=4 %ﬁ}ﬂ‘r. o] AAES Al 7HA Ee] oA AtE A Kohe B9E HolF
[e]

>

K

OflFl 2.1: Table 2.12] Bo|AB oA X, = BSEE U(0,15)04 A= ek 18702 A4A Y=
X;9% & ~ N(0,0.5%)0) &l B3 YV, = X; +¢;, 0 = 8,...,258 BE AAHUD UYw ] 77 A&
i=1,...,7% 2N 4 & 67F o o] XT L ¥ 95k 2 A4S 91T} Table 2.19] go
EH5}01 ]’\LZ] B -S A33 23} Table 2.204] BH5% ] Gentleman-Wilk 3} Hadi-Simonoff
Hh o] Hadi-Simonoff W B5% o]Akx| ¢l B 1-7L B 5t=0 Adsls AL & 4 9}

f

OlIMl 2.2: 5 WA oA oA AF&E= ALF = Paul®} Fung (1991)2] AkZ oA Figure 2.13} o] &2
2] 98} 100] o] FAS FAFES A H AFF o)t} (Table 2.3). o] k7ol thsto] Al 714 WS &
&5to] o] & BA g I} Table 2.4914 & 4 §l%©] Gentleman-Wilk W2 o] 4x]9] 7+ oA
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Figure 2.1. Scatter plot of modified Paul-Fung data

Table 2.4. Results of applying Gentleman-Wilk method, Hadi-Simonoff method, reverse Hadi-Simonoff method
for Table 2.3 data

=7 G-W o] A+ Hadi-Simonoff ©]4}%]

i)
o

9] Hadi-Simonoff ©] 4]

Y,
o

=
5 348910 268910 N 368910 N
4 68910 68910 N 68910 N
3 8910 8910 Y 8910 Y
2 910 910 Y 910 Y
1 9 10 N 10 N
Table 2.5. Artificial data with 2 outliers
ID 1 2 3 4 5 6 7 8 9 10
X1 5.3251 6.3405 9.2053 8.9531 8.557 5.7429 5.5882 8.8267 9.0339 7.0505
X 1 2 3 4 5 6 -5 —-4.9 10 9.9

Y 8.1066  9.9107 13.911 14.024 17.391 13.221 1.4282  4.6567 14.164 12.231

2 o Hadi-Simonoff “PEoIA 9 598 HAXE o] 42 GAFIL 93 A MPYL BT B8 8ol
SR ET] JFS W AL & 4 Ak

OlAl 2.3: o]/ dA] FA A NA AREE = ke Gt e s JA RY o2 R AR AR dl2= 7
E 22} (partial re51dual)7]- o $83 A7 9t HEAIAE ¥—E~ﬁt‘§5?§ (partial linear model) ]|
A RIAY ] BokS Adshedl AREE Y o] FA oA o] 4AE BAIE & Ak olg #EH o)
2 BA 2 9ete] e 3} 2o 27] n = 109 AR AT} (Table 2.5).

X112 Xy ~ 545 x U0, 1014 AAH Yo Xp= Table 2.39] X9 Sddt} Y= 28 vV =
X1+ Yo + 202 RE 445900 oln] Yok Table 2.39] Y9 59siv] c& EEAFEEE Wech
et el Azl tiatel AR REABRD Y = 41X, + F(Xo) + A
o5z 2450 o] FANA BRA 9, 102 o4 2 TAE ofof 2t

Table 2.62 FEEAIEY YV = 51 X1 + f(X2) + oA AXE REZDAE o] &3] o|FAE
AR HolFa ok Al W 2F B3 57 PR G Dot o] FAE SutEA @R8]
Foh A2 & 5 Uk
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Table 2.6. Results of applying Gentleman-Wilk method, Hadi-Simonoff method, reverse Hadi-Simonoff method
for partial linear model fitted Table 2.5 data

7] G-W o] A=) Hadi-Simonoff o] A}x] AaA 9] Hadi-Simonoff ©]A}X%] AA
5 145910 458910 N 145910 N
4 45910 45910 N 45910 N
3 5910 5910 Y 5910 Y
2 910 910 Y 510 N
1 5 10 N 5 N

Table 2.7. Artificial data with 5 explanatory variables

1D X1 X X3 X4 X5 Y

1 7.54 8.60 8.29 9.93 1.00 35.03
2 5.65 7.21 8.17 6.78 1.50 28.76
3 9.78 8.42 5.47 9.14 2.00 34.11
4 7.89 9.67 9.95 5.67 2.50 34.99
5 5.50 9.76 9.09 7.70 3.00 35.14
6 9.31 8.54 9.33 7.44 3.50 37.69
7 8.96 5.96 8.77 5.87 4.00 33.72
8 5.16 8.86 6.15 5.48 4.50 29.67
9 6.18 7.44 6.02 5.78 5.00 29.87
10 7.34 7.74 7.27 8.26 5.50 37.74
11 9.25 9.79 9.57 5.98 6.00 40.31
12 6.32 9.43 8.44 5.93 —5.00 24.96
13 9.16 6.74 791 7.48 —4.90 26.13
14 5.12 8.72 6.84 5.89 10.00 30.70
15 5.44 8.48 7.16 6.18 9.90 31.43

Table 2.8. Results of applying Gentleman-Wilk method, Hadi-Simonoff method, reverse Hadi-Simonoff method
for Table 2.7 data

27 G-W o] &

Y,
ox

Hadi-Simonoff ] A}%]

i)
o

o Hadi-Simonoff ©]A}F%]

M)
o

= = =
5 471014 15 N 51012 14 15 N 471014 15 N
4 710 14 15 N 510 14 15 N 71014 15 N
3 10 14 15 Y 10 14 15 Y 10 14 15 Y
2 14 15 N 14 15 Y 10 15 N
1 10 N 14 N 10 N

OlMl 2.4: Ao 47t w2 A% oA BAHS A83517] Hste] vh23k 2] 5709 AHd
T X1, X2, X3, X4, Xs8 9H3HF Y E 492 st} (Table 2.7). A¥HST Xy, X, X3, Xut™
X; ~5+5xU(0,1)i= 1,2,3, 4904 AR ACH X5+= 194 6 Atolo] TId7HAo =z d 39 7k
S AR FEEeE vl A9 e FUFeth BEA] 1014 13714]9] 9h3HS Vi B8 T8
EHEEeS 2SI BH Y = X1+ Xo+ Xs+ Xu+ X5 +eolA A g on #2149} 159
SHFEYEREF Y = X1+ Xo+ Xs + Xy + X5 — 6+ oA A h webA] F2A] 14, 157}
AR 2 &R ofof gt}
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Table 3.1. Clustered Table 2.1 data

New ID Old ID X Y New ID Old ID X Y
1 243 19.90 23.900 11 14 9.87 10.110
2 765 —4.90 —8.900 12 15 2.55 3.030
3 24 22 4.42 4.675 13 16 7.51 6.860
4 1 —4.00 0.000 14 17 2.67 2.100
5 8 11.36 11.100 15 18 4.40 3.740
6 9 11.66 11.920 16 19 7.65 7.570
7 10 0.20 —0.270 17 20 7.01 6.400
8 11 5.27 4.950 18 21 1.28 1.050
9 12 10.52 11.830 19 23 8.73 9.390
10 13 6.16 6.340 20 25 5.47 6.040

RAAR LA At
of AAHTE Wk FEAFE A= met FHE 8
2 AVAHY oA WA LHE PAT 4+ Utk TASh F
AR TS B ] AF2H AT (Atkinson 5, 2004) T3S wjAE X
o] Gray2} Ling (1984) 5ol 9Jsto] A =3 v} Ity Gray2} Lingd] 3-$ol=
SolA drwls FE XEut ohet vkgRls Wy Y7 27k 3
matrix)& A4S 49 SEFHo] It tZH(block-diagonal)
AZAE gzt o9} 2 FHI Yste] Jd3tE s
Wl mxtel 5ol ol Bk AuAoE ASEE o 4R SEi
o]BZ Gray9} Ling® AL oAz Bx7A4o) ARA o7 ALl AL By w 329
INg Eow Arel YUshe +A5E EAW BAHE AT 5 ok
A5k e oAl AlEe] dew (Cormack, 1971) Gray$l Ling2 93 o]% &g
Z (nearest-neighbor algorithm)& EFA|Z k-3t &318]S (k-clustering algorithm)& ARR-3}
It} (Ling, 1972). £ E=goX& A5 wHI}E HAste] ¥FA Y (agglomerative nesting)
(Kaufman3} Rousseeuw, 1990)& A3l A7 A2 7|&2 S4AZ ¥ (centroid linkage
method) o] 3 HETAS AR 2R AL 05 olshz o3 2N A= Fe Atk B
e ARRSith. FRT Aol "lgt 7|2 cross-validation 5 Bt} O] w3k 9HS A L3= AT

I
NIOO%EEII-IJ
ol , 2 fo
CEd o h
oz M

o

av)
o
ST
offt a1

=

L=
28 2k

‘LI m[o
mlm
N
3
b1

FsAT AAF O RelsH BENFO] FOE EFHA °}c% e ke A8k
£ AolA Ak WY BFE AF5) A5kl 2804 £ oA ARE o3l THAE

T OIRAT FAE T

OIM 3.1: Table 2.1 AR E X, Yol 23] 7% 5} st Ax} 874 e] #EX7F 47 371, 374, 2704 B
o el GEE YA S Table 3151 T 271 074 TN ARAA AYA. o Ax

o] 8-3to] o)A HAWHES A Hd Table 3.20014 & 4 91X o] Gentleman-Wilk ®3}
Hadl—Slmonon v o] Hadi-Simonoff "} E5F ZAXEAMY tl"é’x] , 2, 45 oA ZE ©A] 3}
olo] S Fal= ¥ A8 Q1 Table 2.19] &2 1, 2, 3, 4, 5, 6, 70] o]AFX] & &x|H T},
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Table 3.2. Results of applying Gentleman-Wilk method, Hadi-Simonoff method, reverse Hadi-Simonoff method
for Table 3.1 data

37] G-W o] A=) Hadi-Simonoff ©]A}x] aA o Hadi-Simonoff ©]A}FX] AaAA
7 1249121920 1249121920 N 1249121920 N
6 12491220 12491219 N 12491219 N
5 124912 124920 N 124920 N
4 1249 1249 N 1249 N
3 124 124 Y 124 Y
2 14 14 N 14 N
1 4 4 Y 1 Y

Table 3.3. Clustered Table 2.3 data
New ID Old ID X Y New ID Old ID X Y
1 109 9.950 5.010 5 3 3.000 4.030
2 87 —4.950 —4.005 6 4 4.000 5.030
3 1 1.000 2.010 7 5 5.000 6.020
4 2 2.000 3.010 8 6 6.000 7.010

Table 3.4. Results of applying Gentleman-Wilk method, Hadi-Simonoff method, reverse Hadi-Simonoff method
for Table 3.3 data

37) G-W o] A+x] Hadi-Simonoff ©]4+x] AaAA ] Hadi-Simonoff ©]AF%] AaA
4 1234 1278 N 1478 N
3 178 128 N 128 N
2 12 18 N 12 N
1 1 1 Y 1 Y

Table 3.5. Clustered Table 2.5 data by partial residual and X»

New ID 1 2 3 4 5 6 7 8

Old ID 87 109 1 2 3 4 5 6
X2 —4.950 9.950 1.000 2.000 3.000 4.000 5.000 6.000

REZA —6.946140 2.329360 0.101392  0.835595 1.817340 2.196070 5.980430 4.775570

73} 53] AA A AF8 = Table 3.33 2t} o
g alo] S wk= Axl= 2] Table 3.49]
29 B 18 o)X= 2ul=A B3}

OlX| 3.2: Table 2.39] =3 ¥ Paul-Fung A}5&
A5l ) o)A BAHE AL A3} H A8
A Bol A A5 #FXA 9, 109] Pl T2

OIF 3.3: ARS) TS BAY ALGS Yoz mye] 247pgol wet 4
WA AL AHE & Atk REAYRFeIAE BRG (V, X1, Xo) AHEFI] ke 2ae
FOL)E RAHE 8T 2R AT AP ool I TASE e A0] A FH3Aek Table
3.5 Xa9 $2AR oJstel 94 4R Table 259 ARE A A7E HojZTh

Table 359 AEE ol §3to] FEARS Xool e Al 714 4L 288 A} Table 3.6014 B
o 9 AR BAA 9, 109 Yo PAAR] WA 27 oA 2 BA Dk

OlMl 3.4: A7} thAl 719 Table 2.79) A2 & FA348F 27 Table 3.77 Zth. ZA3HE A}
S th3t o]4Fx &2 A<l Table 3.8 9 ASE AMSS 4o 2o 9 A5 #ZA] 14, 159] 3
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Table 3.6. Results of applying Gentleman-Wilk method, Hadi-Simonoff method, reverse Hadi-Simonoff method
for Table 3.5 data

37 G-W o]74x Hadi-Simonoff ©] 4} %] a4 <] Hadi-Simonoff ©]A}X] a4
4 1267 1278 N 1267 N
3 126 127 N 267 N
2 27 27 N 27 N
1 2 2 Y 2 Y

Table 3.7. Clustered Table 2.7 data
New ID Old ID X1 X2 X3 X4 X5 Y
1 89 5.67 8.15 6.08 5.63 4.75 29.77
2 14 15 5.28 8.60 7.00 6.03 9.95 31.07
3 1 7.54 8.60 8.29 9.93 1.00 35.03
4 2 5.65 7.21 8.17 6.78 1.50 28.76
5 3 9.78 8.42 5.47 9.14 2.00 34.11
6 4 7.89 9.67 9.95 5.67 2.50 34.99
7 5 5.50 9.76 9.09 7.70 3.00 35.14
8 6 9.31 8.54 9.33 7.44 3.50 37.69
9 7 8.96 5.96 8.77 5.87 4.00 33.72
10 10 7.34 7.74 7.27 8.26 5.50 37.74
11 11 9.25 9.79 9.57 5.98 6.00 40.31
12 12 6.32 9.43 8.44 5.93 —5.00 24.96
13 13 9.16 6.74 7.91 7.48 —4.90 26.13

Table 3.8. Results of applying Gentleman-Wilk method, Hadi-Simonoff method, reverse Hadi-Simonoff method
for Table 3.7 data

7] G-W o] A% AA Hadi-Simonoff o] A} AR < Hadi-Simonoff o] A}X] AA
4 1245 N 271012 N 26910 N
3 2910 N 2710 N 2910 N
2 210 N 210 N 210 N
1 2 Y 2 Y 2 Y

Gohs TR AR BEA 2} PR SukA GAH Y FRE YA B A9
YEIN e £k 2 RE AN ST B 9

4. &

r

& ARl AU BAAFE o4 AN A2 A Blelel £2) 13
Al 713t avhv SEEIT < MA

A7l sz ZAs] oe I*Jil e Mam 2R3 aE A2 A5 A
25 92 Gentleman-Wilk WY, Hadi-Simonoff ®}, 9 Hadi-Simonoff ¥H o]t} 1 oA
Hadi-Simonoff ¥PH& oA x| #9] I7|E Eo71= —.—x]— H} o] Hadi-Simoff ¥ o] ©lo]g e =27]
7} AW Aaksre] Bl AXthe HE 7t 7k OVQX] SR o g A Wy oln] A 7}
W3l E3ol FH kgt 4= YA T Alxbgo] #A B EoJETHe FEE AT £ Aok AAE B3 Al 7t

N
>,
ok
=]
—111
),
Zi
o
L
m
N
o>
Zi
é
_>L
m&:
l:o
of

ml

Ay BFolA TAge rhdst adtket sade ‘:‘o‘xlfﬂ%ﬁl Ewol doe Ae 458 5 Atk
tlelele] 2717F 2 A5 & =20l Agtets W2 712 A o] dATe] s Ego] E Zos



512 Han Son Seo, Min Yoon

ol
o
oy
o,
=2
a
A
o2

71 FRAYEFY AolA Ho] RS AEA Y] AR oy} 2
3 gre 7vto® 39 4 Qi

gl

References

Ahn, B. J. and Seo, H. S. (2011). Outlier detection using dynamic plots, The Korean Journal of Applied
Statistics, 24, 979-986.

Atkinson, A. C. (1994). Fast very robust methods for the detection of multiple outliers, Journal of the
American Statistical Association, 89, 1329-1339.

Atkinson, A. C., Riani, M. and Cerioli, A. (2004). Ezploring Multivariate Data with The Forward Search,
Springer, New York.

Cormack, R. M. (1971). A review of classification, Journal of the Royal Statistical Society, Series A, 134,
321-367.

Gentleman, J. F. and Wilk, M. B. (1975). Detecting outliers. II. supplementing the direct analysis of residuals,
Biometrics, 31, 387-410.

Gray, J. B. and Ling, R. F. (1984). K-clustering as a detection tool for influential subsets in regression,
Technometrics, 26, 305-318.

Hadi, A. S. and Simonoff, J. S. (1993). Procedures for the identification of multiple outliers in linear models,
Journal of the American Statistical Association, 88, 1264—1272.

Jajo, N. K. (2005). A review of Robust regression an diagnostic procedures in linear regression, Acta
Mathematicae Applicatae Sinica, 21, 209-224.

Kaufman, L. and Rousseeuw, P. J. (1990). Finding Groups in Data: An Introduction to Cluster Analysis,
Wiley, New York.

Kianifard, F. and Swallow, W. H. (1989). Using recursive residuals, calculated on adaptively-ordered obser-
vations, to identify outliers in linear regression, Biometrics, 45, 571-585.

Kianifard, F. and Swallow, W. H. (1990). A Monte Carlo comparison of five procedures for identifying outliers
in linear regression, Communications in Statistics, 19, 1913—1938.

Ling, R. F. (1972). On the theory and construction of k-clusters, Computer Journal, 15, 326-332.

Marasinghe, M. G. (1985). A multistage procedure for detecting several outliers in linear regression, Tech-
nometrics, 27, 395-399.

Paul, S. R. and Fung, K. Y. (1991). A generalized extreme studentized residual multiple-outlier-detection
procedure in linear regression, Technometrics, 33, 339-348.

Pena, D. and Yohai, V. J. (1999). A fast procedure for outlier diagnostics in linear regression problems,
Journal of the American Statistical Association, 94, 434-445.

Rousseeuw, P. J. (1984). Least median of squares regression, Journal of the American Statistical Association,
79, 871-880.





