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COHERENT AND CONVEX HEDGING ON ORLICZ HEARTS
IN INCOMPLETE MARKETS'

JU HONG KIM

ABSTRACT. Every contingent claim is unable to be replicated in the in-
complete markets. Shortfall risk is considered with some risk exposure.
We show how the dynamic optimization problem with the capital con-
straint can be reduced to the problem to find an optimal modified claim
1/~)H where 1[1 is a randomized test in the static problem. Convex and co-
herent risk measures defined in the Orlicz hearts spaces, M®, are used as
risk measure. It can be shown that we have the same results as in [21, 22]
even though convex and coherent risk measures defined in the Orlicz hearts
spaces, M®, are used. In this paper, we use Fenchel duality Theorem in
the literature to deduce necessary and sufficient optimality conditions for
the static optimization problem using convex duality methods.
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1. Introduction

It is not possible to replicate every contingent claim in incomplete markets,
in which the equivalent martingale measures are not unique. There is a dy-
namic self-financing hedging strategy with arbitrage-free hedging price to super-
replicate a contingent claim in complete or incomplete markets. The super-
hedging price is the minimal initial capital that an agent or an investor has to
invest to find a strategy which dominates the claim payoff with certainty [17].
The super-hedging price of a contingent claim is given by the supremum of the
expected values over all equivalent martingale measures.

With the super-hedging price, an agent or an investor could eliminate the
shortfall risk completely by choosing a suitable hedging strategy. The prices
derived by super-replication are too high and not acceptable in practice. An
agent or an investor, who sell a contingent claim, want to get rid of the associated
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shortfall risk by means of a dynamic hedging strategy. The shortfall risk is the
difference between the payoff of the contingent claim and the value of the agent’s
or the investor’s hedging strategy at maturity.

With the initial capital less than the super-hedging price, i.e., under the
capital constraint an agent or an investor is unable to eliminate all exposed
risk associated to the contingent claim completely and so wants to find optimal
strategies which minimize the shortfall risk. They are seeking optimal partial
hedging strategies with the initial capital less than the super-hedging price by
taking some risks.

Usually the dynamic optimization problem which minimizes the shortfall risk
can be split into a static optimization problem. The first one is to find an optimal
modified claim 1 H where v is the solution of the static problem and then to
find a superhedging strategy for the modified claim VH.

Follmer and Leukert [13] constructed a quantile hedging strategy which max-
imizes the probability of a successful hedge under the objective measure P under
the capital constraint. In the quantile hedging approach, the size of the shortfall
is not taken into account but only the probability of its occurrence. Follmer
and Leukert [14] also introduced optimal hedging strategies which minimize the
shortfall risk under the capital constraint by using the expected loss functions
as risk measures. In [14], the risk measure p is the form of p(X) = EF[¢/(XT)],
where X is a random variable on (€, F), P is a fixed probability measure on €,
and ¢ : R — R is a strictly convex function. Nakano [19] uses coherent risk mea-
sures as risk measures in the L!(Q, F,P) random variable spaces instead of the
loss function. Notice that the L' space is between L>(Q, F,P) and L°(Q, F,P).
Arai [1] obtained robust representation results of shortfall risk measures on Or-
licz hearts under the continuous time setting. The Orlicz hearts setting allows
us to treat various loss functions and various claims in a unified framework. Co-
herent risk measure is introduced by Artzner et al. [2, 3] as risk measures, and
is extended to general probability spaces by Delbaen [9].

Rudloff [21, 22] uses Fenchel duality to show the existence of the static solution
with coherent and convex risk measures defined on L'. He finds a necessary and
sufficient condition for an optimal randomized test v, and its randomized test
has the typical 0-1-structure. Coherent and convex risk measures using as risk
measures are defined L> or L! [15], and is represented as a dual form which
is the supremum of expectation of acceptable position with respect to different
probability spaces.

Cheridito and Li [8] studied risk measures on bigger sets than L°°, Orlicz
hearts. They proved that coherent and convex risk measures on an Orlicz hearts,
which is real-valued on a set with non-empty algebraic interior, is real-valued on
the whole space and has a robust representation as maximal penalized expec-
tation with respect to different probability spaces. This includes coherent and
convex risk measures on LP-spaces for 1 < p < oo and covers a wide range of
interesting examples. Also Orlicz hearts have nice dual properties.
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In this paper, we use coherent and convex risk measures defined Orlicz hearts
in the static optimization problem and get the same results as in Rudloff [21, 22].
We provide modified proofs suitable for Orlicz spaces.

This paper is constructed as follows. Mathematical settings are given in
Section 2. The definition and several properties of Orlicz hearts are given in
Section 3. The primal and dual problem of the static optimization problem is
derived and strong duality holds in Section 4.

2. Mathematical settings

Let (9, F, (Ft)o<t<T,P) be a complete filtered probability space. An R”"-
valued semimartingale S = (S});c[o,77 is called a sigmamartingale if there exists
an R-valued martingale M and an M-integrable predictable RT-valued process
& such that S; = fot &udM,, t € [0,T). Tt is assumed that the riskless interest
rate is zero for simplicity.

Let P, denote the set of probability measures @@ equivalent to P such that
S is a sigmamartingale with respect to @. Assume that P, # 0 to exclude
arbitrage opportunities. P, # @) holds if and only if S satisfies the condition of
'no free lunch with vanishing risk’. If the probability space 2 is finite, then the
condition 'no free lunch with vanishing risk’ can be replaced by the more strong
condition 'no arbitrage’, and the set P, by the set of equivalent martingale
measures M [10, 11].

Definition 2.1. A self-financing strategy with initial capital z > 0 is defined
as a predictable process (z,&;) such that the value process (value of the current
holdings)

t
X, = x+/ &udS,, tel0,T]
0
is P-a.s. well-defined.

Definition 2.2. A self-financing strategy (z,&;) is called admissible if there
exists some constant ¢ > 0 such that

t
Vte[0,T] = —|—/ &udSy > —c P —a.s.
0

Consider a contingent claim whose payoff is given by a Fp-measurable, non-
negative random variable H. The superhedging price Uy is given by the dual
characterization

Uy = sup E9[H] < +oc.
QEPs
With the superhedging price Uy, a contingent claim H can be perfectly hedged
but the superhedging strategy is too expensive to be used in practice. When
the agent or the investor is unwilling to invest the superhedge price in a hedging
strategy, they seek the best strategy the agent or an investor can achieve with
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a smaller amount xg < Up. They look for an admissible strategy (Z,&;) with
initial endowment = < xg that minimizes the coherent or convex shortfall risk

p(—(H — X)), (2.1)
To construct the optimal hedging strategy, firstly we solve the static problem
of minimizing
p(—(H -Y)")
among all Fpr-measurable random variables Y > 0 satisfying the constraints
sup EQ[Y] < #.
QEPs
If Y* is a solution in the static problem then so is Y := HAY*, since0 <Y < H,
ECY]|<Fand (H-Y)" =(H—-HAY*)" =(H-Y*)*. So we may assume
that 0 < Y™ < H, or equivalently, that Y* = Hy* for ¢* € Ry,
where Ry is defined as
Ry = {1/1 €R ‘ ¥ Q—[0,1],4 is Fr — measurable, sup E¢[YH] < :E}
QeEM
The dynamic optimal problem (2.1) with Z < xg can be expressed as the static
problem
i —1)H). 2.2
min p((v— DH) 22
The first one is to find an optimal modified claim 7]1H where 1]) is the solution
of the static problem

min (6= DH) = p((f = DH), (2.3)

The second one is to find a superhedging strategy for the modified claim VH.
Theorem 2.1 ([19]). Let ¢ be a solution to the minimization problem (2.3) and

let (5:0,5) be the admissible strategy determined by the optional decomposition of
the claim wH. Then the strategy (Zo, &) is the optimal solution of the problem

(2.1) with the constraint & < xg.

3. Robust representation of risk measure p on Orlicz hearts

We consider the shortfall risk assuming that the risk measure p is (—o0, 00]-
valued coherent or convex risk measures on maximal subspaces of Orlicz classes.
L denotes the space of all R-valued random variables on (£, F).

Definition 3.1. Let X be a linear subspace of L? that contains all constants.
A monetary risk measure p: X — RU{oo} is a mapping satisfying for all X,
YekX

(1) p(0) € R (Finiteness),

(2) p(X)>p(Y) it X <Y (Monotonicity) ,

(3) p(X +m) =p(X)—m forallmeR (Cash invariance).
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A monetary risk measure is called convex if it satisfies
PAX +(1=NY) < p(X)+ (1 —N)p((Y) for all A € [0,1] (Convexity).
A convex monetary risk measure is called coherent if it satisfies

p(AX) = Ap(X) for all A > 0 (Positive homogeneity).

When p(X) is positive, the number p(X) can be thought of as the minimum
extra cash the agent has to add to the risky position X, and invest in the
reference instrument, to be allowed to proceed with his/her plans. When p(X)
is negative, the amount of cash —p(X) can be withdrawn from the position or it
can be received as restitution, as in the case of organized markets for financial
futures [2].

Under the assumption of the positive homogeneity, the convexity is equivalent
to

(X +Y) < p(X) + p(Y) (Subadditivity),

which means the downside risk of a position is reduced if the payoff profile is
increased.

Definition 3.2. Let X’ be a linear subspace of L° that contains all constants.
The acceptance set of a monetary risk measure p: X — R U {oo} is given by

A, ={X e X:p(X) <0}.
Let X be a Banach lattices and f: X — RU {4+00}. We denote
dom f:={x e X: f(z) e R}
A subset U of X is an algebraic neighborhood of z € X if for every y € X, there
exists an € > 0 such that
r4+tyeUforall 0 <t<e.

The algebraic interior of a subset A of X, denoted by core(A), consists of all
x € A that have an algebraic neighborhood in A.

A convex function f from a topological vector space X to R U {+o0} is said
to be proper if f(z) < oo for at least one z € X and f(x) > —oo for all x € X.
We call it subdifferentiable at € X if x € R and there exists an element x* in
the topological dual X* of X such that z*(y) < f(z +y) — f(z) for all y € X.
For every proper convex function f, the conjugate

fr(@") := sup{z*(z) — f(z)}
reX

is a o(X*, X)-lower semicontinuous, convex function from X* to RU {+oco}. If
f is subdifferentiable at x € X, then
f(a) = max {2*(@) = * (")},
We call a function @ : [0, 00) — [0, 00) a Young function if it is left-continuous,
convex, limg o ®(z) = ®(0) = 0, and lim,_, o ®(x) = co. It follows from these
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properties that ® is increasing and continuous except possibly at a single point,
where it jumps to co. So the condition of left-continuity is needed at that one
point. The conjugate(or polar) function ¥ of ® is defined as

U(y) :=sup{zy — ®(x)}, y>0.
x>0
The function ¥ is a Young function and its conjugate function is ®. The Orlicz
hearts corresponding to ® defined as
M®:={X e L’ : EF[®(c|X]|)] < oo forall ¢ >0}.
The Orlicz space for @ is defined as
L? = {X € L" : E”[®(c|X])] < oo for some ¢ >0} .
The Luxemburg norm and the Orlicz norm are respectively defined as
[ X|[e := inf {c > 0: E[(|X/c[)] <1}
and
IX15 = sup{EP[XY] : [Vl < 1},

The above two norms are equivalent on L®.
If @ jumps to oo, then M? is equal to the trivial space {0}. In this paper, it
assumed that ® is real-valued. So @ is continuous function.

Theorem 3.1. Suppose that ® is finite. Then M?® is the || - ||o-closure of L*®
and the Banach dual of M® with the Luzemburg norm is LY with the Orlicz
norm, i.e. (M®)* =LY,

The following examples show the several Orlicz spaces and the relations among
M® LY L*, LP and L' depending on the choice of the Young function ®.

Example 3.2 ([8]). If ®(x) = x, then we have

B 0, fory<1
¥(y) _{ oo, fory>1,

and
M*=L"=L" |-lla=1"l, LY=L |- 1i=1"l«
If ®(x) = aP for p € (1,00), then ¥(y) = p'~9¢~1y?, and we have
M*=L%=LF, |-llo=1l"lp, L¥=L% |-la=1I"ll
If ®(x) = exp(Ax) — 1 for A > 0, then we have

- 0, fory < A
T = { (y/N)In(y/A) —y/A+1, fory> A

and we have

L*cM®cIPcLYcL' forallpe(l,00).
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We identify a probability measure @ on (2, F) that is absolutely continuous
with respect to P with the Radon-Nikodym derivative ¢ = dQ/dP € L'. The
set

D:={peL':p>0FE[p =1}

represents all probability measures on (2, F) that is absolutely continuous with
respect to P. Let DY be denoted by the intersection

DY =DNLY.
A mapping v : DY — (—o0,00] is called a penalty function on DY if it is
bounded from below and ~y # co.

Definition 3.3. It is called that v satisfies the growth condition (G) if there
exist constants a € R and b > 0 such that

Y(Q) > a+0b|Q|5 for all Q € DY.
For a penalty function v on DY, define p., as

py(X) = sup {EV[-X] -~(Q)} X e M?,
QeDY
which is called a robust representation of p,.
p defines a lower semicontinuous convex risk measure on M?® with values
in (—00,00). The bilinear form < Y, X > between LY and M?® is defined as
<Y,X >=E[XY]forY € LY and X € M®.

Theorem 3.3 ([8]). Letp : M® — (—oc0,00] be a convex monetary risk measure
with core(dom p) # 0. Then p is real-valued, p* is a penalty function on DY
satisfying the growth condition (G), and

p(X) 1= max (E9[-X] - p*(Q)} X € M™. (3.4)

Moreover, if p = p- for a penalty function v on DY, then p* is the greatest
convex, a(L‘I’,M(I’)-lower semicontinuous minorant of v, where p¥ is given by

p#(Q):= sup {E?[-X] - p(X)} QeD".
XeM?®

Notice that p#(Q) = f*(Q) for all Q € DY, where f is defined as f(X) =
p(—X). By the definition of convex duality,

f5(Y) = sup {V(X)— f(X)} = sup {E[YX]—p(—=X)} for Y € DY. (3.5)
XeM® XeM®
For X € A,, we have p(—X) > 0 since 0 = p(X — X) < p(X) + p(—X) implies
—p(—X) < p(X) <0. Thus the equation (3.5) becomes

p*(~Q) = p*(Q) = sup E°[X] for Q e D". (3.6)
XeA,
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Theorem 3.4 ([8]). Let p: M® — RU {+00} be a coherent risk measure with
acceptance set

A, ={X € M? : p(X) <0}.

If core(dom p) # 0, then p is real-valued and can be represented as

p(X) = max EC[-X], X eM", (3.7)
for the || - ||%;-bounded, convex set

Q:={QeD” : E°X]| >0 forall X € A,}.
Moreover, if R is a subset of DY such that p = pr, then Q is the o(LY, M®)-
closed, convex hull of R.

We designate by V and V* two vector spaces placed in duality by a bilinear
pairing denoted by <, >.

Theorem 3.5 ([20]). Suppose X andY are normed spaces. To each A : X =Y
corresponds a unique A* : Y* — X* that satisfies

< Az, y* >=<zx, A"y* >
for all x € X and oll y* € Y*.

Suppose that p is a coherent risk measure on M®. Then E?[-X] < p(X)
holds for all X € M® and Q € DY. If X € A,, then E?[X] > 0 since p(X) < 0.
Conversely, suppose that E?[X] > 0 holds for all X € A,. Since p(X + p(X)) =
0, X + p(X) belongs to A, and so E?[X + p(X)] > 0 by assumption, i.e.
E®[—X] < p(X) holds for all X € A,. Thus we obtain the following equivalent
relations

Q = {QeD¥: EY-X]<p(X) VX ecA)} (3.8)

= {peD¥ : E[pX]>0 VXA,
Theorem 3.6 ([7]). (Fenchel duality) Let X be a Banach space and let Y be
a barrelled locally convex topological vector space. Let f : X — (—o00,+00]
and g : Y — (—o0,+00] be a lower semicontinuous convex functions and let

A: X =Y be a closed densely defined linear map. Suppose that f and g satisfy
the condition

0 € core(domg — A dom f).
If p is defined as

p= inf {f(z) +g(Az)}, (3.9)
then the dual expression of p is given by
d = sup {—f"(A"¢) —g"(=0)}. (3.10)
PeEY™

Moreover, p = d and the supremum in the dual problem (3.10) is attained when-
ever finite.
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Let V be a real vector space. We denote the indicator functional of a convex
set A C V with
0, pe A
xA(p) == { +o00, ¢ & A,
and the convex conjugate of the indicator functional x4(-) with x% : V* —
R U {400},
X (u*) = sup{< u,u* > —xa(u)} = sup < u,u* >, u* eV
uevV u€A
The indicator functional x4 is convex lower semicontinuous function if A is
convex set, termed the support function of A, and x¥%" = X4, Where coA
denotes the closure of the convex combination of A.

4. The Primal and Dual Problem in the Static Problem

Assume that the contingent claim H belongs to M®. Let the static problem
(2.2) be the primal problem with value

p o= min p(L—0)H) (4.11)
= min {p((1— $)H) + xr,(0)), (4.12)

where X g, (¢) is the indicator function.
Lemma 4.1. There exists a ¢ € Ry satisfying the static problem (2.2).

Proof. We reproduce the proof in [22]. The set of R = {¢ : Q — [0,1], Fr —
measurable} is weak® compact as a weak* closed subset of the weak* compact
unit ball in L>°. Since the map ¢ — supg.cp, EQ" [ypH] is lower semicontinuous
in the weak* topology, the set Ry is weak™ closed, and hence weak® compact.
Since 1 — supQ*EPG{EQ* [WH] — p#(Q*) is lower semicontinuous in the weak*

topology, there exists a ¢ € Ry solving (2.2). O

If a convex risk measure is expressed as (3.4), then the expression of the
primal problem can be written as
p=min { sw {E9(1-)H] - (@)} }. (4.13)
YERy QeDY
If a coherent risk measure is expressed as (3.7), then the expression of the
primal problem can be written as
= min { sup B[(1 - y)H]}. 4.14
p= in { s B0 — ) (4.14)
Theorem 4.2. Let p : M® — (—00,00] be a coherent or convex monetary risk
measure with core(dom p) # 0. Then the dual problem of the primal problem
(4.13) or (4.14) is given by

4 = sw Juf {EC[(1—v)H] = p7(Q)}, or (4.15)
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d = glel%wig}go{EQ[(l—w)H]}, (4.16)

respectively. Also the strong duality holds, i.e. p = d in each case of convex or
coherent risk measures. If 1) is the solution of (4.13) or (4.14), and ¢g = dQ/dP

is the solution of (4.15) or (4.16), then (¢q, ) is a saddle point of the function
ECQ[(1 —¢)H] — p*(Q) or EQ[(1 — ) H], respectively. Consequently we get

i (1 — —p* = max min {E%[(1 — —p*
Jain max {EF[(1 = 9)H] = p"(Q)} = max min {E7[(1 - ¥)H] = p"(Q)},

(4.17)

i E°[(1—y)H] = in E?[(1—)H]. 4.18
Inin max (1 —)H] max min (1 —)H] (4.18)

Proof. We follow the proof in [21, 22] with keeping in mind we are considering
the risk measures p defined on the Orlicz hearts, M®. Consider the primal
problem (4.12)

p= wfgiLI;o{P((?ﬁ — DH) + xro(¥)}-

To apply Fenchel duality Theorem (3.6), define A, f and g as
A:L® — M® by Ay := H,
[ L% = RU{+o00} by f(¥) := X, (¥),
g: M* - RU {400} by ¢g(X) := p(X — H),

respectively.
Notice that L? is a Banach space with the Luxemberg (or gauge) norm

1X o = inf{/\ >0 : E[@(gm < 1},

and that L> C L® C L'(P) since ® is finite, regular on its proper domain and
convex. M®, which is a linear subspace of L®, is always closed and hence it is a
Banach space with the Luxemberg norm. M is the || - ||¢-closure of L* in L%.
Clearly A is linear. Suppose that 1, converges to 1 in || - ||oc. Then from the
inequality
El|H%n =) < [¢n = ¥l B[H],  sup E°[H] < oo,

QEPs

we have H (¢, — 1) converges to 0 P-a.s.. Since ® is continuous, for A > 0

@(’MD —®0)=0 P —a.s.asn— oo.

Hence ||H (¢, — ¥)|le — 0 P-a.s. asn — co. Thus A : L — M? is a bounded
linear operator, and by Theorem (3.5) we have

Vo € L VY™ € (M®)* < Ap,Y* >=< ¢, A*Y* > i.e.
Vo € L VY™ € (M®)* / H¢Y*dP = / PA*Y*dP. (4.19)
Q Q
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If there exists Q; C Q such that P(Q) > 0 and A*Y* < HY on i, then
JoHY*dP > [, A*Y*dP for the function ¢ defined as ¢(w) =1 on Q; and 0
otherwise. This is a contradiction to (4.19). So there is no such ;. Similarly we
can show that there exists no Qs C Q such that P(£22) > 0 and A*Y™* > HY™*
on (. Therefore A*Y* = HY* = AY* VY* € (M®)* = LY ie. A= A*. The
operator A is self-adjoined.

Let us show that 0 € core(dom g - A dom f). Since dom f = M® = dom
gand 0 € M?®, we have M® CU := dom g - A dom f = M® — HM®. For all
XeM®

0+tXeM®cU for all 0 <t < ¢, for some € > 0.

Hence 0 € U. Since Ry is closed and convex set, the indicator function f : L>° —
R U {+0o0} is convex and lower semicontinuous. Since p : M® — R U {400} is
lower semicontinuous convex monetary risk measure, the function g is lower
semicontinuous convex function. By Theorem (3.6), the dual problem d of the
primal problem (4.14) can be written by
d= swp {—f'(4"6) - g (-0)}. (4.20)
dE(MP)*

Notice that (M?®)* = LY and A* : (M?®)* — (L*>°)*. When & is finite-valued,
M? is a norm closed band of L? and its bidual is itself, i.e. M® = (M®)** =
(L)

Let’s derive the conjugate functions f* of f and g* of g. From the convex
duality, we have

fr(A%¢) = sup {< A", X > —f(X)} = sup {< Hp, X > —xr,(X)}
XeLe XeLe
= sup{< H¢,¢ >} = sup E[pHg], ¢e(M®)".
¢€Ro wERU
Also we have for Y* € LY
g (Y") = sup {<Y" X>—g(X)} = sup {<Y", X>-p(X—-H)}
XeM® XeM®
= sup {KY" X' +H>-pX)}=p"Y")+<Y*H>.
X'eM®

If p is a convex risk measure, then from the equation (3.6)
p*(Y*) = sup E[-Y*X]=p#(-Y*) for Y* € DY.
XeA,

Secondly, if p is a coherent risk measure, then its conjugate function dually
represented as

p(X) = sup E?[-X]= sup < X,—pqg>=x"o(Y")
QeQ pQ€eEQ

Since Q is the o(LY, M?®)-closed, convex hull of R C DY if p = pr, we have
pr(Y") =x"o(Y") = X—eo(Y") = x—o(Y™).
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Hence the dual problem (4.20) becomes

d = sup {— sup EpHY*|+ <Y* H > —p*(-Y™)}
Y*eLY YERo
= sup {inf E[(1—-¢)HY*]—p"(—-Y™)}. (4.21)

yecL¥ $ERo
If p is a convex risk measure, then d in (4.21) becomes
d= sup { inf EQ[(1—6)H] - p*(Q)}.
Qepv PER
If p is a coherent risk measure, then d in (4.21) becomes

_ inf B9 —
d—gl;g%lgﬁﬁ [(1—v)H]}

Since H € M® and supge g E9[¢pH] < Z, d is finite and the strong duality
hold p = d. Consider the case of the convex risk measure p. It can be shown
similarly in case of the coherent risk measure. Let 1 be the solution of the primal

problem (4.13) and ¢¢ the solution of the dual problem (4.15).
Since

p = ;;lgq,{EQ[u — ) H] - p#(Q)} = E[po(1 - ¢)H] - p*(¢q)  and
d = inf (Elpo(l—v)H] - p*(Q)} < Elgo(l —D)H] - p*(5q),
we have

[Pa(l — D) H] ~ p#($q) <p=d < E[po(1 —D)H] — p*(5q)-
Hence (4.17) holds. (pg,) is a saddle point of the function Elpq(1 — )H] —
P*(pq)- O

5. The Existence of Minimum of a Primal Problem

Definition 5.1. Let f be a proper function defined on a topological vector space
V and let zg € domf. A vector x* € V* is said to be a subgradient of a convex
function f at a point xg if

f(zo) = fla)+ <z*,xzg—xz >, VeV (5.22)

The set of all subgradients of f at x( is called the subdifferential of f at xy and
is denoted by df(x), which is a closed convex subset of the dual V*.

The condition (5.22) has a simple geometric meaning when f is finite at x,
i.e. it says that the graph of the affine function h(z) = f(z)+ < z*,z —z > is a
non-vertical supporting hyperplane to the convex set epif at the point (z, f(z)).

Theorem 5.1. Let f be a convexr function. Then 0 € df(z*) if and only if f
attains its minimum at x*.
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In the primal problem (4.12), the convex function h : ¢ — p((¢) — 1)H) +
XR, (%) attains its minimum at ¢ if and only if

0€ 0{p((¢ =) H) + xr,(¢)}
if and only if there exist a ( such that

—p € 0{p((¢ —1)H)} and ¢ € d{xr,(¥)} (5.23)
by the Theorem (5.1).

Proposition 5.2. If p: M® — R U {oo} is a coherent risk measure with core
(dom p) # 0 in (5.23), then we have

max ElpquH] = E[¢quH],

g = in Elpq(d — 1)H].
Pq = arg min Blpo(y — 1) H]
Proof. First we calculate dxr, (1)). The ¢ belongs to dxr, (1/3)~ if and only if
Xro(¥) > Xr,(V)+ < @, — ¢ > Vip € M?® if and only if ) € Ry and <
w, Y — 1 >< 0 VY € Ry. Thus we have
Elpv] < Elpv] ¥ € Ry <= max Blpy] = Elpy).

Secondly, define function f as f(¢)) = g(Av) = p(Ay)— H) to calculate d{p((¢) —
1)H)}. ¢ € 0g(Av) if and only if g(Av) = g(AY)+ < ¢, Ap— A >= g(AY)+ <
A*p,ip — 1 > if and only if f(v) > f()+ < A*p,¢p — ¢ > if and only if

A*p € 0f(¥).

Since shifting by a constant does not change the subdifferential of a convex
function, we have 9{p((¢» — 1)H)} = A*0p(Ay — H) = A*9p(Ay). By the
definition of the subdifferential,

—pedpX) = pX) > pX)+ < —p, X —X > VXeM® (524
Putting X = AX for A > 0 and the positive homogeneity of p gives
A=1) < =, X >< (A= 1)p(X).
Since (A — 1) is either positive or negative, we have
p(X) =< —p, X >.
So the inequality (5.24) reduces to
p(X) >< —p, X >= —E[pX] VX € M®.

From the relation (3.8), we can see ¢ € DY is a Radon-Nikodym derivative of
a measure ) € Q, which is denoted by ¢g = dQ/dP. Conversely, if p(X) =<
—@, X >, then by the expression of p (3.7)

p(X) 2 —ElpoX] = p(X)+ < —pg. X — X >.
This implies that —@q € dp(X). Thus we have
Op(X) = {~3q € DY |Q € Q and p(X) = —E[poX]}.
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Therefore, we have the relation

—E[poX] = p(X) = sup E?[-X] = — inf E?[X].
QeQ QeEQ

This becomes

E[poX] = inl E9[X], ie. $q = arg min BlpgX].

Hence the subdifferential of p is
Op(X) = {~2q € D" |¢q € arg min FlpoX]}.
We conclude that
op(( —DH)} = {—p e D" |p = Hpq, ¢q € argg?neiIQIE[m(lﬁ - DH)[}
since A* = H. O
For each @ € Q define p(Q) as

p(Q) := max EY[yH]. (5.25)

In the following Theorem (5.3), it is shown that Fenchel duality d(Q) of p(Q) is
given by

d(Q) := inf {/Q [H@Q—H/P zQ*d)\] dP+ng(7>g)}. (5.26)

AEAL
Theorem 5.3 (21, 22]). Strong duality holds, i.e.

d@Q)=p(Q) VQeQ.
Moreover, for each @ € Q there exists a solution S\Q to (5.26). The optimal
randomized test g of (5.25) has the following structure.

N 1, Hpeg>H <o (Q*
Yo (w) = e fp" e Q(Q*) P —a.s.
0, Hypg < HfP,, ZQ*d)\Q(Q ),
with
EQ[poH| =% Mg — a.s.
Proof. Th proof can be done in the same fashion as in [22] except the proof of
the continuity of the linear operator B : (M?,| - |ls) — (£,7(L,A)). Let S
be a o-algebra generated by all subsets of P,. Let £ be the linear space of all

bounded and measurable real functions on (P,,S). The order is given on the
space L like

llglg, Zl,lg€£<:>127l1€£I:{l€£|l(Q)ZOVQ€’PJ}.

Let A be the space of all o-additive signed measures on (P,,S) with bounded
variation. For [ € £ and @ € A define the bilinear form < [,Q >= fPa 1dQ. If
we consider the space £ with the Mackey topology 7(L£, A), then the topological
dual of (£,7(L,A)) is A and L is a barrelled space.
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Define a linear operator B : (M®,||-|l¢) — (£,7(L,A)) by

(BE)(Q) = —/HWQ for Q € P,.

Then it can be shown that B is continuous. Let v, — ¢ in (M?®, || - [|s), i.e.

[n = Wlle — 0 as n — oo. Since [E?[(¢n — ¥)]| < QU3 I(Wn — ¥)lle; ¥n

converges to ¢ P,-a.s. Hence ||, — 9]l — 0 as n — oo by Theorem.

1B(#n —9)(@)lle = [E?[H ¢y — )] < Sup EC[H]|[n — ¥ o-

Also B, converges in the weaker topology 7(L£, A).
So By, — By in (L, || - [|z), where [|l||z := supgep, [[(Q)]. See [22] for the
rest of the proof. O

From the equation (4.15), we have
max min {E[(1 - ¢)H] - p*(Q)} = max {E?[H] - p(Q) — p* (Q)}

QeDY YERy QeDY
= ax {E°(H] - d(Q) - p*(Q)}
= e {EP {H@Q A H/P goQ*d)\} — EA(P,) — p(Q)#}. (5.27)

There exists Q maximizing the equation (4.15) with respect to @ € DY. From
the Theorem (5.3), there exists a solution A = A to (5.26). Thus there exists a

solution (Q, \) of the equation (5.27).

Theorem 5.4 ([22]). Let (Q, \) be the solution pair of (5.27). Then the solution
of the static optimization problem (2.2) is

1, Heqg>H [5 ¢q-drq(Q7)
P(w) = Po ~  P—as.
) { 0, Hyg < H [, pqg-dAq(Q),

with

EC[WH| =% X—a.s.
(1, po) is the saddle point of Theorem (4.2). (&, ) solves the dynamic convex
}Eedging problem (2.1), where ¢ is the superhedging strategy of the modified claim

JH.
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