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EXISTENCE OF PERIODIC SOLUTION AND PERSISTENCE
FOR A DELAYED PREDATOR-PREY SYSTEM WITH
DIFFUSION AND IMPULSE'

YUANFU SHAO* AND GUOQIANG TANG

ABSTRACT. By using Mawhin continuation theorem and comparison theo-
rem, the existence of periodic solution and persistence for a predator-prey
system with diffusion and impulses are investigated in this paper. An
example and simulation are given to show the effectiveness of the main
results.
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1. Introduction

The dispersion is a ubiquitous phenomenon in natural world. Because of the
ecological effects of human activities and industry, more and more habitats have
been broken into patches and some of them have been polluted, then species
have to diffuse in search for better environment. The importance of dispersal in
understanding ecological and evolutionary dynamics of populations is mirrored
by large number of mathematical models in the scientific literature, see [1-6] and
references cited therein.

For example, Xu and Ma [1] proposed a predator-prey system with diffusion
and time delays as follows:

Ill(t) = Il(t)(’f‘l - anzz:l(t) — algy(t)) + Dglzg(t) — D12x1(t),
Z/Q(t) = 7T’21‘2(t) + Dlgl’l(t) — Dgll’g(t),
Y (t) = az1o1(t — T)y(t — 7) — ry(t) — a2y (1),
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where the parameters are all constants. By using an iteration technique, the
permanence and extinction of the model were studied there.

However in real world, the environment always changes periodically. Consid-
ering the periodically environmental factors, the parameters in the model should
not be assumed to be constant. Hence it is reasonable to study the predator-prey
system with periodic coefficients. On the other hand, ecological systems are of-
ten perturbed by environmental changes and human activities such as planting
and harvesting, etc. These short-time perturbations are often assumed to be
in the form of impulses in the modeling process. Impulsive equations provide
a natural description of such systems. Consequently, it is necessary to consider
ecological system with impulsive effect. Impulsive ecological system attracts
more and more attention[2,3,5,7,12,16]. Hence it is necessary and interesting to
study dispersed predator-prey system with periodicity of the environment and

impulsive perturbations.

Motivated by the above discussion, in this paper, we study the following
nonautonomous predator-prey system with time delays due to the gestation of
the predator, diffusion and impulsive effects,

21 (t) = 21 (1) (r1(t) — a1 (t)z1(t) — a12(t)y(t)) + D21 (t)z2(t) — Dia(t)z1(t),
a5 (t) = x2(t)(r2(t) — a21()22(t)) + D12(t)z1(t) — D21(t)z2(t), t# by,
y'(t) = az1(t)z1 (t — T)y(t — ) + r(O)y(t) — az2(t)y* (1),

Az (ty) = xl(t:) —x1(ty, ) = bz (tr),

Aza(ty) = :rg(t;r) - a:g(t;) = bogx2(ty),

Ay(ty) = y(t) —y(ty ) = bary(tr),

with initial conditions

:CZ(Q) = ¢Z(9) >0, y(e) = ¢(9) >0, 0¢ [77—7 OL 451(0) > Oaw(o) >0,1=1,2, (2)

(1)

where x1(t) and y(¢) represent the population densities of prey species x and
predator species y in patch 1, xo(t) represents the density of prey z in patch
2, predator y is confined to patch 1 while prey x can diffuse between two
patches. Parameters Dio(t) and Do (t) are the dispersal rates of the prey
between two patches, 7 > 0 is a constant delay due to the gestation of the
predator. We note that the dispersal term D;;(t)z;(t) — D;i(t)x;(t) is differ-
ent from the commonly used dispersal term D;;(t)(z;(t) — z;(t)) (see [8,9]).
Further, we assume that z;(t;) = zi(tx),y(ty) = y(te), z:(t)),y(t]) exist,
0<t; <ty<- -, limp ooty = +00. ¢;(0),¢(0) € C([-7,0], Ry). By symbol
C([-T,0], R4), we mean the Banach space of continuous functions mapping the
interval [—7,0] into Ry := {z > 0},i = 1,2.

By using Mawhin continuation theorem and comparison theorem, we aim to
investigate the existence of periodic solutions and persistence of system (1).

Throughout this paper, we assume that:
(01) ™ (t), T2 (t), a1 (t), alg(t), a921 (t), asy (t), as2 (f), D12 (t), D21 (t) are all pOSitiVQ
periodic continuous functions with period w > 0, r(¢) is continuous and w-
periodic.
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(C3) =1 < bix, < 0 and there exists a positive integer ¢ such that to4p =
tr er,bi(k_,_q) = by +w, if tx # 0,w, then [0,w] N {tx} = {t1,¢2, - ,tq},i =
1,2,3,k € N.
For convenience, we introduce the following notation.
(1) PC(R*, R) = {f(O|f : B* — R limqsy f(s) = F(£) i £ £t F(5) = F(te),
f(t) exists,k € Z+}.
(2) PC'(RY,R)={f(t)|f: RT = R, f'(t) € PC(R™,R)}.
(3) PCy = {f € PC(RT,R)|f(t) = f(t +w)},
PCL = {f € PC'(R*, R)|f(t) = f(t +w)}.
(4) For f € PC,, we denote

te0,w

ol ) L = min M — max
F=3 [ ra 1t = min 170 £ = ma 170

This paper is organized as follows. In Section 2, by using Mawhin continuation
theorem, the existence of positive periodic solutions of (1) is studied. In Sec-
tion 3, by constructing suitable functional and employing comparison theorem,
the persistence of (1) is investigated. In Section 4, an example and numerical
simulation are given to show the validity of the main results. Finally, a brief
discussion is given to conclude the paper in Section 5.

2. Existence of periodic solution

In this section, by using Mawhin continuation theorem, we aim to derive
conditions ensuring the existence of periodic solution of system (1). Firstly, we
introduce Mawhin continuation theorem [10].

Let X,Y be real Banach spaces, L : DomLNX — Y be a Fredholm mapping
of index zero. P : X — X,Q : Y — Y be continuous projectors such that
ImP = KerL,Ker@ = ImL so that X = KerL & KerP,Y = ImL® ImQ. Denote
by L, the restriction of L to DomL N KerP and by K, : ImL — DomL N KerP
the inverse to L,. Let J : Im@Q — KerL be an isomorphism of Im@) onto KerL.
Then the continuation theorem can be described as follows.

Lemma 1 ([10]). Let Q C X be an open bounded set and N : X — Y be a
continuous operator which is L-compact on Q (i.e., QN : Q — Y and K,(I —
Q)N : Q =Y are compact). Assume that

(i) for each A € (0,1),z € QN DomL, Lz # ANz,

(ii) for each x € OQ N DomL, QNx # 0,

(11i) deg{ JQN,2N KerL,0} # 0.

Then Lz = Nx has at least one solution in QN KerL.

Theorem 1. In addition to (C1) and (Cs) assume,

(Cs) r(t) > 0;

(04) Tw + Zz:1 ln(l + bSk) > 0,79 — Doyw + Zzzl 111(1 + b2k) > 0;
(05) wry — Do + ZZ=1 IH(]. + blk) > a{\ng;
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(ri1—Di12)M+D3 (ra—Day)M+DM B — adt A4rM
L ) - L

)

where A = max{ . Then system

afy @21 32
(1) has at least one positive w—periodic solution.

Proof. By the fundamental theory of functional differential equations [11], sys-
tem (1) has a unique solution satisfying the initial conditions (2) and all solutions
of (1) remain positive.

Let z1(t) = e ®) xy(t) = e»2®) y(t) = e*3) then (1) can be transformed
into

ui(t) = ri(t) = D1a(t) — ana()e™ @ — a1z ()e"s ™) 4 Dyy(t)e2 =1 (),

uy(t) = r2(t) — Daa(t) — az1 (t)e"2® + Dia(t)e (I -v2(), t# th,
uh(t) = 7(t) + azy (t)etr - Hust=r)—us(t) _ g0 (4)eus ()
Auz(tk) = ln(]' + bzk)77' =1,2,3, k= 1,2,

®3)

It is easy to see that if (3) has one w—periodic solution (uy(t),ua(t),us(t))?,
then (x1(t), z2(t), y(t))T = (em1®) ev2(®) eus()T s a positive w—periodic solu-
tion of (1). Therefore, to complete the proof, we need only prove that (3) has one
w—periodic solution. Let X = {(uy(t),uz(t),us(t))?|u;(t) € PCy,i = 1,2,3}

3
with [[(us(2), uz(t), us ()" | = 3 sup ui ()], Z = X x R* with ||z = [|z[|+]v]
i=1te0,w
for 2 € Z,x € X,v € R3, where | - | denotes the Euclidean norm, then (X, | -||)
and (Z,] - ||) are both Banach spaces. Let

L:DomLNX = Zu— (u,Au(ty), Au(tz), - ,Au(ty)), N: X = Z,

Uy (t) fl (t) ln(l + bll) ln(l + blq)
N w() | = f28) )| Wn(1+b2) |, In(1 + bag)
. u3(t) f3(t) In(1 + b31) T\ In(1 +bsg)
DomE = {u(t) = (u1(£), us(t), us(£)" € X|ui(t) € PC,,i = 1,2,3),
J1(t) = 71(8) = Daz(t) — an ()@ — ara(t)e"s® + Dy (1)o7,
fat) = ra(t) — Dy (t) — ani (£)e">") 4 Dyy(t)e™ (N7ualt),
Je

fg(t) _ T(t) + a31(t w1 (t—7)+us(t—7)—us(t) _ a32(t)eu3(t)'

Obviously7 KerL = {u(t) = c € R3,t € [0,w]},ImL = {2 = (f,a1,a2, - ,a4) €
Z fo s)ds + >.}_, ar, = 0} and dimKerL = codimImL = 3. Therefore ImL
is closed in Z and L is a Fredholm mapping of index zero. Define

1 w
P:X—)X,Puz—/ u(t)dt,
w Jo

Q:7Z—27,Qz=Q(f,a1,a2--- ,a :< (/ f(s d8+2ak> )
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It is easy to show that P and ) are continuous projectors satisfying ImP =
KerL,ImL = Ker@ + Im(I — Q). By an easy computation, the inverse of L, =
Lipomrnkerp is given by K, : InL — KerP N DomlL,

Kylz) = /Otf(S)ds 3 - i/ /Otﬂs)dsdt - ;

tp<t

Therefore,

Lo de+ S (1 by
QNu= |~ 0wa(t)deg:lln(l+ka) ., 0, 0, -, 0],
Iy fs(t)dt + 31 In(1 + byy,)

Jo fi(s)ds + 32, <, In(1 + buy)
Kp(I=Q)Nu= | [ fa(s)ds + 32, (1 + bay)
Jo F3(s)ds + 32, <, In(1 + bay)

‘ fé fi(s)ds + > ¢ In(1 + byy)

- Jo Je(s)ds + 31 In(1 + b%g

e
’ Jo f3(s)ds 4+ >0 In(1 + bay,

50 Sy fi(s)dsdt + Ly (1 + buy)
— | LS5 Jo fo(s)dsdt + 31y (1 + by
( (

% f(;d fOt [3 S)det + Zzzl In(1 + bgk)

Clearly, QN and K,(I — Q)N are continuous. Using Ascoli-Arzela lemma of

[12], it is not difficult to show that QN(Q) and K,(I — Q)N () are relatively
compact for any open bounded set 2 C X. Hence N is L—compact on Q for
any open bounded set  C X.

Now we are in the position to search an appropriate open, bounded subset €2
for application of Lemma 1. Corresponding to equation Lu = ANu, A € (0,1),
we have

uh (t) = AMri(t) — Dia(t) — arg (£)e™® — apq(t)evs®
+ Dgl (t)euQ(t)_ul(t)),

' us(t) wr (8)—usz(f) t # tk,
wh(t) = A (ra(t) = Dar(t) = az ()™ + Dia(t)e ). (4)
uh(t) = A (r(t) + a31(t)eul(t*T)+u:a(t*T)*u3(t) _ agg(t)e“3(t)> ,

Aui(te) = ANn(1+big),i=1,2,3k=1,2,--- .

Since w;(t) is w—periodic for ¢ = 1,2,3, we only need to prove the result in
the interval [0, w]. Suppose that u(t) € X is a solution of (4) for some A € (0, 1),
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integrating (4) over the interval [0, w] leads to

w w
/ au(t)eul(t)dt + / a1 (t)eus(t)dt
0 0

()

q w w
= In(1+by)+ / (r1(t) — Dya(t))dt + / Dy (t)et2M—u® gy,
k=1 0 0

w q w w
/ an (e Dt = 3 In(1 + by) + / (ra(t) — Doy (8))dt + / Dia(t)et (=12 gs. (6)
0 = 0 0

w w w q
/ aza(t)e™s®dt = / r(t)dt + / agy (et Fust=n)mus(M g 4 N In(1 4 bgi). (7)
0 0 0 =1

From (4)- (7), we have

/ \u'l(t)|dt§2/ an(t)eul(t)dtJrQ/ alz(t)e“3<t)dt+2/ D1 (t)dt
0 0 0 0
q
= In(1+bix)
k=1

w w w q
/ \u'g(t)|dt§2/ D21(t)dt+2/ az (t)e">Pdt — > " In(1 + bax)
0 0 0

k=1

w w q
/ |uy (£)]dt < 2/ aga()e"s —> " In(1 + ba).
0 0 k=1

Multiplying the first equation of (4) by e*1®) and integrating it over [0,w], we
have

g w
=D [ b — 1] e 4 / an (t)e? O

k=1 0
<(ry — D)™ / e ®dt + DM e,
0 0
Since —1 < by < 0, then
alLl/O Wt < (ry — D12)M/0 et 4 D%/O 2 g, (9)

Similarly, Multiplying the second equation of system (4) by e*2(®) and integrating
it over [0,w], then

w

ak / 2t < (rg — Dyy)M / 2Ot + DM [ emWar.  (10)
0 0 0

By employing the following inequality

w 2 w
</ e“i(t)dt> < w/ 2wt
0 0
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we derive from (9) and (10) that

w 2 w w
aﬁ(é &NMQ §w@rJZQMA<W@ﬁ+wD%A 2,

w 2 » y (11)
ak, (/ e“Q(t)dt> <w(re — D21)M/ et 4 wDM e,
0 0 0
Moreover,
(i) If [ ev2®dt < [ e1(®dt, then it follows from (11) that
w 2 w w
ak, (/ e“l(t)dt> <w(ry — D12)M/ e“l(t)dt+wD%/ e,
0 0 0
which implies
w w M M
/ ot2(t) gp S/ ot () gy < w(ﬁ - D122 +wD21. (12)
0 0 an
(i) If [i" e ®dt < [7e"2(Mdt, from (11) again, we have
w 2 w w
ak ( / e’”“)dt) <w(ry — Dy / et + wD / (B g,
0 0 0
which implies
M M
/w e gy < /w () gy < w(re — Dzlz +wDif (13)
0 0 a31
Let A = max { (T17D32N1+D%, (TTDZIL)MJFD{\; } , then (12) and (13) implies that
11 21
/ew@ﬁgwAi:Lz (14)
0

Since u(t) € X, there exist &,n; € [0,w] such that u;(§;) = mingepo 0 ui(t),
ui(n;) = maxe(o,w] u;(t), then

On the other hand, multiplying the third equation of system (4) by e“3() and
integrating it over [0, w], we have

w w w
/ aza(t)e? Mt < aé\{/ eui(t=m)+ua(t=") gy +/ r(t)evdt,
0 0 0

By the periodicity of u(t), [; et="dt = [7ew®dt and [ eu=(tdt =
J; e"=®Wdt. From (9), (14) and Holder inequality [13],

w w 1/2 w 1/2
/ et1(eu2(t) gy < (/ ezul(t)dt) </ e2“2(t)dt> )
0 ~ \Jo 0
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we have

1 1
e w 2 w 3 w
a§2/ GQus(i)dt < aé\{ (/ e2u1(t—7)dt) (/ eQus(t—T)dt) +/ T(t)eu3(t)dt
0 0 0 0

1 1
=all (/ e2u1(t)dt) </ eQus(t)dt> +/ r(t)e"s ™ dt
0 0 0
1 1
- D M DM bl w ) 3 w )
<ol (wA(rl 122 + 21) </ 62u3(t)dt) +TM/ 048 () gy
an 0 0

w 3 w 1/2
< aé\/{w%A (/ e2u3(t>dt> ’ +rM (w/ 62"3(t)dt) .
0 0

That is,
w 3 M, 1 M, 1/2
(/ eng(t)dt)zgamoﬂA—i-r w/_
0

L
a32

According to ([, e"*Wdt)? < w [ e***()dt again, we have

w 2 2
</ e“?’(t)dt) W2 <W>
0 - al,

then
w M M
/ g < BATTT g
0 a3
ie.,

U3(£3) < In B.
By (8), (14) and (16), we have

w q
/ |uf (8)|dt < 20} wA + 20{5wB — > In(1 + bix) + 2D1ow = dy,
0 k=1

w q
[ a0l < 208fn — 3 I+ )+ 200 =
0 k=1

w q

[ 0t < 208 — S b = .
0 k=1

Therefore, we derive from (15) and (18) that

u (t — ul(fl) + fitl U/l(s)ds + Z§1<25;¢<t 111(1 + b1k>7t S (517W]§
1 uy (&) + f; uy(s)ds — Ztgtkggf In(1 + byg),t € (0,&];

<wui(&r) + /0‘*’ |uy (t)]dt — Zln(l + big),

k=1

q
<lnA+d, — Zln(l + b1g).
k=1

(18)

(19)
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Similarly,

q q
up(t) SInA+dy— Y In(1+by), us(t) <ImB+ds— Y In(1+bs). (20)
k=1 k=1

On the other hand, it follows from (7) that [~ ass(t)e"s™® dt > [y r(t)dt +
71 In(1+bs), which leads to a3} ["e"sMdt > wi+ Zk L In(1 4 bsg), hence,

rw + Zk:l Il(]. + bgk) )
wa% '

U3(773) > In = Gl. (21)

From (18) and (21), we have

ws(t) > s (3) — /|u3 |dt+Zln1+b3k)>G1—d3+Zln1+b3k) (22)

k=1 k=1
Therefore, by (20) and (22), the following inequality hold.

a a
tggx] |us(t)] < max{| 1nB|+d3—Zln(1+b3k), |G1|+d3—21n(1+b3k)} := Rs.
k=1 k=1

In view of (6), then f ag1 (t)e 2 dt > wry — Dy + >4 In(1 + boy). Thus,
/UJ eug(t)dt > wro — D21 —+ Zk:l ln(l —+ bgk)
; >

ay]
and
U2(772) > 1In wry = Do XA:/[ZZI ln(l - bgk) = Go.
axw
Hence
w q q
us(t) > ua(n2) —/O uh(t)] + D In(1+bog) > Go —dy + »_In(1+ ba). (23)
k=1 k=1

From (20) and (23), then

q q
max |ua(t)| < max{|In A|-+dy—Y " In(1+bg), |Ga|+d2— > In(1+bap)} = R
k=1 k=1

From (5) and (16), we have fow a1 (t)e*Wdt > wry — Dya + >0 In(1 + byy) —
Iy arz(t)es@dt > wry — Dis + >0, In(1 + byy,) — alwB. Therefore

/w REOPTEN wry — Dio+ >3-, In(1+ byg) — awB
0

aif
and . u
- D In(1 + b1x) — B
wi(m) > 22T Zk_;alllw( o) el G (24)
11

Take Ry = max{|InA| +dy — > 1_;In(1+ bix), |Gs| +d1 — > ¢_; In(1 + bix)},
then from (19) and (24), max,c[o,o] [u1(t)| < Ry holds. Obviously, R;(i = 1,2,3)
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is independent of A. Similar Proof to Theorem 2.1 [14], we can find a sufficiently
large constant M > 0, if Q = {u(t) € X : |ju|| < M} for each u € KerL N 09,
we can derive that

QNu # 0 and deg{JQN,QNKerL,0} = —1 #0.

By now, we have proved that €2 satisfies all the requirements in Lemma 1. Hence
(3) has at least one w—periodic solution. Accordingly, system (1) has at least
one w—periodic solution. The proof is complete. O

3. Persistence

In this section, the boundedness and uniform permanence of system (1) are
discussed. Firstly some preliminaries are introduced as follows.

Definition 1. System (1) is uniformly persistent if there exists a compact region
D C IntR% such that every solution z(t) = (x1(t), z2(t),y(t))” of (1) eventually
enters and remains in region D.

Lemma 2 ([6]). Ifa > 0,b > 0, 2/(t) > ()z(t)(b — az(t)) when t > 0 and
x(0) > 0, then we have

_ -1
20> (2 [1+ EQ _pyenr]
Lemma 3 ([15]). Considering the following equation
2/ (t) = ax(t — 1) — bx(t) — cx?(t),
where a,b,c,7 > 0,2(t) > 0 fort € [—7,0], we have
(1) if a > b, then tlggox(t) = a=b;
(i) if a < b, then tlggo x(t) = 0.
In this section, we always assume that
(Cs) r(t) <O.

Under hypotheses (C1) — (C3) and (Cs), we consider the non-impulsive delay
differential equation

21(t) = 21(8) (r1(t) — Av1(t)z1(t) — Ar2(t)z3(t)) + Dar (t)22(t)
IT G +bar) (1 + bix) ™ = Daa(t)za(t),

o<t<t
() = 22(0)(r2(t) — Az ()z2(0) + Dr2(D)z1(8) ] (1 +bu)(1+b2i)™" (25)
o<t <t
— Dgl(t)ZQ(t),

23(t) = Az1 ()21 (t — T)23(t — 7) + () 23(t) — Aza(t)z3(t).
with initial conditions
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where
Aq1(t) = a11(¢) H (14 b1x), Aqa(t) = a12(t) H (1+ bsk),
0<tp<t 0<tp<t
An(t) =an(t) [[ (t4baw),  An(®) =an() [[ (1+0bw),
0<tr<t 0<tr<t
A32(t) = a32(t> H (1 + bgk).
0<tr<t

For system (1) and (25), similar proof to Theorem 1 [16], the following lemma
holds, which plays key role in the proof of the main results.

Lemma 4. Assume that (C1) — (C2) hold. Then

(i) If 2(t) = (21(t), 22(t), 23(t)T is a solution of (25) on [—T,00), then z;(t) =

[oct, <t (L +bin)2i (1) (i = 1,2),y(t) = [Ty, <, (1 + b3r)23(t) is a solution of (1)

on [—7,00).

(zz) If (z1(t), x2(t),y(t)" is a solution of (1) on [=7,00), then zi(t) = [Toq, (14

[ bir) () (i = 1,2), 23(t) = [loey, <o (1 + b3r)"'y(t) ds a solution of (25) on
T,00).

Lemma 5. Let z(t) = (21(t), 22(¢), 23(t))T be any solution of (25), then there
exists a constant T' > 0 such that
0<2(t) < Mi,i=1,2,3. (27)

. DM AM M
where My = M, ::max{’lAL SN ;; 12+s}, My = 20 4> 0
1

is an arbitrary small positive constant, Do1(t) = Day(t) H0<tk<t(1 + bog)(1 +
b1k-)71, Dlg(t) = Dlg(t) H0<tk<t(1 + blk)(l + bgk)71

Proof. Define V (t) = max{z1(¢), 22(t)}. Calculating the upper right derivative
of V along the positive solution of (25), we have the following possibilities.
(i) If z1(t) > 22(t) or z1(t) = 22(t) and 21 (¢) > 24(t), then

DYV (t) = 21(t) = 21 (t) (11 (t) — A1 (t)21(t) — A12(t)23(t))
+ D21 (t)22(t) H (L4 bor) (1 + b1x) ™" — Dia(t)z1(t)
0<ty<t
< z1()(r" — Afyz1(1) + D z2(1)
<z ()" + D — Afyz(1));
It follows from Lemma 2 that, for arbitrary small positive constant ¢, there exists

T1 > 0 such that

r{\/[—f—ﬁM

V(t) < A e t>T.

T Ah
(ii) If z2(t) > 21(t) or z1(t) = 22(t) and 25(t) > 2, (t), similarly we can derive

DYV (t) = (1) < 22(t)(ry" + Diz — Ajyz2(1)).
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By Lemma 2, for arbitrary small positive constant €, there exists 75 > 0 such
that

Set

T3 = max{T1,T>}, then for any ¢ > T3, one has V(t) = max{z(t),22(t)} <
M;,i=1,2.

On the other hand, from the third equation of system (25), for ¢t > T3, 25(t) <
AM M, 23(t— 1) — AL, 22(t). Consider the auxiliary equation z5(t) = AM M z3(t—

L 2 : _ A3M,y
T) — Az5%5(t), by Lemma 3, then thm z3(t) = =3 Therefore,
— 00 32
AMM
23(t) < ZL L pei= M.
32
Take T'= T3 , then the conclusion of Lemma 5 follows immediately. The proof
is complete. O

Theorem 2. Suppose that (C1), (C2) and (Cs) hold. Further,
(Cr) i =AM Mz — DY >0, vE— DM >0, ALmy—rM > 0.

Then system (1) is uniformly persistent, i.e., there exist T* > T and m; > 0
such that m; < z;(t) < M; fort > T*,i = 1,2,3, where M; is defined by (27)
and

_ rf —AYMs— Dy r¥— D3] Afymy — 1M
my = My = min 4 - 12 12 "2 21 g = 31
2AY T2 [ 2AY

Proof. By Lemma 5, we only need to prove that there exist T* > T and m; > 0
such that z;(¢) > m,; for t > T*,i=1,2,3.

Define V(t) = min{z;(¢), 22(¢)}. Calculating the lower right derivative of V'
along the positive solution of system (25), we have the following possibilities.
(i) If 21(t) < za(t) or z1(t) = 22(¢) and 2] (t) < 24(t), then for any ¢ > T, we have

Dy V(t) = 21 (t) = z1(t)(ri(t) — A (t)21(t) — Ara(t)z3(t)) + Doy (t)22(1)
H (1 4+ bor) (1 +b1g) "' — Digzi(t))

O<tp<t
> 21(t)(ry — AM 21 (t) — AfgMs — Dyy).

L M M
By Lemma 2, there exists 71 > T > 0 such that z(¢) > % — ¢ for
11
any t > Tp. It implies that there exists a positive integer IV such that

—N€, t>1T.
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Noting that ¢ is an arbitrary small positive number, we can choose e small
enough such that
vk — At - DY

NE S )
2AM

then
rb— AM M — DM
2AM

(ii) If z1(¢) > 22(t) or z1(t) = 2z2(¢) and 2} (¢) > 25(¢), similarly we can derive

21 (t) > ,t> T

DV (t) = 25(t) > 22(t)(rs — D3] — AY z(t)).

L_ M
From Lemma 2 again, there exists T > 0, for any ¢ > T, 25(t) > 72A521 — €.
21
Similarly we have
vk - DYf
29(t) > —=——=-== for any t > T».
2( ) = QAS{ y 2

L M M L M
™ _A12]\1/{43_D12 T2 _1\221
2AM ’ 245

Let T3 = max{Ty,T>},m; = my := min{
have

}, then we

V(t) = min{zl(t),z'g(t)} >my, t> Tg,i = ]., 2.
Further, combining the third equation of system (25), for ¢t > T3 + 7, we have
25(t) > Abimyza(t — 1) — 1M 2s(t) — AM22(1).

By Lemma 3, we can derive from the auxiliary equation 25(t) = Akmqz3(t —
) —rMza(t) — AM22(t) that

L M
lim sup z5() = 23T~
t—o00 32
By comparison theorem again,
Abmy —rM Abmy —rM

—¢ and z3(t) > 241

Aé’lmler
2AM
This completes the proof. O

Let ms = and T* = T3 4 7, then Theorem 2 follows immediately.

4. Example and simulations

In this section, an example and simulation are given to show the validity of
the main results.
Example. Consider the following Lotka-Volterra model with prey dispersal and
impulses.
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2y (t) = 21(t)(9 + cost — 5wy (t) — 2y(t)) + (2 — sint)xa(t)
— (34 cost)xy(t),
25 (t) = 22(t)(5 — sint — 8xa(t)) + (3 + cost)z1(t) t # tr,

— (2 —sint)xa(t),
y'(t) = (24 sint)x; (t — 0.15)y(t — 0.15) + y(t) — 10y3(t),
Az (ty) = —1/2x1 (),
Axy(ty) = —1/3z2(tr),
Ay(te) = —1/4y(tx),

Let tg42 = tr + 2w and [0,27] N {tx} = {t1,%2}. It is easy to show that
(C1) — (C5) hold. Theorem 1 implies system (28) has at least one 2r—periodic
solution. By Matlab, numerical simulation indicates the existence and stability
of the periodic solution(see Fig 1).

5. Conclusion

In this paper, considering the combined effects from real world, a class of
nonautonomous predator-prey system with diffusion, time delays and impulsive
effects is studied. By using Mawhin continuation theorem, conditions ensuring
the existence of positive periodic solution for system (1) are established. Then
by employing inequality analysis techniques and comparison theorem, the per-
sistence of (1) is investigated. Theorem 1 implies that the intrinsic growth rates
of the prey and predator are high, the dispersal rates, the capturing rate of the
predator and the impulses are low, then system (1) has at least one positive
periodic solution. Theorem 2 shows that the intrinsic growth rates of prey in
two patches are high and the death rate of predator is low, then system (1) is
persistent. It is reasonable and useful for the coexistence of predator and prey
so as to keep ecological balance. Finally, an example and its numerical simula-
tion by Matlab are given. Simulation further indicates that the main results are
valid.
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