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A NEW METHOD FOR SOLVING FUZZY SHORTEST PATH

PROBLEMS

AMIT KUMAR AND MANJOT KAUR∗

Abstract. To the best of our knowledge, there is no method, in the litera-

ture, to find the fuzzy optimal solution of fully fuzzy shortest path (FFSP)
problems i.e., shortest path (SP) problems in which all the parameters
are represented by fuzzy numbers. In this paper, a new method is pro-
posed to find the fuzzy optimal solution of FFSP problems. Kumar and

Kaur [Methods for solving unbalanced fuzzy transportation problems, Op-
erational Research-An International Journal, 2010 (DOI 10.1007/s 12351-
010-0101-3)] proposed a new method with new representation, named as
JMD representation, of trapezoidal fuzzy numbers for solving fully fuzzy

transportation problems and shown that it is better to solve fully fuzzy
transportation problems by using proposed method with JMD representa-
tion as compare to proposed method with the existing representation. On

the same direction in this paper a new method is proposed to find the solu-
tion of FFSP problems and it is shown that it is also better to solve FFSP
problems with JMD representation as compare to existing representation.
To show the advantages of proposed method with this representation over

proposed method with other existing representations. A FFSP problem
solved by using proposed method with JMD representation as well as pro-
posed method with other existing representations and the obtained results
are compared.
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1. Introduction

The SP problem concentrates on finding the path with minimum distance.
To find the SP from a source node to the other nodes is a fundamental matter
in graph theory. In conventional SP problems, it is assumed that decision maker
is certain about the parameters (distance, time etc.) between different nodes.
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But in real life situations, there always exist uncertainty about the parameters
between different nodes. In such cases, the parameters are represented by fuzzy
numbers [28].

Klein [10] presented new models based on fuzzy shortest paths (FSP) and
also given a general algorithm based on dynamic programming to solve the new
models. Lin and Chern [14] considered the case that the arc lengths are fuzzy
numbers and proposed an algorithm for finding the single most vital arc in a
network. Okada and Gen [22] discussed the problem of finding the SP from a
fixed origin to a specified node in a network with arcs represented as intervals on
real line. Li et al. [13] introduced the neural networks for solving FSP problems.
Gent et al. [5] investigated the possibility of using genetic algorithms to solve
SP problems. Shih and Lee [25] investigated multiple objective and multiple
hierarchies minimum cost flow problems with fuzzy costs and fuzzy capacities
in the arcs. Okada and Soper [23] concentrated on a SP problem on a network
in which a fuzzy number, instead of a real number, is assigned to each arc
length. Okada [21] concentrated on a SP problem on a network in which a fuzzy
number, instead of a real number, is assigned to each arc length and introduced
the concept of ”degree of possibility” in which an arc is on the SP. Liu and
Kao [16] investigated the network flow problems in that the arc lengths of the
network are fuzzy numbers. Seda [24] dealed with the steiner tree problem on
a graph in which a fuzzy number, instead of a real number, is assigned to each
edge.

Takahashi [26] discussed the SP problem with fuzzy parameters. He proposed
a modification Okada’s algorithm [21], using some properties observed by other
authors. He also proposed a genetic algorithm to seek an approximated solution
for large scale problems. Chuang and Kung [2] represented each arc length
as a triangular fuzzy set and a new algorithm is proposed to deal with the
FSP problems. Nayeem and Pal [20] considered a network with its arc lengths
as imprecise number, instead of a real number, namely, interval number and
triangular fuzzy number. Ma and Chen [17] proposed an algorithm for the
on-line FSP problems, based on the traditional SP problem in the domain of
the operations research and the theory of the on-line algorithms. Kung and
Chuang [12] proposed a new algorithm composed of FSP length procedure and
similarity measure to deal with the FSP problem. Gupta and Pal [6] presented
an algorithm for the SP problem when the connected arcs in a transportation
network are represented as interval numbers.

Moazeni [19] discussed the SP problem from a specified node to every other
node on a network in which a positive fuzzy quantity with finite support is as-
signed to each arc as its arc length. Chuang and Kung [3] pointed out that there
are several methods reported to solve this kind of problem in the open literature.
In these methods, they can obtain either the fuzzy shortest length or the SP.
In their paper, a new algorithm was proposed that can obtain both of them.
The discrete fuzzy shortest length method is proposed to find the fuzzy shortest
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length, and the fuzzy similarity measure is utilized to get the SP. Ji et al. [8] con-
sidered the SP problem with fuzzy arc lengths. According to different decision
criteria, the concepts of expected SP, a-SP and the SP in fuzzy environment are
originally proposed, and three types of models are formulated. In order to solve
these models, a hybrid intelligent algorithm integrating simulation and genetic
algorithm is provided and some numerous examples are given to illustrate its
effectiveness.

Hernandes et al. [7] proposed an iterative algorithm that assumes a generic
ranking index for comparing the fuzzy numbers involved in the problem, in such a
way that each time in which the decision-maker wants to solve a concrete problem
(s)he can choose (or propose) the ranking index that best suits that problem.
Yu and Wei [27] proposed a simple linear multiple objective programming to
deal with the FSP problem. The proposed algorithm does not need to declare
0-1 variables to solve the FSP problem because it meets the requirements of
the network linear programming constraints. Mahdavi et al. [18] proposed a
dynamic programming approach to solve the fuzzy shortest chain problem using
a suitable ranking method.

In this paper, a new method is proposed to find the solution of FFSP problems
and it is shown that it is better to solve FFSP problems with JMD representa-
tion as compare to existing representation. To show the advantages of proposed
method with this representation over proposed method with other existing rep-
resentations. A FFSP problem solved by using proposed method with JMD
representation as well as proposed method with other existing representations.

This paper is organized as follows: In Section 2, some basic definitions, exist-
ing representations of trapezoidal fuzzy numbers, arithmetic operations and an
existing method for comparing fuzzy numbers are presented. In Section 3, linear
programming formulation of crisp shortest path (CSP) problems are reviewed
and also the linear programming formulation of FFSP problems are proposed. In
Section 4, a new method is proposed to find the fuzzy optimal solution of FFSP
problems. In Section 5, a new representation of trapezoidal fuzzy number is
proposed. Advantages of new representation of trapezoidal fuzzy numbers over
existing representations of trapezoidal fuzzy numbers are discussed in Section
6. To illustrate the proposed method, numerical example is solved in Section 7.
Conclusions are discussed in Section 8.

2. Preliminaries

In this section some basic definitions, existing representations of trapezoidal
fuzzy numbers, arithmetic operations between trapezoidal fuzzy numbers and
method for comparing fuzzy numbers are presented.

2.1. Basic definitions. In this subsection, some basic definitions are pre-
sented.

Definition 1 ([9]). The characteristic function µA of a crisp set A ⊆ X assigns
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a value either 0 or 1 to each member in X. This function can be generalized to
a function µÃ such that the value assigned to the element of the universal set
X fall within a specified range i.e. µÃ : X → [0, 1]. The assigned value indicate
the membership grade of the element in the set A. The function µÃ is called the

membership function and the set Ã = {(x, µÃ(x));x ∈ X} defined by µÃ(x) for
each x ∈ X is called a fuzzy set.

Definition 2 ([9]). A fuzzy set Ã, defined on the universal set of real numbers
R, is said to be a fuzzy number if its membership function has the following
characteristics:
(i) Ã is convex i.e., µÃ(λx1+(1−λ)x2) ≥ minimum (µÃ(x1), µÃ(x2)) ∀ x1, x2 ∈
R, ∀ λ ∈ [0, 1].

(ii) Ã is normal i.e., ∃ x0 ∈ R such that µÃ(x0) = 1.
(iii) µÃ(x) is piecewise continuous.

Definition 3 ([4]). A fuzzy number Ã is called non-negative fuzzy number iff
µÃ(x) = 0, ∀ x < 0.

2.2. Existing representations of trapezoidal fuzzy numbers. In the lit-
erature, trapezoidal fuzzy number are represented as follows:

2.2.1. (a, b, c, d) representation of trapezoidal fuzzy numbers.

Definition 4 ([9]). A fuzzy number Ã = (a, b, c, d) is said to be a trapezoidal
fuzzy number if its membership function is given by

µÃ(x) =


(x−a)
(b−a) , a ≤ x ≤ b

1 , b ≤ x ≤ c
(x−d)
(c−d) , c ≤ x ≤ d

where, a, b, c, d ∈ R

Definition 5 ([9]). A trapezoidal fuzzy number Ã = (a, b, c, d) is said to be zero
trapezoidal fuzzy number iff a = 0, b = 0, c = 0, d = 0.

Definition 6 ([9]). A trapezoidal fuzzy number Ã = (a, b, c, d) is said to be
non-negative trapezoidal fuzzy number iff a ≥ 0.

Definition 7 ([9]). Two trapezoidal fuzzy numbers Ã1 = (a1, b1, c1, d1) and

Ã2 = (a2, b2, c2, d2) are said to be equal i.e., Ã1 = Ã2 iff a1 = a2, b1 = b2, c1 =
c2, d1 = d2.

2.2.2. (m,n, α, β) representation of trapezoidal fuzzy numbers.

Definition 8 ([9]). A fuzzy number Ã = (m,n, α, β) is said to be a trapezoidal
fuzzy number if its membership function is given by
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µÃ(x) =


1− m−x

α , m− α ≤ x ≤ m
1 , m ≤ x ≤ n
1− x−n

β , n ≤ x ≤ n+ β

where, n−m ≥ 0, α ≥ 0, β ≥ 0

Definition 9 ([4]). A trapezoidal fuzzy number Ã = (m,n, α, β) is said to be
zero trapezoidal fuzzy number iff m = 0, n = 0, α = 0, β = 0.

Definition 10 ([4]). A trapezoidal fuzzy number Ã = (m,n, α, β) is said to be
non-negative trapezoidal fuzzy number iff m− α ≥ 0.

Definition 11 ([4]). Two trapezoidal fuzzy numbers Ã1 = (m1, n1, α1, β1) and

Ã2 = (m2, n2, α2, β2) are said to be equal i.e., Ã1 = Ã2 iff m1 = m2, n1 =
n2, α1 = α2, β1 = β2.

2.3. Arithmetic operations. In this subsection addition and multiplication
operations between two trapezoidal fuzzy numbers are reviewed.

2.3.1. Arithmetic operations between (a, b, c, d) type trapezoidal fuzzy

numbers ([9]). Let Ã1 = (a1, b1, c1, d1) and Ã2 = (a2, b2, c2, d2) be two trape-
zoidal fuzzy numbers then

(i) Ã1 ⊕ Ã2 = (a1 + a2, b1 + b2, c1 + c2, d1 + d2)

(ii) Ã1 ⊗ Ã2 ≃ (a, b, c, d), where a = minimum (a1a2, a1d2, a2d1, d1d2),
b = minimum (b1b2, b1c2, c1b2, c1c2), c = maximum (b1b2, b1c2, c1b2, c1c2),
d = maximum (a1a2, a1d2, a2d1, d1d2)

2.3.2. Arithmetic operations between (m,n, α, β) type trapezoidal fuzzy

numbers ([4]). Let Ã1 = (m1, n1, α1, β1) and Ã2 = (m2, n2, α2, β2) be two
trapezoidal fuzzy numbers then

(i) Ã1 ⊕ Ã2 = (m1 +m2, n1 + n2, α1 + α2, β1 + β2)

(ii) Ã1 ⊗ Ã2 = (m′, n′, α′, β′),
where m′ = minimum (m1m2,m1n2, n1m2, n1n2),
n′ = maximum (m1m2,m1n2, n1m2, n1n2),
α′ = m′− minimum ((m1 − α1)(m2 − α2), (m1 − α1)(n2 + β2), (n1 + β1)
(m2 − α2), (n1 + β1)(n2 + β2)),
β′ = maximum ((m1 − α1)(m2 − α2), (m1 − α1)(n2 + β2), (n1 + β1)
(m2 − α2), (n1 + β1)(n2 + β2))− n′

2.4. Comparison of fuzzy numbers. An efficient approach for comparing
the fuzzy numbers is by the use of a ranking function [15] ℜ : F (R) → R, where
F (R) is a set of fuzzy numbers defined on set of real numbers, which maps each
fuzzy number into the real line, where a natural order exists.
Let (a, b, c, d) be a trapezoidal fuzzy number then ℜ(a, b, c, d) = a+b+c+d

4 .

Let (m,n, α, β) be a trapezoidal fuzzy number then ℜ(m,n, α, β) = m+n
2 + β−α

4 .
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3. Linear programming (LP) formulation of CSP and FFSP
problems

The SP problem concentrates on finding the path with minimum distance.
To find the SP from a source node to the other nodes is a fundamental matter in
graph theory. In this section the LP formulation of CSP problems is presented
and also the LP formulation of FFSP problems is proposed.

3.1. LP formulation of CSP problems ([1]). Let us consider a directed and
connected network G = (N,A) consisting of a finite set N = {1, 2, ..., n} of n
nodes and A is the set of arcs (i, j). cij is the cost per unit flow through arc (i,
j) and xij is the decision variable denoting the flow through arc (i, j). The LP
formulation of CSP problems is as follows:

Minimize
∑

(i,j)∈A

cijxij

subject to∑
j:(1,j)∈A

xij =
∑

k:(k,1)∈A

xki + 1

∑
j:(i,j)∈A

xij =
∑

k:(k,i)∈A

xki, i ̸= 1, n

∑
j:(n,j)∈A

xij + 1 =
∑

k:(k,n)∈A

xki

xij is a non-negative real number ∀(i, j) ∈ A

3.2. Proposed LP formulation of FFSP problems. In conventional SP
problems, it is assumed that decision maker is certain about the parameters
(distance, time etc.) between different nodes. But in real life situations, there
always exist uncertainty about the parameters between different nodes. In such
cases, the parameters are represented by fuzzy numbers. When the values asso-
ciated with the arcs are fuzzy numbers, then we have a FSP problem. Suppose
the parameters cij and xij , (i, j) ∈ A are imprecise and are represented by fuzzy
numbers c̃ij and x̃ij , (i, j) ∈ A respectively. Then the FFSP problems may be
formulated into the following fuzzy linear programming (FLP) problem:

Minimize
∑

(i,j)∈A

c̃ij ⊗ x̃ij

subject to∑
j:(1,j)∈A

x̃ij =
∑

k:(k,1)∈A

x̃ki ⊕ 1

∑
j:(i,j)∈A

x̃ij =
∑

k:(k,i)∈A

x̃ki, i ̸= 1, n
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j:(n,j)∈A

x̃ij ⊕ 1 =
∑

k:(k,n)∈A

x̃ki

x̃ij is a non-negative fuzzy number ∀(i, j) ∈ A

Remark 1. In this paper, at all places
∑n

i x̃i and
∑n

i xi represents the fuzzy
and crisp addition respectively. i.e.,

∑n
i x̃i = x̃1 ⊕ x̃2 ⊕ . . . ⊕ x̃n and

∑n
i xi =

x1+x2+. . .+xn, where x̃i and xi are fuzzy number and real number respectively.

4. Proposed method

In this section, a new method is proposed to find the fuzzy optimal solution
of FFSP problems. The steps of the proposed method are as follows:

Step 1 Represent all the parameters of FFSP problem by a particular type of
trapezoidal fuzzy number and formulate the given problem, as proposed in Sec-
tion 3.2.

Step 2 Convert the fuzzy objective function into the crisp objective function
form by using appropriate ranking formula.

Step 3 Convert all the fuzzy constraints and restrictions into the crisp con-
straints and restrictions by using the arithmetic operations.

Step 4 Find the optimal solution of obtained crisp linear programming (CLP)
problem by using software (TORA, LINGO, LINDO etc.).

Step 5 Find the fuzzy optimal solution using the crisp optimal solution, ob-
tained in Step 4.

Step 6 Find the FSP and the corresponding fuzzy shortest distance using the
fuzzy optimal solution, obtained from Step 5.

4.1. Proposed method with (a, b, c, d) representation of trapezoidal
fuzzy numbers. If all the parameters of FFSP problems are represented by
(a, b, c, d) type trapezoidal fuzzy numbers then the steps of the proposed method
are as follows:

Step 1 Suppose all the parameters c̃ij and x̃ij are represented by (a, b, c, d)
type trapezoidal fuzzy numbers (cij , c

′
ij , c

′′
ij , c

′′′
ij ) and (xij , yij , zij , wij) respec-

tively, then the LP formulation of FFSP problems, presented in Section 3.2, can
be written as:

Minimize
∑

(i,j)∈A

(cij , c
′
ij , c

′′
ij , c

′′′
ij )⊗ (xij , yij , zij , wij)

subject to∑
j:(1,j)∈A

(xij , yij , zij , wij) =
∑

k:(k,1)∈A

(xki, yki, zki, wki)⊕ (1, 1, 1, 1)
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j:(i,j)∈A

(xij , yij , zij , wij) =
∑

k:(k,i)∈A

(xki, yki, zki, wki), i ̸= 1, n

∑
j:(n,j)∈A

(xij , yij , zij , wij)⊕ (1, 1, 1, 1) =
∑

k:(k,n)∈A

(xki, yki, zki, wki)

(xij , yij , zij , wij) is a non-negative trapezoidal fuzzy number ∀(i, j) ∈ A

Step 2 Using ranking formula, presented in Section 2.4, the LP formulation of
FFSP problems can be written as:

Minimize ℜ[
∑

(i,j)∈A

(cij , c
′
ij , c

′′
ij , c

′′′
ij )⊗ (xij , yij , zij , wij)]

subject to∑
j:(1,j)∈A

(xij , yij , zij , wij) =
∑

k:(k,1)∈A

(xki, yki, zki, wki)⊕ (1, 1, 1, 1)

∑
j:(i,j)∈A

(xij , yij , zij , wij) =
∑

k:(k,i)∈A

(xki, yki, zki, wki), i ̸= 1, n

∑
j:(n,j)∈A

(xij , yij , zij , wij)⊕ (1, 1, 1, 1) =
∑

k:(k,n)∈A

(xki, yki, zki, wki)

(xij , yij , zij , wij) is a non-negative trapezoidal fuzzy number ∀(i, j) ∈ A

Step 3 Using the arithmetic operations, described in Section 2.3.1 and Defini-
tions 6, 7, FLP problem, obtained in Step 2, is converted into the following CLP
problem:

Minimize ℜ[
∑

(i,j)∈A

(cij , c
′
ij , c

′′
ij , c

′′′
ij )⊗ (xij , yij , zij , wij)]

subject to∑
j:(1,j)∈A

xij =
∑

k:(k,1)∈A

xki + 1,
∑

j:(1,j)∈A

yij =
∑

k:(k,1)∈A

yki + 1

∑
j:(1,j)∈A

zij =
∑

k:(k,1)∈A

zki + 1,
∑

j:(1,j)∈A

wij =
∑

k:(k,1)∈A

wki + 1

∑
j:(i,j)∈A

xij =
∑

k:(k,i)∈A

xki,
∑

j:(i,j)∈A

yij =
∑

k:(k,i)∈A

yki, i ̸= 1, n

∑
j:(i,j)∈A

zij =
∑

k:(k,i)∈A

zki,
∑

j:(i,j)∈A

wij =
∑

k:(k,i)∈A

wki, i ̸= 1, n

∑
j:(n,j)∈A

xij + 1 =
∑

k:(k,n)∈A

xki,
∑

j:(n,j)∈A

yij + 1 =
∑

k:(k,n)∈A

yki
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j:(n,j)∈A

zij + 1 =
∑

k:(k,n)∈A

zki,
∑

j:(n,j)∈A

wij + 1 =
∑

k:(k,n)∈A

wki

yij − xij ≥ 0, zij − yij ≥ 0, wij − zij ≥ 0

xij , yij , zij , wij ≥ 0 ∀(i, j) ∈ A

Step 4 Find the optimal solution xij , yij , zij , wij by solving the CLP problem,
obtained in Step 3.

Step 5 Find the fuzzy optimal solution x̃ij by putting the values of xij , yij , zij
and wij in x̃ij = (xij , yij , zij , wij).

Step 6 Find the fuzzy shortest distance by putting the values of x̃ij in
∑

(i,j)∈Ac̃ij⊗
x̃ij .

Step 7 Find the FSP by combining all the (i, j) arcs such that x̃ij = (1, 1, 1, 1)

4.2. Proposed method with (m,n, α, β) representation of trapezoidal
fuzzy numbers. If all the parameters of FFSP problems are represented
by (m,n, α, β) type trapezoidal fuzzy numbers then the steps of the proposed
method are as follows:

Step 1 Suppose all the parameters c̃ij and x̃ij are represented by (m,n, α, β)
type trapezoidal fuzzy numbers (c′ij , c

′′
ij , γij , δij) and (yij , zij , αij , βij) respec-

tively, then the LP formulation of FFSP problems, proposed in Section 3.2, can
be written as:

Minimize
∑

(i,j)∈A

(c′ij , c
′′
ij , γij , δij)⊗ (yij , zij , αij , βij)

subject to∑
j:(1,j)∈A

(yij , zij , αij , βij) =
∑

k:(k,1)∈A

(yki, zki, αki, βki)⊕ (1, 1, 0, 0)

∑
j:(i,j)∈A

(yij , zij , αij , βij) =
∑

k:(k,i)∈A

(yki, zki, αki, βki), i ̸= 1, n

∑
j:(n,j)∈A

(yij , zij , αij , βij)⊕ (1, 1, 0, 0) =
∑

k:(k,n)∈A

(yki, zki, αki, βki)

(yij , zij , αij , βij) is a non-negative trapezoidal fuzzy number ∀(i, j) ∈ A

Step 2 Using ranking formula, presented in Section 2.4, the LP formulation of
FFSP problems can be written as:

Minimize ℜ[
∑

(i,j)∈A

(c′ij , c
′′
ij , γij , δij)⊗ (yij , zij , αij , βij)]

subject to
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j:(1,j)∈A

(yij , zij , αij , βij) =
∑

k:(k,1)∈A

(yki, zki, αki, βki)⊕ (1, 1, 0, 0)

∑
j:(i,j)∈A

(yij , zij , αij , βij) =
∑

k:(k,i)∈A

(yki, zki, αki, βki), i ̸= 1, n

∑
j:(n,j)∈A

(yij , zij , αij , βij)⊕ (1, 1, 0, 0) =
∑

k:(k,n)∈A

(yki, zki, αki, βki)

(yij , zij , αij , βij) is a non-negative trapezoidal fuzzy number ∀(i, j) ∈ A

Step 3 Using the arithmetic operations, described in Section 2.3.2 and Defini-
tions 10, 11, FLP problem, obtained in Step 2, is converted into the following
CLP problem:

Minimize ℜ[
∑

(i,j)∈A

(c′ij , c
′′
ij , γij , δij)⊗ (yij , zij , αij , βij)]

subject to∑
j:(1,j)∈A

yij =
∑

k:(k,1)∈A

yki + 1,
∑

j:(1,j)∈A

zij =
∑

k:(k,1)∈A

zki + 1

∑
j:(1,j)∈A

αij =
∑

k:(k,1)∈A

αki + 1,
∑

j:(1,j)∈A

βij =
∑

k:(k,1)∈A

βki + 1

∑
j:(i,j)∈A

yij =
∑

k:(k,i)∈A

yki,
∑

j:(i,j)∈A

zij =
∑

k:(k,i)∈A

zki, i ̸= 1, n

∑
j:(i,j)∈A

αij =
∑

k:(k,i)∈A

αki,
∑

j:(i,j)∈A

βij =
∑

k:(k,i)∈A

βki, i ̸= 1, n

∑
j:(n,j)∈A

yij + 1 =
∑

k:(k,n)∈A

yki,
∑

j:(n,j)∈A

zij + 1 =
∑

k:(k,n)∈A

zki

∑
j:(n,j)∈A

αij + 1 =
∑

k:(k,n)∈A

αki,
∑

j:(n,j)∈A

βij + 1 =
∑

k:(k,n)∈A

βki

yij − αij ≥ 0, zij − yij ≥ 0

yij , zij , αij , βij ≥ 0 ∀(i, j) ∈ A

Step 4 Find the optimal solution yij , zij , αij , βij by solving the CLP problem,
obtained in Step 3.

Step 5 Find the fuzzy optimal solution x̃ij by putting the values of yij , zij , αij

and βij in x̃ij = (yij , zij , αij , βij)

Step 6 Find the fuzzy shortest distance by putting the values of x̃ij in
∑

(i,j)∈Ac̃ij⊗
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x̃ij .

Step 7 Find the FSP by combining all the (i, j) arcs such that x̃ij = (1, 1, 0, 0)

5. JMD representation of trapezoidal fuzzy numbers

Kumar and Kaur [11] proposed a new representation, named as JMD repre-
sentation, of trapezoidal fuzzy numbers and shown that it is better to solve fuzzy
transportation problems by representing the parameters as JMD representation
of trapezoidal fuzzy numbers instead of existing representation of trapezoidal
fuzzy numbers. On the same direction in this section, it is shown that if all the
parameters are represented by JMD representation instead of existing repre-
sentation of trapezoidal fuzzy numbers and proposed method is applied to find
the fuzzy optimal solution of FFSP problems then the fuzzy optimal solution
is same but the total number of constraints, in converted CLP problem, is less
than the number of constraints, obtained by using the existing representation of
trapezoidal fuzzy numbers.

Definition 12. Let (a, b, c, d) be a trapezoidal fuzzy number then its JMD
representation is (x, α′, β′, γ′)JMD, where x = a, α′ = b− a ≥ 0, β′ = c− b ≥ 0
and γ′ = d− c ≥ 0

Definition 13. A trapezoidal fuzzy number Ã = (x, α′, β′, γ′)JMD is said to be
zero trapezoidal fuzzy number iff x = 0, α′ = 0, β′ = 0, γ′ = 0

Definition 14. A trapezoidal fuzzy number Ã = (x, α′, β′, γ′)JMD is said to be
non-negative trapezoidal fuzzy number iff x ≥ 0

Definition 15. Two trapezoidal fuzzy numbers Ã = (x1, α
′
1, β

′
1, γ

′
1)JMD and

B̃ = (x2, α
′
2, β

′
2, γ

′
2)JMD are said to be equal i.e., Ã = B̃ iff x1 = x2, α

′
1 = α′

2,
β′
1 = β′

2, γ
′
1 = γ′

2

5.1. Ranking function for JMD trapezoidal fuzzy numbers. The rank-
ing formula, presented in Section 2.4, is converted into the following ranking
formula:
Let (x, α′, β′, γ′)JMD be a trapezoidal fuzzy number then

ℜ(x, α′, β′, γ′) = x+ 3(α′)+2(β′)+γ′

4

5.2. Proposed method with (x, α′, β′, γ′)JMD representation of trape-
zoidal fuzzy numbers. If all the parameters of FFSP problems are represented
by (x, α′, β′, γ′)JMD type trapezoidal fuzzy numbers, then the steps of the pro-
posed method are as follows:

Step 1 Suppose all the parameters c̃ij and x̃ij are represented by trapezoidal
fuzzy numbers (cij , δij , ζij , ηij)JMD and (xij , α

′
ij , β

′
ij , γ

′
ij)JMD respectively, then

the LP formulation of FFSP problems, proposed in Section 3.2, can be written
as:
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Minimize
∑

(i,j)∈A

(cij , δij , ζij , ηij)JMD ⊗ (xij , α
′
ij , β

′
ij , γ

′
ij)JMD

subject to∑
j:(1,j)∈A

(xij , α
′
ij , β

′
ij , γ

′
ij)JMD =

∑
k:(k,1)∈A

(xki, α
′
ki, β

′
ki, γ

′
ki)JMD ⊕ (1, 0, 0, 0)

∑
j:(i,j)∈A

(xij , α
′
ij , β

′
ij , γ

′
ij)JMD =

∑
k:(k,i)∈A

(xki, α
′
ki, β

′
ki, γ

′
ki)JMD, i ̸= 1, n

∑
j:(n,j)∈A

(xij , α
′
ij , β

′
ij , γ

′
ij)JMD ⊕ (1, 0, 0, 0) =

∑
k:(k,n)∈A

(xki, α
′
ki, β

′
ki, γ

′
ki)JMD

(xij , α
′
ij , β

′
ij , γ

′
ij)JMD is a non-negative trapezoidal fuzzy number ∀ (i, j) ∈ A

Step 2 Using ranking formula, presented in Section 5.2, the LP formulation of
FFCP problems can be written as:

Minimize ℜ[
∑

(i,j)∈A

(cij , δij , ζij , ηij)JMD ⊗ (xij , α
′
ij , β

′
ij , γ

′
ij)JMD]

subject to∑
j:(1,j)∈A

(xij , α
′
ij , β

′
ij , γ

′
ij)JMD =

∑
k:(k,1)∈A

(xki, α
′
ki, β

′
ki, γ

′
ki)JMD ⊕ (1, 0, 0, 0)

∑
j:(i,j)∈A

(xij , α
′
ij , β

′
ij , γ

′
ij)JMD =

∑
k:(k,i)∈A

(xki, α
′
ki, β

′
ki, γ

′
ki)JMD, i ̸= 1, n

∑
j:(n,j)∈A

(xij , α
′
ij , β

′
ij , γ

′
ij)JMD ⊕ (1, 0, 0, 0) =

∑
k:(k,n)∈A

(xki, α
′
ki, β

′
ki, γ

′
ki)JMD

(xij , α
′
ij , β

′
ij , γ

′
ij)JMD is a non-negative trapezoidal fuzzy number ∀ (i, j) ∈ A

Step 3 Using the arithmetic operations, described in Section 5.1, and Defini-
tions 10, 11, the FLP problem, obtained in Step 2, is converted into the following
CLP problem:

Minimize ℜ[
∑

(i,j)∈A

(cij , δij , ζij , ηij)JMD ⊗ (xij , α
′
ij , β

′
ij , γ

′
ij)JMD]

subject to∑
j:(1,j)∈A

xij =
∑

k:(k,1)∈A

xki + 1,
∑

j:(1,j)∈A

α′
ij =

∑
k:(k,1)∈A

α′
ki + 1

∑
j:(1,j)∈A

β′
ij =

∑
k:(k,1)∈A

β′
ki + 1,

∑
j:(1,j)∈A

γ′
ij =

∑
k:(k,1)∈A

γ′
ki + 1

∑
j:(i,j)∈A

xij =
∑

k:(k,i)∈A

xki,
∑

j:(i,j)∈A

α′
ij =

∑
k:(k,i)∈A

α′
ki, i ̸= 1, n
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j:(i,j)∈A

β′
ij =

∑
k:(k,i)∈A

β′
ki,

∑
j:(i,j)∈A

γ′
ij =

∑
k:(k,i)∈A

γ′
ki, i ̸= 1, n

∑
j:(n,j)∈A

xij + 1 =
∑

k:(k,n)∈A

xki,
∑

j:(n,j)∈A

α′
ij + 1 =

∑
k:(k,n)∈A

α′
ki

∑
j:(n,j)∈A

β′
ij + 1 =

∑
k:(k,n)∈A

β′
ki,

∑
j:(n,j)∈A

γ′
ij + 1 =

∑
k:(k,n)∈A

γ′
ki

xij , α
′
ij , β

′
ij γ′

ij ≥ 0 ∀(i, j) ∈ A

Step 4 Find the optimal solution xij , α
′
ij , β

′
ij , γ

′
ij by solving the CLP problem,

obtained in Step 3.

Step 5 Find the fuzzy optimal solution x̃ij by putting the values of xij , α
′
ij , β

′
ij

and γ′
ij in x̃ij = (xij , α

′
ij , β

′
ij , γ

′
ij)

Step 6 Find the fuzzy shortest distance by putting the values of x̃ij in
∑

(i,j)∈Ac̃ij⊗
x̃ij .

Step 7 Find the FSP by combining all the (i, j) arcs such that x̃ij = (1, 0, 0, 0)

Remark 2. The JMD representation of trapezoidal fuzzy number may be
called as “JAI MATA DI” or “JAI MEHAR DI” Mehar is a lovely daughter of
Parmpreet Kaur (Research scholar under the supervision of Dr. Amit Kumar).

6. Advantages of JMD representation over the existing
representation of trapezoidal fuzzy numbers

In this section, it is shown that it is better to use the JMD representation
of trapezoidal fuzzy numbers instead of existing representations of trapezoidal
fuzzy numbers, for finding the fuzzy optimal solution of FFSP problems.
It is obvious from Section 4.1, 4.2 and 5.2 that

(i) If all the parameters of FFSP problems are represented by (a, b, c, d)
type trapezoidal fuzzy numbers and FLP problem is converted into the
corresponding CLP problem by using the proposed method, presented in
Section 4.1, then number of constraints in CLP problem = 4 × number
of constraints in FLP problem + 3 × number of fuzzy variables.

(ii) If all the parameters of FFSP problems are represented by (m,n, α, β)
type trapezoidal fuzzy numbers and FLP problem is converted into the
corresponding CLP problem by using the proposed method, presented in
Section 4.2, then number of constraints in CLP problem = 4 × number
of constraints in FLP problem + 2 × number of fuzzy variables.

(iii) If all the parameters of FFSP problems are represented by (x, α′, β′, γ′)JMD

type trapezoidal fuzzy numbers and FLP problem is converted into the
corresponding CLP problem by using the proposed method, presented in



584 A. Kumar and M.Kaur

Section 5.2, then number of constraints in CLP problem = 4 × number
of constraints in FLP problem.

On the basis of above results it can be concluded that if all the parameters
are represented by existing type trapezoidal fuzzy numbers then total number
of constraints, in the obtained CLP problem, will be more than as compared to
number of constraints in CLP probelm, obtained by representing all the param-
eters as JMD type trapezoidal fuzzy numbers. So it is better to use JMD rep-
resentation of trapezoidal fuzzy numbers, for finding the fuzzy optimal solution
of FFSP problems, as compared to the existing representations of trapezoidal
fuzzy numbers.

7. Numerical example

To show the advantages of JMD representation over existing representations
of trapezoidal fuzzy numbers, the same numerical example is solved by using all
three representations of trapezoidal fuzzy numbers.
The problem is to find the FSP and fuzzy shortest distance of a network with 5
nodes and 7 arcs as shown in Fig. 1. The fuzzy path of each arc is represented
by the following (a, b, c, d) type trapezoidal fuzzy numbers:
c̃12 = (3,4,5,6), c̃13 = (2,4,6,8), c̃24 = (7,8,9,11), c̃25 = (5,10,15,20), c̃34 =
(8,9,12,15), c̃35=(10,13,17,20), c̃45=(10,20,30,40).

7.1. Fuzzy optimal solution using (a, b, c, d) representation of trape-
zoidal fuzzy numbers.

Step 1 Using Subsection 4.1, the given problem can be formulated as follows:
Minimize ((3, 4, 5, 6)⊗(x12, y12, z12, w12)⊕(2, 4, 6, 8)⊗(x13, y13, z13, w13)⊕(7, 8, 9,
11) ⊗ (x24, y24, z24, w24) ⊕ (5, 10, 15, 20) ⊗ (x25, y25, z25, w25) ⊕ (8, 9, 12, 15) ⊗
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(x34, y34, z34, w34)⊕(10, 13, 17, 20)⊗(x35, y35, z35, w35)⊕(10, 20, 30, 40)⊗(x45, y45,
z45, w45))
subject to

(x12, y12, z12, w12)⊕ (x13, y13, z13, w13) = (1, 1, 1, 1),
(x24, y24, z24, w24) ⊕ (x25, y25, z25, w25) = (x12, y12, z12, w12),
(x34, y34, z34, w34)⊕ (x35, y35, z35, w35) = (x13, y13, z13, w13),
(x34, y34, z34, w34)⊕ (x24, y24, z24, w24) = (x45, y45, z45, w45),
(x25, y25, z25, w25) ⊕(x35, y35, z35, w35)⊕ (x45, y45, z45, w45) = (1, 1, 1, 1)
(x12, y12, z12, w12), (x13, y13, z13, w13), (x24, y24, z24, w24), (x25, y25, z25, w25),
(x34, y34, z34, w34), (x35, y35, z35, w35),(x45, y45, z45, w45) are non-negative

trapezoidal fuzzy numbers.

Step 2 Using ranking formula the FLP problem, formulated in Step 1, can be
written as:
Minimize (ℜ[(3, 4, 5, 6) ⊗ (x12, y12, z12, w12) ⊕ (2, 4, 6, 8) ⊗ (x13, y13, z13, w13) ⊕
(7, 8, 9, 11)⊗(x24, y24, z24, w24)⊕(5, 10, 15, 20)⊗(x25, y25, z25, w25)⊕(8, 9, 12, 15)⊗
(x34, y34, z34, w34)⊕(10, 13, 17, 20)⊗(x35, y35, z35, w35)⊕(10, 20, 30, 40)⊗(x45, y45,
z45, w45)])
subject to

(x12, y12, z12, w12)⊕ (x13, y13, z13, w13) = (1, 1, 1, 1),
(x24, y24, z24, w24) ⊕ (x25, y25, z25, w25) = (x12, y12, z12, w12),
(x34, y34, z34, w34)⊕ (x35, y35, z35, w35) = (x13, y13, z13, w13),
(x34, y34, z34, w34)⊕ (x24, y24, z24, w24) = (x45, y45, z45, w45),
(x25, y25, z25, w25) ⊕(x35, y35, z35, w35)⊕ (x45, y45, z45, w45) = (1, 1, 1, 1)
(x12, y12, z12, w12), (x13, y13, z13, w13), (x24, y24, z24, w24), (x25, y25, z25, w25),
(x34, y34, z34, w34), (x35, y35, z35, w35), (x45, y45, z45, w45) are non-negative

trapezoidal fuzzy numbers.

Step 3 Using the arithmetic operations, described in Section 2.3.1, the FLP
problem, obtained in Step 2, is converted into the following CLP problem:
Minimize (.75 x12 + y12 + 1.25 z12 + 1.5 w12 +.5 x13 + y13 + 1.5 z13 + 2 w13

+ 1.75 x24 + 2 y24 + 2.25 z24 + 2.75 w24 + 1.25 x25 + 2.5y25 + 3.75 z25 + 5w12

+ 2x34 + 2.25 y34 + 3z34 + 3.75 w34 + 2.5x35 + 3.25y35 + 4.25 z35+ 5 w35 +
2.5x45 + 5 y45 + 7.5 z45 + 10 w45)
subject to
x12 + x13 = 1, y12 + y13 = 1, z12 + z13 = 1, w12 +w13 = 1, x24 + x25 = x12, y24
+ y25 =y12, z24 + z25 = z12, w24 + w25 = w12, x34+x35 = x13, y34+y35 = y13,
z34+z35 = z13, w34+w35 = w13, x34+x24 = x45, y34+y24 = y45, z34+z24 = z45,
w34+w24 = w45, x25 + x35 + x45= 1, y25 + y35 +y45 = 1, z25 + z35 +z45 = 1,
w25 + w35 + w45= 1,
y12−x12 ≥ 0, z12−y12 ≥ 0, w12−z12 ≥ 0, y13−x13 ≥ 0, z13−y13 ≥ 0, w13−z13
≥ 0, y24 − x24 ≥ 0, z24 − y24 ≥ 0, w24 − z24 ≥ 0, y25 − x25 ≥ 0, z25 − y25 ≥ 0,
w25−z25 ≥ 0, y34−x34 ≥ 0, z34−y34 ≥ 0,w34−z34 ≥ 0, y35−x35 ≥ 0, z35−y35
≥ 0, w35 − z35 ≥ 0, y45 − x45 ≥ 0, z45 − y45 ≥ 0, w45 − z45 ≥ 0,
x12, x13, x24, x25, x34, x35, x45, y12, y13, y24, y25, y34, y35, y45, z12, z13, z24, z25,
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z34, z35, z45, w12, w13, w24, w25, w34, w35, w45 ≥ 0

Step 4 On solving CLP problem, obtained in Step 3, an optimal solution is
x12 = x25 = y12 = y25 = z12 = z25 = w12 = w25 = 1 and x13 = x24 = x34 =
x35 = x45 = y13 = y24 = y34 = y35 = y45 = z13 = z24 = z34 = z35 = z45 = w13 =
w24 = w34 = w35 = w45 = 0

Step 5 Putting the values of xij , yij , zij and wij in x̃ij = (xij , yij , zij , wij), the
fuzzy optimal solution is x̃12 = (1,1,1,1), x̃25 = (1,1,1,1)

Step 6 Using the fuzzy optimal solution, the FSP is 1 → 2 → 5. Putting the
values of (xij , yij , zij , wij) in objective function the fuzzy shortest distance is
(8,14,20,26)

7.2. Fuzzy optimal solution using (m,n, α, β) representation of trape-
zoidal fuzzy numbers. Using Section 2.2.2, the (m,n, α, β) representation of
c̃12 = (3,4,5,6), c̃13 = (2,4,6,8), c̃24 = (7,8,9,11), c̃25 = (5,10,15,20), c̃34 =
(8,9,12,15), c̃35=(10,13,17,20), and c̃45=(10,20,30,40) is c̃12 = (4,5,1,1), c̃13 =
(4,6,2,2), c̃24 = (8,9,1,2), c̃25 = (10,15,5,5), c̃34 = (9,12,1,3), c̃35=(13,17,3,3)
and c̃45=(20,30,10,10) respectively.

Step 1 Using Section 4.2, the given problem can be formulated as follows:
Minimize ((4, 5, 1, 1)⊗(y12, z12, α12, β12)⊕(4, 6, 2, 2)⊗(y13, z13, α13, β13)⊕(8, 9, 1,
2)⊗(y24, z24, α24, β24)⊕(10, 15, 5, 5)⊗(y25, z25, α25, β25)⊕(9, 12, 1, 3)⊗(y34, z34,
α34, β34)⊕ (13, 17, 3, 3)⊗ (y35, z35, α35, β35)⊕ (20, 30, 10, 10)⊗ (y45, z45, α45, β45))
subject to

(y12, z12, α12, β12)⊕ (y13, z13, α13, β13) = (1, 1, 0, 0),
(y24, z24, α24, β24) ⊕ (y25, z25, α25, β25) = (y12, z12, α12, β12),
(y34, z34, α34, β34)⊕ (y35, z35, α35, β35) = (y13, z13, α13, β13),
(y34, z34, α34, β34)⊕ (y24, z24, α24, β24) = (y45, z45, α45, β45),
(y25, z25, α25, β25) ⊕(y35, z35, α35, β35)⊕ (y45, z45, α45, β45) = (1, 1, 0, 0)
(y12, z12, α12, β12), (y13, z13, α13, β13), (y24, z24, α24, β24), (y25, z25, α25, β25),
(y34, z34, α34, β34), (y35, z35, α35, β35), (y45, z45, α45, β45) are non-negative

trapezoidal fuzzy numbers.

Step 2 Using ranking formula the FLP problem, formulated in Step 1, can be
written as:
Minimize (ℜ[(4, 5, 1, 1) ⊗ (y12, z12, α12, β12) ⊕ (4, 6, 2, 2) ⊗ (y13, z13, α13, β13) ⊕
(8, 9, 1, 2)⊗ (y24, z24, α24, β24)⊕ (10, 15, 5, 5)⊗ (y25, z25, α25, β25)⊕ (9, 12, 1, 3)⊗
(y34, z34, α34, β34)⊕(13, 17, 3, 3)⊗(y35, z35, α35, β35)⊕(20, 30, 10, 10)⊗(y45, z45, α45,
β45)])
subject to

(y12, z12, α12, β12)⊕ (y13, z13, α13, β13) = (1, 1, 0, 0),
(y24, z24, α24, β24) ⊕ (y25, z25, α25, β25) = (y12, z12, α12, β12),
(y34, z34, α34, β34)⊕ (y35, z35, α35, β35) = (y13, z13, α13, β13),
(y34, z34, α34, β34)⊕ (y24, z24, α24, β24) = (y45, z45, α45, β45),
(y25, z25, α25, β25)⊕ (y35, z35, α35, β35)⊕ (y45, z45, α45, β45) = (1, 1, 0, 0)
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(y12, z12, α12, β12), (y13, z13, α13, β13), (y24, z24, α24, β24), (y25, z25, α25, β25),
(y34, z34, α34, β34), (y35, z35, α35, β35), (y45, z45, α45, w45) are non-negative

trapezoidal fuzzy numbers.

Step 3 Using the arithmetic operations, described in Section 2.3.2, the FLP
problem, obtained in Step 2, is converted into the following CLP problem:
Minimize (1.75y12+2.75z12−0.75α12+1.5β12+1.5y13+3.5z13−0.5α13+2β13+
3.75y24+5z24−1.75α24+2.75β24+3.75y25+8.75z25−1.25α25+5β12+4.25y34+
6.75z34 − 2α34 +3.75β34 +5.75y35 +9.25z35 − 2.5α35 +5β35 +7.5y45 +17.5z45 −
2.5α45 + 10β45)
subject to
y12 + y13 = 1, z12 + z13 = 1, α12 + α13 = 0, β12 + β13 = 0, y24 + y25 = y12, z24
+ z25 =z12, α24 + α25 = α12, β24 + β25 = β12, y34+y35 = y13, z34+z35 = z13,
α34+α35 = α13, β34+β35 = β13, y34+y24 = y45, z34+z24 = z45, α34+α24 = α45,
β34+β24 = β45, y25 + y35 + y45= 1, z25 + z35 +z45 = 1, α25 + α35 +α45 = 0,
β25 + β35 + β45= 0,
y12−α12 ≥ 0, z12−y12 ≥ 0, y13−α13 ≥ 0, z13−y13 ≥ 0, y24−α24 ≥ 0, z24−y24
≥ 0, y25 − α25 ≥ 0, z25 − y25 ≥ 0, y34 − α34 ≥ 0, z34 − y34 ≥ 0, y35 − α35 ≥ 0,
z35 − y35 ≥ 0, y45 − α45 ≥ 0, z45 − y45 ≥ 0,y12, y13, y24, y25, y34, y35, y45, z12,
z13, z24, z25, z34, z35, z45, α12, α13, α24, α25, α34, α35, α45, β12, β13, β24, β25,
β34, β35, β45 ≥ 0

Step 4 On solving CLP problem, obtained in Step 3, an optimal solution is
y12 = y25 = z12 = z25 = 1 and y13 = y24 = y34 = y35 = y45 = z13 = z24 = z34 =
z35 = z45 = α12 = α13 = α24 = α25 = α34 = α35 = α45 = β12 = β13 = β24 =
β34 = β35 = β45 = 0

Step 5 Putting the values of yij , zij , αij and βij in x̃ij = (yij , zij , αij , βij), the
fuzzy optimal solution is x̃12 = (1,1,0,0), x̃25 = (1,1,0,0)

Step 6 Using the fuzzy optimal solution, the FSP is 1 → 2 → 5. Putting the
values of (yij , zij , αij , βij) in objective function the fuzzy shortest distance is
(14,20,6,6)

7.3. Fuzzy optimal solution using JMD representation of trapezoidal
fuzzy numbers. Using Definition 12, the (x, α′, β′, γ′)JMD representation of
c̃12 = (3,4,5,6), c̃13 = (2,4,6,8), c̃24 = (7,8,9,11), c̃25 = (5,10,15,20), c̃34 =
(8,9,12,15), c̃35=(10,13,17,20), and c̃45=(10,20,30,40) is c̃12 = (3,1,1,1)JMD, c̃13
= (2,2,2,2)JMD, c̃24 = (7,1,1,2)JMD, c̃25 = (5,5,5,5)JMD, c̃34 = (8,1,3,3)JMD,
c̃35=(10,3,4,3)JMD, and c̃45=(10,10,10,10)JMD respectively.

Step 1 Using Section 5.2, the given problem can be formulated as follows:
Minimize ((3, 1, 1, 1)JMD⊗(x12, α

′
12, β

′
12, γ

′
12)JMD⊕(2, 2, 2, 2)JMD⊗(x13, α

′
13, β

′
13,

γ′
13)JMD⊕(7, 1, 1, 2)JMD⊗(x24, α

′
24, β

′
24, γ

′
24)JMD⊕(5, 5, 5, 5)JMD⊗(x25, α

′
25, β

′
25,

γ′
25)JMD⊕(8, 1, 3, 3)JMD⊗(x34, α

′
34, β

′
34, γ

′
34)JMD⊕(10, 3, 4, 3)JMD⊗(x35, α

′
35, β

′
35,

γ′
35)JMD ⊕ (10, 10, 10, 10)JMD ⊗ (x45, α

′
45, β

′
45, γ

′
45)JMD)

subject to
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(x12, α
′
12, β

′
12, γ

′
12)JMD ⊕ (x13, α

′
13, β

′
13, γ

′
13)JMD = (1, 0, 0, 0)JMD,

(x24, α
′
24, β

′
24, γ

′
24)JMD ⊕ (x25, α

′
25, β

′
25, γ

′
25)JMD = (x12, α

′
12, β

′
12, γ

′
12)JMD,

(x34, α
′
34, β

′
34, γ

′
34)JMD ⊕ (x35, α

′
35, β

′
35, γ

′
35)JMD = (x13, α

′
13, β

′
13, γ

′
13)JMD

(x34, α
′
34, β

′
34, γ

′
34)JMD ⊕ (x24, α

′
24, β

′
24, γ

′
24)JMD = (x45, α

′
45, β

′
45, γ

′
45)JMD

(x25, α
′
25, β

′
25, γ

′
25)JMD ⊕ (x35, α

′
35, β

′
35, γ

′
35)JMD ⊕ (x45, α

′
45, β

′
45, γ

′
45)JMD =

(1, 0, 0, 0)JMD

(x12, α
′
12, β

′
12, γ

′
12)JMD, (x13, α

′
13, β

′
13, γ

′
13)JMD, (x24, α

′
24, β

′
24, γ

′
24)JMD, (x25, α

′
25,

β′
25, γ

′
25)JMD, (x34, α

′
34, β

′
34, γ

′
34)JMD, (x35, α

′
35, β

′
35, γ

′
35)JMD, (x45, α′

45, β
′
45,

γ′
45)JMD are non-negative trapezoidal fuzzy numbers.

Step 2 Using ranking formula the FLP problem, formulated in Step 1, may be
written as:
Minimize(ℜ[(3, 1, 1, 1)JMD⊗(x12, α

′
12, β

′
12, γ

′
12)JMD⊕(2, 2, 2, 2)JMD⊗(x13, α

′
13, β

′
13,

γ′
13)JMD⊕(7, 1, 1, 2)JMD⊗(x24, α

′
24, β

′
24, γ

′
24)JMD⊕(5, 5, 5, 5)JMD⊗(x25, α

′
25, β

′
25,

γ′
25)JMD⊕(8, 1, 3, 3)JMD⊗(x34, α

′
34, β

′
34, γ

′
34)JMD⊕(10, 3, 4, 3)JMD⊗(x35, α

′
35, β

′
35,

γ′
35)JMD ⊕ (10, 10, 10, 10)JMD ⊗ (x45, α

′
45, β

′
45, γ

′
45)JMD])

subject to
(x12, α

′
12, β

′
12, γ

′
12)JMD ⊕ (x13, α

′
13, β

′
13, γ

′
13)JMD = (1, 0, 0, 0)JMD,

(x24, α
′
24, β

′
24, γ

′
24)JMD ⊕ (x25, α

′
25, β

′
25, γ

′
25)JMD = (x12, α

′
12, β

′
12, γ

′
12)JMD,

(x34, α
′
34, β

′
34, γ

′
34)JMD ⊕ (x35, α

′
35, β

′
35, γ

′
35)JMD = (x13, α

′
13, β

′
13, γ

′
13)JMD

(x34, α
′
34, β

′
34, γ

′
34)JMD ⊕ (x24, α

′
24, β

′
24, γ

′
24)JMD = (x45, α

′
45, β

′
45, γ

′
45)JMD

(x25, α
′
25, β

′
25, γ

′
25)JMD ⊕ (x35, α

′
35, β

′
35, γ

′
35)JMD ⊕ (x45, α

′
45, β

′
45, γ

′
45)JMD =

(1, 0, 0, 0)JMD

(x12, α
′
12, β

′
12, γ

′
12)JMD, (x13, α

′
13, β

′
13, γ

′
13)JMD, (x24, α

′
24, β

′
24, γ

′
24)JMD, (x25, α

′
25,

β′
25, γ

′
25)JMD, (x34, α

′
34, β

′
34, γ

′
34)JMD, (x35, α

′
35, β

′
35, γ

′
35)JMD, (x45, α

′
45, β

′
45, γ

′
45

)JMD are non-negative trapezoidal fuzzy numbers.

Step 3 Using the arithmetic, described in Section 5.1, the FLP problem, ob-
tained in Step 2, is converted into following CLP problem:
Maximize (4.5x12 +3.75α′

12 +2.75β′
12 +1.5γ′

12 +5x13 +4.5α′
13 +3.5β′

13 +2γ′
13 +

8.75x24 +7α′
24 +5β′

24 +2.75γ′
24 +12.5x25 +11.25α′

25 +8.75β′
25 +5γ′

25 +11x34 +
9α′

34 +6.75β′
34 +3.75γ′

34 +15x35 +12.5α′
35 +9.25β′

35 +5γ′
35 +25x45 +22.5α′

45 +
17.5β′

45 + 10γ′
45)

subject to
x12 + x13 = 1, α′

12 + α′
13 = 0, β′

12 + β′
13 = 0, γ′

12 + γ′
13 = 0, x24 + x25 = x12,

α′
24 + α′

25 = α′
12, β

′
24 + β′

25 = β′
12, γ

′
24 + γ′

25 = γ′
12, x34 + x35 = x13, α

′
34 + α′

35 =
α′
13, β

′
34+β′

35 = β′
13, γ

′
34+γ′

35 = γ′
13, x34+x24 = x45, α

′
34+α′

24 = α′
45, β

′
34+β′

24 =
β′
45, γ

′
34 + γ′

24 = γ′
45, x25 + x35 + y45 = 1, α′

25 + α′
35 + α′

45 = 0, β′
25 + β′

35 + β′
45

= 0, γ′
25 + γ′

35 + γ′
45 = 0,

x12, x13, x24, x25, x34, x35, x45, α
′
12, α

′
13, α

′
24, α

′
25, α

′
34, α

′
35, α

′
45, β

′
12, β

′
13, β

′
24,

β′
25, β

′
34, β

′
35, β

′
45, γ

′
12, γ

′
13, γ

′
24, γ

′
25, γ

′
34, γ

′
35, γ

′
45 ≥ 0

Step 4 On solving CLP problem, obtained in Step 3, an optimal solution is
x12 = x25 = 1 and x13 = x24 = x34 = x35 = x45 = α′

12 = α′
13 == α′

24 = α′
25 =

α′
34 = α′

35 = α′
45 = β′

12 = β′
13 = β′

24 = β′
25 = β′

34 = β′
35 = β′

45 = γ′
12 = γ′

13 =
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γ′
24 = γ′

25γ
′
34 = γ′

35 = γ′
45 = 0

Step 5 Putting the values of xij , α
′
ij , β

′
ij and γ′

ij in x̃ij = (xij , α
′
ij , β

′
ij , γ

′
ij)JMD,

the fuzzy optimal solution is x̃12 = (1, 0, 0, 0)JMD, x̃25 = (1, 0, 0, 0)JMD

Step 6 Using the fuzzy optimal solution, the FSP is 1 → 2 → 5. Putting the
values of (xij , α

′
ij , β

′
ij , γ

′
ij)JMD in objective function the fuzzy shortest distance

is (8, 6, 6, 6)JMD

7.4. Results and discussion. The results of the numerical example, obtained
from section 7.1, 7.2 and 7.3, are shown in Table 1. On the basis of these re-
sults it can be easily seen that if all the parameters are represented by JMD
representation of trapezoidal fuzzy numbers, instead of existing representations
of trapezoidal fuzzy numbers, and proposed method is applied to find the fuzzy
optimal solution of FFSP problems then the fuzzy optimal solution is same but
the total number of constraints, in converted CLP problem, are less than the
number of constraints, obtained by using the existing representations of trape-
zoidal fuzzy numbers. Hence, it is better to use JMD representation instead of
existing representations of trapezoidal fuzzy numbers to find the fuzzy optimal
solution of FFSP problems.

Table 1. Results using existing and proposed representation of trapezoidal
fuzzy numbers

Type of Number of Number of FSP Fuzzy
trapezoidal constraints constraints shortest

fuzzy in FLP in CLP distance
number problem problem

(a, b, c, d) 12 (4× 12) + (3× 7) = 69 1 ⇒ 2 ⇒ 5 (8,14,20,26)

(y, z, α, β) 12 (4× 12) + (2× 7) = 62 1 ⇒ 2 ⇒ 5 (14, 20, 6, 6)

(x, α′, β′, γ′)JMD 12 (4× 12) = 48 1 ⇒ 2 ⇒ 5 (8, 6, 6, 6)JMD

8. Conclusions

A new method is proposed to find the fuzzy optimal solution of FFSP prob-
lems and it is shown that it is better to use the proposed representation of
trapezoidal fuzzy numbers instead of existing representations, to find the fuzzy
optimal solution of FFSP problems.

Acknowledgements

The authors would like to thank to the Chief Editor “Prof. Cheon Seoung
Ryoo” and anonymous referees for various suggestions which have led to an
improvement in both the quality and clarity of the paper. I, Dr. Amit Kumar,
want to acknowledge the adolescent inner blessings of Mehar. I believe that
Mehar is an angel for me and without Mehar’s blessing it was not possible to
think the idea proposed in this paper. Mehar is a lovely daughter of Parmpreet
Kaur (Research Scholar under my supervision). The authors also acknowledge



590 A. Kumar and M.Kaur

the financial support given by the University Grant Commission, Govt. of India
for completing the Major Research. Project (39-40/2010(SR)).

References

1. M.S. Bazarra, J.J. Jarvis and H.D. Sherali, Linear Programming and Network Flows, second

ed., Wiley, New York, 1990.
2. T.N. Chuang and J.Y. Kung, The fuzzy shortest path length and the corresponding shortest

path in a network, Computers and Operations Research 32 (2005), 1409-1428.

3. T.N. Chuang and J.Y. Kung, A new algorithm for the discrete fuzzy shortest path problem
in a network, Applied Mathematics and Computation 174 (2006), 660- 668.

4. D. Dubois and H. Prade, Fuzzy Sets and Systems, Theory and Applications, Academic
Press, New York, 1980.

5. M. Gent, R. Cheng and D. Wang, Genetic algorithms for solving shortest path problems,
Proceedings of the IEEE International Conference on Evolutionary Computation 33 (1997),
401- 406.

6. A.S. Gupta and T.K. Pal, Solving the shortest path problem with interval arcs, Fuzzy

Optimization and Decision Making 5 (2006), 71-89.
7. F. Hernandes, M.T. Lamata, J.L. Verdegay and A. Yamakami, The shortest path problem

on networks with fuzzy parameters, Fuzzy Sets and Systems 158 (2007), 1561-1570.
8. X. Ji, K. Iwamura and Z. Shao, New models for shortest path problem with problem with

fuzzy arc lengths, Applied Mathematical Modeling 31 (2007), 259-269.
9. A. Kaufmann and M.M. Gupta, Introduction to Fuzzy Arithmetics: Theory and Applica-

tions New York, Van Nostrand Reinhold, 1991.
10. C.M. Klein, Fuzzy shortest path, Fuzzy Sets and Systems 39 (1991), 27-41.

11. A. Kumar and A. Kaur, Methods for solving unbalanced fuzzy transportation problems,
Operational Research-An International Journal (2010), (DOI 10.1007/s 12351-010-0101-3).

12. J.Y. Kung and T.N. Chuang,The shortest path problem with discrete fuzzy arc lengths,

Computers and Mathematics with Applications 49 (2005), 263-270.
13. Y. Li, M. Gen and K. Ida, Solving fuzzy shortest path problems by neural networks, Com-

puters and Industrial Engineering 31 (1996), 861-865.
14. K.C. Lin and M.S. Chern, The fuzzy shortest path problem and its most vital arcs, Fuzzy

Sets and Systems 58 (1993), 343-353.
15. T.S. Liou, and M.J. Wang, Ranking fuzzy numbers with integral value, Fuzzy Sets and

Systems 50 (1992), 247-255.
16. S.T. Liu and C. Kao, Network flow problems with fuzzy arc lengths, IEEE Transactions

on Systems, Man and Cybernetics - Part B: Cybernetics 34 (2004), 765-769.
17. W.M. Ma and G.Q. Chen, Competitive analysis for the on-line fuzzy shortest path problem,

Proceedings of the 4th International Conference on Machine Learning and Cybernetics
(2005), 18-21.

18. I. Mahdavi, R. Nourifar, A. Heidarzade and N.M. Amiri, A dynamic programming ap-
proach for finding shortest chains in fuzzy network, Applied Soft Computing, 9 (2009),
503-511.

19. S. Moazeni, Fuzzy shortest path problem with finite fuzzy quantities, Applied Mathematics

and Computation 183 (2006), 160-169.
20. S.M.A. Nayeem and M. Pal, Shortest path problem on a network with imprecise edge

weight, Fuzzy Optimization and Decision Making, 4 (2005), 293-312.

21. S. Okada, Interactions among paths in fuzzy shortest path problems, Proceedings of the
9th International Fuzzy Systems Association World Congress (2001), 41-46.

22. S. Okada and M. Gen, Fuzzy shortest path problems, Computers and Industrial Engineering
27 (1994), 465-468.



A new method for solving fuzzy shortest path problems 591

23. S. Okada and T. Soper, A shortest path problem on a network with fuzzy arc lengths,
Fuzzy Sets and Systems 109 (2000), 129-140.

24. M. Seda, Fuzzy shortest path approximation for solving the fuzzy steiner tree problem

in graphs, International Journal of Applied Mathematics and Computer Science (2005),
134-138.

25. H.S. Shih and E.S. Lee, Fuzzy multi-level minimum cost flow problems, Fuzzy Sets and
Systems 107 (1999), 159-176.

26. M.T. Takahashi and A. Yamakami, On fuzzy shortest path problems with fuzzy parameters:
an algorithmic approach, Proceedings of the Annual Meeting of the North American Fuzzy
Information Processing Society (2005), 654-657.

27. J.R. Yu and T.H. Wei, Solving the fuzzy shortest path problem by using a linear multiple

objective programming, Journal of the Chinese Institute of Industrial Engineers 24 (2007),
360-365.

28. L.A. Zadeh, Fuzzy sets, Information and Control, 8 (1965), 338-353.

Dr. Amit Kumar is Assistant Professor in School of Mathematics and Computer Appli-
cations, Thapar University, Patiala (Punjab), India. He has published fourty nine papers in

International Journals and ten papers in proceedings of International Conferences and has
attended ten workshops and conferences. His current area of research is Fuzzy Optimization,
Fuzzy Reliability Analysis and Vague Set Theory.

School of Mathematics and Computer Applications, Thapar University, Patiala (Punjab),
India.

e-mail: amit rs iitr@yahoo.com

Miss Manjot Kaur is a Ph.D student under the supervision of Dr. Amit Kumar. She has

completed M.Sc (Mathematics and Computing ) from Thapar University, Patiala (Punjab),
India. Her area of research is Fuzzy Optimization.

School of Mathematics and Computer Applications, Thapar University, Patiala (Punjab),
India.
e-mail: manjot.thaparian@gmail.com


