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ABSTRACT. In this paper, we introduce and study the intuitionistic fuzzy
prime (semi-prime) I'—ideals of I'—LA-semigroups and some interesting
properties are investigated. The main result of the paperis: if A = (ua,v4)
is an IFS in I'—LA-semigroup S, then A = (u4,v4) is an intuitionistic
fuzzy prime (semi-prime) I'—ideal of S if and only if for any s,t € [0, 1], the
sets U (na, s) ={x€S:pua(x)>s}and L(ya,t) ={z €S :va(z) <t}
are prime (semi-prime) I'—ideals of S.
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1. Introduction

The fundamental concept of fuzzy subset as a mapping from a non-empty set
S to unit closed interval i.e, f : S — [0,1], was introduced by L. A. Zadeh
in 1965 [25]. In the following decades the study of fuzzy subset in algebraic
structure has been started in the definitive paper of Rosenfeld 1971 [23]. Fuzzy
subgroup and its important properties were defined and established by Rosenfeld
[23]. In 1981, Kuroki introduced the concept of fuzzy semigroup in his paper
[16]. The concept of a fuzzy ideal in semigroups was first developed by Kuroki.
He studied fuzzy ideals, fuzzy bi-ideals, fuzzy quasi-ideals and fuzzy semiprime
ideals of semigroups [16, 17, 18, 19, 20, 21, 22]. The concept of fuzzy interior
ideals in a semigroup was introduced by Hong [10] and he obtained some related
properties of such ideals. Recently, in [3] M. Aslam et.al., characterized I'—LA-
semigroup by the properties of generalized fuzzy I ideals.

The idea of intuitionistic fuzzy set was first published by K. T. Atanassov in
his pioneer papers [5, 6], as generalization of the notion of fuzzy sets. Gau and
Buehre in [9], presented the concept of vague sets. But, Burillo and Bustine in
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[8], have shown that the notion of vague sets coincides with that of intuitionistic
fuzzy sets. R. Biswas in [7], introduced the notion of intuitionistic fuzzy sub-
group of a group by using the notion of intuitionistic fuzzy sets and obtained
some useful properties. Recently, K. H. Kim and Y. B. Jun in [14], introduced
the notion of intuitionistic fuzzy ideal of semigroup and some basic properties
have been investigated. K. H. Kim and J. G. Lee in [15], initiated the concept
of intuitionistic fuzzy bi-ideal of semigroup and obtained some useful properties.
In 2001, K. H. Kim and Y. B. Jun in [13], introduced the notion of intuitionistic
fuzzy interior ideal of semigroup and some fundamental properties were inves-
tigated. Recently, M. Khan et.al., introduced the notion of intuitionistic fuzzy
ideals in ordered semigroups and obtained some important results in [12]. The
concept of LA-semigroup was first introduced by Kazim and Naseerudin [11].
Let S be a non-empty set. Then, (S, %) is called an LA-semigroup, if S is closed
and satisfies the identity (x xy) x 2 = (2 xy) * « for all z,y,z € S, which is
called left invertive law. Later, Q. Mushtaq and others have investigated the
structure further and added many useful results to theory of LA-semigroups.
Recently, S. Abdullah et. al intdroduced the notion of direct product intuition-
istic fuzzy ideals of LA-semigroups in his papers [2, 1]. Recently, T. Shah and
I. Rehman have introduced the concept of I-LA-semigroup [24]. Whereas the
I’-LA-semigroup is a generalization of LA-semigroup.

Our aim in this paper is to introduce and study the intuitionistic fuzzy prime
(semi-prime) T'-ideals of T'-LA-semigroups by using the notion of intuitionis-
tic fuzzy set. Main result of the paper is: if A = (ua,v4) be an IFS in
I-LA-semigroup S, then A = (ua,v4) is an intuitionistic fuzzy prime (semi-
prime) I'-ideal of S if and only if for any s,t € [0,1], the sets U (ua, s) =
{r €S :pa(x)>stand L(ya, t) ={x € S:~va(x) <t}areprime (semi-prime)
I-ideals of S. Moreover if S is a I'-LA-semigroup and ) # P C S is prime
(semi-prime) T-ideal of S, then A = (Xp, X'p) is an intuitionistic fuzzy prime
(semi-prime) I'-ideal of S.

2. Preliminaries

Let S = {z,y,2,...} and ' = {a, 8,7, ...} be two non-empty sets. Then S is
called a I'-LA-semigroup if it satisfying zyy € S and (zBy)vz = (28y)yz for all
z,y,z € S and B,y € I'. A non-empty set U of a I'-LA-semigroup S is said to
be a subl-LA-semigroup S if UTU C U. A left (resp. right) I'-ideal I of a I'-
LA-semigroup S is non-empty subset I of S such that STI C I (resp. IT'S C I).
If I is both a left and a right I'-ideal of a I'-LA-semigroup S, then I is called a
I'-ideal of S. A subI'-LA-semigroup B of I'-LA-semigroup S is called bi-I-ideal
of S, if (BI'S)I'B C B. A T-ideal P of I-LA-semigroup S is said to be prime if
AI'B C P implies that either A C P or B C P, for all I'-ideals A and B in S. A
I’-ideal P is called semi-prime if IT'] C P implies that I C P, for any ['-ideals I
of S. If every I'-ideal of I-LLA-semigroup S is a semi-prime, then S is said to be
fully semiprime and if every I'-ideal is prime, then S is called fully prime. An
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element a of a I'-LA-semigroup S is called regular if for there exist a € S and
a, B € T such that = (zaa) Sz. If every element of a I-LA-semigroup S is left
regular, then S is called left regular (See [24]).

A fuzzy set p in a I'-LA-semigroup S is called a fuzzy subl'-LA-semigroup of
S, if pa(zyy) > pa(z) A pa(y) for all z,y € S and v € T. A fuzzy set u in
a I-LA-semigroup S is called a fuzzy bi-I-ideal, if pa(zyy) > pa(z) A pa(y)
and pa((zyy)Bz) > pa(x) A pa(z) for all z,y,z € S and v,8 € . A fuzzy
set p in a I-LA-semigroup S is called fuzzy left (resp. right) I'-ideal of S, if
pa(zyy) = paly) (vesp. pa(zyy) > pa(z)) for all z,y € S and v € I'. A
fuzzy set p in a I'-LA-semigroup S is called fuzzy I'-ideal of S, if u is both
fuzzy left I'-ideal and fuzzy right I'-ideal of a I'-LA-semigroup S. A fuzzy I'-
ideal of S is called fuzzy prime (semi-prime) I'-ideal of S if inf.cp p(zyy) =
max{u (), 1 (y)} (pa () > pa (zyx) ) for all z,y € S and v € T

Definition 2.1 ([5, 6]). Let X be a non-empty fixed set. An intuitionistic fuzzy
set (briefly, IFS) A is an object having the form

A= {{z,pa(x),va(z)) 2 € X}

where the functions p4 : X — [0,1] and 74 : X — [1, 0] denote the degree of
membership (namely p4(z)) and the degree of nonmembership (namely v4(z))
of each element # € X to the set A, respectively, and 0 < pa(z) + ya(z) <1
for all z € S. For the sake of simplicity, we use the symbol A = (pa,v4) for the
IFS A = {(z,pa(x),va(z)) 12z € X}.

Definition 2.2 ([3]). AnIFS A = (pa,7v4) in S is called an intuitionistic fuzzy
right (resp. left) I'-ideal of S if satisfies pa(zyy) > pa(z) and ya(zyy) < ya(x)
(vesp. pa(zyy) > pa(y) and ya(zyy) < valy) ) for all z,y € S and v € T'.

Lemma 2.1. If A= (ua,va) and B = (up,yp) is any intuitionistic fuzzy right
I'-ideal of a regular T'-LA-semigroup S, then AUB = ANDB

3. Intuitionistic Fuzzy Prime I'-Ideals of I'-L A-semigroups

Definition 3.1. Let A = (ua,v4) be an IFS in I'-LA-semigroup S. Then
A= {ua,va) is called an intuitionistic fuzzy prime if

(IFP1) infyer pa (zyy) = max{pa (x), pa (y)},

(IFP2) supyerya (zvy) = min{ya (z),74 ()}, Vo,y € Sand vy € I.

An intuitionistic fuzzy I'-ideal A = (ua,v4) of S is called an intuitionistic
fuzzy prime I'-ideal of S if it is an intuitionistic fuzzy prime.

Let X'p denote the characteristic function of a non-empty subset P of a I'-
LA-semigroup.

Theorem 3.1. Let S be I'-LA-semigroup and  #£ P C S is prime I'-ideal of
S. Then, A = (Xp,Xp) is an intuitionistic fuzzy prime T'-ideal of S, where
Xp=1-—Xp.
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Proof. Let x,y € Sand v e I'. If 2I'y C P, then x € P or y € P. Thus we have

ig?Xp (xyy) = land Xp(x)=1lor Xp(y)=1
inf Xp (zyy) = 1=max{Xp (x), Xp (y)}
and
lf’ilé%)(’p(m’}/y) = O0and1—-Xp(z)=0o0r1—Ap(y) =0
SIEIIF)TP(LE’}/y) = Oand Xp(z) =0o0r Xp(y)=0
~
iteug??p(my) = 0=min{Xp (z),Xp (y)}
If 2Ty € P, then z ¢ P and y ¢ P. Thus we have
;Ielg Xp(zyy) = 0, Xp(z)=0and Xp(y) =0
i X () = 0= max{ X (2), Xp (1))
and
1—Ai/r61§Xp(x'yy) = 1,1-Xp(z)=1and Xp(y) =1
5161]&13719(3579) = 1 Xp(z)=1and Xp(y) =1
¥
iléISTP($79) = 1 =min{Xp (2),Xp (y)}
Hence, A = (Xp, Xp) is an intuitionistic fuzzy prime I-ideal of S. O

Theorem 3.2. Let P a non-empty subset of S. If A = (Xp,Xp) is an in-
tuitionistic fuzzy prime U-ideal of S, then P is a prime I'-ideal of S, where
Xp=1—-AXp.

Proof. Suppose that A = (Xp, Xp) is an intuitionistic fuzzy prime I'-ideal of
S. Let z,y € S such that 2T’y C P. Then, Xp (zyy) = 1 for all vy € T. So
inf er Xp (zvyy) = 1. Its follows from (IFP1) that

1= inf Xp (zyy) = max{Xp (z), Xp (y)}.

Hence, Xp () =1 or Xp(y) =1,s0 2 € P or y € P. Thus, P is a prime. Now,
from (IFP1) that

0 = 1 inf Xp(2yy) = sup Xp (zyy) = min {Xp (), Xp (y)}
vel ~er
0 = min{l—Xp(x),1—-Xp(y)}
andsol—Xp(z)=00r1—Xp(y)=0=Xp(z)=1lor Xp(y)=1,s0x € P
or y € P. Thus, P is a prime. O

Lemma 3.3. If A = {ua,va) is an intuitionistic fuzzy prime I'-ideal of S, then
ta and ¥4 are fuzzy prime I'-ideals of S.
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Proof. Since A = (ua,7v4) is an intuitionistic fuzzy prime I'-ideal of S, so for

any x,y € S and v € I';, we have

inf
inf pa (zvy)
sup va (zyy)
yer

1 —supya (zyy)
~el
-
inf 74 (zvy)

inf 74 (z
Wer’VA( YY)

max {4 (), 14 (y)} and
min {y4 (z),74 (y)}
1—min{ya ()74 (y)}
max {1 —v4 (),1 -4 (y)}

max {74 (z),¥a (y)}-

Hence, pa and 74 are fuzzy prime I'-ideals of S. (]

Lemma 3.4. If A = (ua,v4) is an intuitionistic fuzzy prime I'-ideal of S, then
A and va are anti fuzzy prime I'-ideals of S.

Theorem 3.5. If A = (ua,va) is an intuitionistic fuzzy prime I'-ideal of S,
then OA = (ua,ma) and QA = (7a,v4) are intuitionistic fuzzy prime I'-ideals

of S.

Proof. Since A = {14,7v4) is an intuitionistic fuzzy prime I-ideal of S. So for

any z,y € S and v € I', we have
inf
inf pa (zyy)
1— inf
inf pa (zvy)
sup (1 — pa (z7y))
~el’

sup fia (zyy)

max {pa (z),pa (y)}
1 — max {,uA (OU) y A (y)}
min {1 — g4 (z),1— pa (y)}

min {74 (=), 74 (y)} .

~ver
Hence, JA = {uua,T1a) is an intuitionistic fuzzy prime I'-ideal of S. Similarly,
we have

SUD Y4 (zyy) = min{ya(2),74(y)}

1- Sup Y4 (zyy) = 1—min{ya(2),74(y)}
inf (1 —7ya(ey)) = max{l—9a(z),1-74(y)}

nfyx(eyy) = max{7a (), 74 )}

Hence, 0A = (7a,74) is an intuitionistic fuzzy prime I-ideals of S. O

Theorem 3.6. Let A = {ua,va) be IFS in T'-LA-semigroup S. Then, A =
(LA, v4) is an intuitionistic fuzzy prime T'-ideal of S if and only if for any
s,t € [0,1], the sets U (pa, s) = {x€S:pa(x)>s} # 0 and L(ya, t) =
{x € S :7a(x) <t} #0 are prime T'-ideals of S.
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Proof. Suppose that A = (ua,74) is an intuitionistic fuzzy prime T'-ideal of
S. Let s,t € [0,1] such that U (a4, s) and L (4, t) are non-empty. Now, let
x,y € S such that zI'y C U (pa, s). Then, pa (zyy) > s for all v € I'. This
implies that inf,er pa (zyy) > s. Since, we have

s < infpa (zyy) = max {pa (z),pa (y)}

s < max{pa(z),pna(y)}
,uA(aj) > SOTMA<y)ZS'

Hence, z € U (pa, s) or y € U (pa, s). Thus U (4, s) is a prime I'-ideal of S.
Now, let 2T'y € L(ua, t). Then, y4 (z) < t for all ¥ € T. This implies that
sup,cry4 (z) < t. Since

t

Y]

Sup f4 (zyy) = min {ya (z),74 (y)}

t min {y4 ()74 (¥)}
va (2) torvya(y) <t.
Hence, © € L (ya, t) or y € L(7ya, t). Thus, L (ya, t) is a prime I'-ideal of S.
Conversely, suppose that U (i1, s) and L (4, t) are prime I-ideals of S. Let
infer pa (zyy) = s (Since pa (zyy) € [0,1], Vy € T, so infer pa (zyy) exists).
Then, pa (xyy) > s, Vy €. So vy € U (ua, s), Vy € T'. Since U (4, ) is a
prime, so x € U (pua, s) or y € U (ua, s) = pa(z) > sor ua (y) > s, we have

IN IV

max {14 (x), pa (9)} 2 s = Inf pra (27y) . (1)
Since, A = (ua,7v4) is an intuitionistic fuzzy I'-ideals of S, so
pa (zyy) 2 max{pa (z),pa (y)}, vy el
inf pa(wyy) 2 max{pa (x), pa (v)} (2)
From 1 and 2, we have

inf pa (wyy) = max{pa (z), pa (v)}-

Now, let SUpP.er YA (I’yy) =1 (Since va (zvy) € [0,1], Vy €T, so sup,er va (z7vy) exists).
Then v4 (xyy) < t, Vy € T, so zyy € L(vya, t), Vy € T. Since L(ya,t) is a
prime, so & € L (va, t) or y € L(ya, 1) = ya(z) <torya(y) <t

min {ya (7),74 (y)} <t = SUp Y4 (zyy) - (3)

Since, A = (1a,7v4) is an intuitionistic fuzzy I'-ideals of S, so
Ya (zyy) < min{ya (z),7a (y)} VY €T
Sup Y4 (zyy) < min{ya (z),74 (y)} (4)
From 3 and 4, we have

SUp 74 (zyy) = min {ya (x),74 (y)}
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Hence A = (a,74) is an intuitionistic fuzzy prime T'-ideal of S. g

Corollary 3.7. Let A = {(ua,va) be IFS in I'-LA-semigroup S. Then A =
(LA, v4) is an intuitionistic fuzzy prime I'-ideal of S if and only if for any
s,t € [0,1], the sets U (pa, s) = {x € S:pua(x)>s} # 0 and Ly (ya, t) =
{x € S:va(x) <t} #0 are prime I'-ideals of S.

Corollary 3.8. Let A = (ua,va) be IFS in T'-LA-semigroup S. Then, A =
(ba,v4) is an intuitionistic fuzzy prime T-ideal of S if and only if for any
s,t €0,1], the sets P={x € S : pa(x) > s and ya (x) <t} # 0.

Corollary 3.9. Let A = (ua,va) be IFS in I'-LA-semigroup S. Then, A =
(na,va) is an intuitionistic fuzzy prime T-ideal of S if and only if for any
s,t € [0,1], the sets P = {r €S :pa(x)>sandya(x) <t} #0.

4. Intuitionistic Fuzzy semi-prime I'-Ideals

Definition 4.1. Let A = (ua,v4) be an IFS in I'-LA-semigroup S. Then
A = (pa,v4) is called an intuitionistic fuzzy semi-prime if

(IFP3) pa(z) > pa(zyz),

(IFP4) 4 (x) < pya(zyr) Vo€ S and v €T

An intuitionistic fuzzy I'-ideal is called an intuitionistic fuzzy semi-prime I'-
ideal of S if it is an intuitionistic fuzzy semi-prime.

Theorem 4.1. Let S be a I'-LA-semigroup and 0 4T C S is a semi-prime
I'-ideal of Si’hen, A = (X, Xr) is an intuitionistic fuzzy semi-prime I'-ideal
of S, where Xpr =1 — Xp.

Proof. The proof follows from 3.1 O

Theorem 4.2. Let T be a non empty subset of S. If A = (Xp,Xr) is an
intuitionistic fuzzy semi-prime I'-ideal of S, then T is a semi-prime I'-ideal of
S, where Xr =1 — Xr.

Proof. The proof follows from 3.2 O

Theorem 4.3. For any intuitionistic fuzzy subl'-LA-semigroup A = {uua,va) of
S. If A= (ua,va) is an intuitionistic fuzzy semi-prime, then A(z) = A (zvyx)
Ve e S andyel.

Proof. Let x € S. Then, since A = (u4,7v4) is an intuitionistic fuzzy subI’-LA-
semigroup, we have
pa(x) > pa(zyz) >min{pa (z),pa (2)} = pa (z)
pa(z) = palzyz)
and also, we have
va(z) < 7a(zyr) <max{ya(z),7a ()} =va (2)
ya(z) = 7va(zy2)
This completes the proof.. O
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Theorem 4.4. If A = (ua,va) is an intuitionistic fuzzy semi-prime T-ideal of
S, then OA = (ua,ia) and OA = (Fa,va) are intuitionistic fuzzy semi-prime
I'-ideals of S.

Proof. The proof follows from 3.5 O

Lemma 4.5. If A = (ua,v4) is an intuitionistic fuzzy semi-prime I'-ideal of S,
then pua and 74 are fuzzy prime I'-ideals of S.

Proof. Straightforward. O

Lemma 4.6. If A = (ua,v4) is an intuitionistic fuzzy semi-prime I'-ideal of S,
then 74 and va are anti fuzzy prime I'-ideals of S.

Theorem 4.7. Let A = (ua,va) be IFS in T'-LA-semigroup S. Then, A =
(LA, v4) is an intuitionistic fuzzy semi-prime T'-ideal of S if and only if for
any s,t € [0,1], the sets U (pa, s) ={x €S :ua(z)>s}t #0 and L(ya, t) =
{x € S:74(x) <t} #0 are semi-prime I'-ideals of S.

Proof. Suppose that A = (114,7v4) is an intuitionistic fuzzy semi-prime I'-ideal
of S. Let s,t € [0,1] such that U (uua, s) and L (a4, t) are non-empty. Now let
x € S such that 2T'z C U (a4, s). Then pa (zyx) > s for all v € T'. Since

pa(z) = palzyz) =s
wa(z) > s
s) is a semi-prime I'-ideal of S. Now, let

Hence, x € U (ua, s). Thus U (ua
) or all v € I'. Since

alx C L(va, t). Then, y4 (xyzx) <

t f
Ya(x) < yalzyz) <t
va(z) < .

Hence, © € L (ya, t). Thus L (y4, t) is semi-prime I'-ideal of S.

Conversely, let A = (a,7v4) be an IFS in S such that U (ua, s) and L (74, t)
are semi-prime I'-ideals of S. Let suppose A = (ua,74) is not intuitionistic
fuzzy semi-prime I-ideal of S. Then, there exist z, € S such that pa (z,) <
wa (zoyxs). Let

1
So = 3 [a (z0) + pa (zoyxo)] . Then
pa (o) < So < pra(Toy@o).
So, oo € U (la, o) but x5 ¢ U (a4, So), a contradiction. Therefore, pi4 (x) >

pa (zyzx) for all z € S. Similarly, y4 (z) < 4 (zyx) for all z € S and v € T.
Hence, A = (ua,74) is an intuitionistic fuzzy semi-prime I'-ideal of S. O

Corollary 4.8. Let A = (ua,va) be IFS in I'-LA-semigroup S. Then, A =
(1A, va) is an intuitionistic fuzzy semi-prime T-ideal of S if and only if for any
s,t € [0,1], the sets U (pa, s) = {x € S:pua(x)>s} # 0 and Ly (ya, t) =
{x € S:va(x) <t} #0 are semi-prime I'-ideals of S.
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Corollary 4.9. Let A = (ua,va) be IFS in T'-LA-semigroup S. Then, A =
(LA, v4) 1is an intuitionistic fuzzy semi-prime T'-ideal of S if and only if for
any s,t € [0,1], the set USY) = {x € S:pa(x)>s and ya () <t} # 0 is a
semi-prime I'-ideal of S.

Definition 4.2. An element a of a I'-LA-semigroup S is called left regular if
for there exist a € S and «, 8 € I such that = (zax) Sa. If every element of
a I'-LA-semigroup S is left regular, then S is called left regular. Similarly, for
right regular.

Theorem 4.10. Let S be a left reqular. Then, for every intuitionistic fuzzy
right T-ideal A = (ua,va) of S, A(x) = A(zax) Vo € S and a € T.

Proof. Let x be any element of S. Since S is a left regular, there exist a € S
and a, 8 € T such that x = (zax) Sa. Thus, we have

pa(x) = pa((zax)Ba) > pa (vax) > pa (v)
wa(z) = pa(zaz) and
Ya(x) = va((zax)pa) < ya(zox) <ya(z)
va(®) = 7a(vaz)
Hence, A (z) = A(rax) Vz € S and a € T O

Lemma 4.11. FEvery intuitionistic fuzzy right I'-ideal of a reqular I'-LA-semigroup
S is I'-idempotent.

Proof. Let A = (ua,v4) be any intuitionistic fuzzy right I-ideal of S. Since S
regular, so by Proposition 2.1

ATA = ANA=A
ATA = A
O
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