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1. Introduction

Y. Imai and K. Iséki introduced two classes of abstract algebras: BCK-
algebras and BC1I-algebras ([3,4]). It is known that the class of BC'K-algebras
is a proper subclass of the class of BCI-algebras. BCK-algebras have some
connections with other areas: D. Mundici [7] proved MV-algebras are categori-
cally equivalent to bounded commutative algebra, and J. Meng [8] proved that
implicative commutative semigroups are equivalent to a class of BC' K-algebras.
Y. B. Jun, E. H. Roh, and H. S. Kim [5] introduced the notion of a BH-algebra,
which is a generalization of BCK/BCI-algebras. They defined the notions of
ideal, maximal ideal and translation ideal and investigated some properties. E.
H. Roh and S. Y. Kim [10] estimated the number of BH*-subalgebras of order
1 in a transitive BH*-algebras by using Hao’s method. S. S. Ahn and J. H.
Lee ([2]) defined the notion of strong ideals in BH-algebra and studied some
properties of it. They considered the notion of a rough set in BH-algebras.
S. S. Ahn and E. M. Kim ([1]) introduced the notion of n-fold strong ideal in
BH-algebra and gave some related properties of it. We also described the role
of initial segments in B H-algebras.

In this paper, we consider the fuzzifications of the notion of n-fold strong
ideals. We investigate some of their properties, and consider characterizations
of fuzzy n-fold strong ideals. Using a family of n-fold strong ideals, we establish
fuzzy n-fold strong ideals.
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2. Preliminaries

By a BH-algebra ([5]), we mean an algebra (X;*,0) of type (2,0) satisfying

the following conditions:
(I) x+xxz =0,
(II) %0 ==,

(ITII) z«y =0 and y*x = 0 imply = =y, for all z,y € X.

For brevity, we also call X a BH-algebra. In X we can define an order relation
“<” by x <yif and only if z *y = 0. A non-empty subset S of a BH-algebra
X is called a subalgebra of X if, for any z,y € S, x*xy € S, i.e., S is a closed
under binary operation.

Definition 2.1 ([5]). A non-empty subset A of a BH-algebra X is called an
ideal of X if it satisfies:

(I1) 0 € A,

(I12) x+y € Aand y € A imply z € A, Va,y € X.

An ideal A of a BH-algebra X is said to be a translation ideal of X if it satisfies:

(I13) zxy € Aand y*xx € Aimply (x*2)*(y*xz) € Aand (z*x)*(zxy) € A,

Vr,y,z € X.

Obviously, {0} and X are ideals of X. For any elements « and y of a BH-
algebra X, x x y™ denotes (--- ((x x y) *xy) * -+ ) * y in which y occurs n times.

Definition 2.2. A non-empty subset A of a BH-algebra X is called a strong
ideal ([2]) of X if it satisfies (I1) and
(T4) (z*xy)xz€ Aand y € A imply zxz € A for all z,y,z € X.

An ideal A of a BH-algebra X is called an n-fold strong ideal ([1]) of X if it
satisfies (I1) and

(I5) for every x,y, z € X there exists a natural number n such that zxz" € A
whenever (z xy) *x 2™ € A and y € A.

A mapping f : X — Y of BH-algebras is called a homomorphism if f(xxy) =
f(z) = f(y) for all z,y € X. For a homomorphism f : X — Y of BH-algebras,
the kernel of f, denoted by kerf, defined to be the set

kerf = {z € X|f(x) = 0}.
Definition 2.3 ([10]). A BH-algebra X is called a BH*-algebra if it satisfies
the identity (x xy) *x =0 for all z,y € X.
Lemma 2.4. Let X be a BH*-algebra. Then the following identity holds:
0xx =0, Vz € X.

Definition 2.5. A BH-algebra (X;x,0) is said to be transitive if © «+y = 0 and
y*xz=01imply z*xz =0 for all z,y,z € X.
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We now review some fuzzy logic concepts. A fuzzy set in a set X is a function
p: X —[0,1]. For a fuzzy set uin X and ¢ € [0, 1], define U(u;t) to be the set
U(p;t) = {z € X|p(x) > t}, which is called a level subset of p.

Definition 2.6 ([6]). A fuzzy set p in a BH-algebra X is called a fuzzy BH -ideal
(here call it a fuzzy ideal) of X if

(FI1) p(0) > p(z), Vo € X,
(FI2) p(z) > min{u(z *y), u(y)}, vz, y € X.

A fuzzy set p in a BH-algebra X is called a fuzzy translation BH -ideal of X if
it satisfies (FI1), (FI2) and

(FI3) ﬁin{u((x*Z)*(y*Z)),M((Z*x)*(Z*y))} > min{p(zxy), p(y+x)}, Vo, y, 2 €

Definition 2.7. Let A and B be any two sets, u be any fuzzy set in A and
f: A — B be any function. Set f~!(y) = {z € A|f(z) = y} for y € B. The
fuzzy set v in B defined by

vy) = {v{m) re STy} W) A0
0 otherwise

for all y € B, is called the image of p under f and is denoted by f(u).

Definition 2.8. Let A and B be any two sets, f : A — B be any function and
v be any fuzzy set in f(A). The fuzzy set p in A defined by

w(x) =v(f(x)) for all x € X
is called the preimage of v under f and is denoted by f~!(v).

3. Fuzzy ideals

Proposition 3.1. Let u be a fuzzy ideal of a BH-algebra X. If x < y for any
z,y € X, then p(x) < p(y).

Proof. If x <y for any =,y € X, then  *y = 0. Hence, by (FI1) and (FI2), we
have p(z) < min{p(z * y), p(y)} = min{u(0), u(y)} = p(y). O

Proposition 3.2. A fuzzy set u in a BH-algebra X is a fuzzy ideal of X if and
only if it satisfies (FI1) and

(FI2') (Va,y,z € X)((x*y) * 2z = 0= p(x) = min{u(y), u(2)}).

Proof. Let u be a fuzzy ideal of X and let x,y, z € X. Suppose that (x*y)*xz = 0.
Since p is a fuzzy ideal, we have

p(z *y) >min{p((z * y) * 2), p(2) }
=min{u(0), u(2)}
=pu(2).

Hence p(z) > min{p(z+y), u(y)} > min{u(y), p(z)}. Therefore p(z) > min{u(y), u(2)}.
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Conversely, assume p satisfies (FI1) and (FI2'). Since (z *y) * (x xy) = 0 for
any z,y € X, we have p(z) > min{u(y), u(z * y)} by (FI2’). Thus p is a fuzzy
ideal of X. O

It is easy to prove by induction the following.

Proposition 3.3 Let u be a fuzzy set satisfying (FI1) in a BH-algebra X. Then
w is a fuzzy ideal of X if and only if for any x4, ,x, € X(n > 2),

(- (z*xwy)*-- ) kxy =0 implies p(x) > min{p(z1), -, pwlx,)}.

The following two theorems give the homomorphic properties of fuzzy ideals.

Theorem 3.4. Let X and Y be BH-algebras and f : X — Y be a homomor-
phism and v be a fuzzy ideal of Y. Then f~1(v) is a fuzzy ideal of X.

Proof. Let x € X. Since f(x) € Y and v is a fuzzy ideal of Y, v(0) > v(f(x)) =
(f~1(v))(z) for any z € X, but v(0) = v(f(0)) = (f~(»))(0). Thus we get
(F1)(0) > v(f(x)) = (f'(v))(x) for any x € X. Thus f~!(v) satisfies
(FI1). Now let =,y € X. Since v is a fuzzy ideal of Y, we have
V(@) 2 min{u(7() = F0), (7))
=min{v(f(z *y)), v(f(y))}
and hence f~1(v)(z) > min{f~*(v)(z xy), f~1(v)(y)}. Thus f~(v) is a fuzzy
ideal of X. O

Lemma 3.5. Let X and Y be BH-algebras and let f : X — Y be a homomor-
phism and u be a fuzzy ideal of X. Then, if u is constant on kerf = f~1(0),

then f~1(f(u)) = .
Proof. Let © € X and f(x) = y. Hence we have

FHF ) (@) =(F () (f (@)
F))(y) = Vi{u(a)la € £ ()}

For all a € f~1(y), we obtain f(z) = f(a). Hence f(z*a) =0, i.e., xxa € kerf.
Thus p(z * a) = p(0). Therefore p(z) > min{u(x * a), u(a)} = p(a). Similarly,
we have p(a) > p(z). Hence p(z) = p(a). Thus f~1(f(u))(z) = V{u(a)|a €
FH )} = wl@), ie, f7HF (1) = O
Theorem 3.6 Let X and Y be BH-algebras and let f : X — Y be a surjective
homomorphism and p be a fuzzy ideal of X be such that kerf C A,, where
A, ={x € X|u(xz) = n(0)}. Then f(u) is a fuzzy ideal of Y.

Proof. Since y is a fuzzy ideal of X and 0 € f~1(0), we have

(f(1))(0) =V {u(a)la € F71(0)}
=u(0) > p(x) for any = € X.
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Hence

(F@)(0) =V {u()le € (1)}
—(f())(y) for any y € V.

Thus f (1) satisfies (FI1). Suppose that (£(1))(z) < min{f()(ys+es), (1) (y5)}
for some xp,yp € Y. Since f is surjective, there exist x4,ya4 € X such

that f(za) = zp and f(ya) = yp. Hence f(u)(f(xz4)) < min{f(u)(f(ya *
za)), f(11)(f(ya))}. Therefore

ST ) (@a) < min{f 71 (f (1) (ya * za), (1) (ya)}-

Since kerf C A,,, p is constant on kerf. Hence, by Lemma 3.5, we get pu(z4) <
min{p(za *ya), u(ya)} which is a contradiction. Thus f(u) is a fuzzy ideal of
Y. O

4. Fuzzy n-fold strong ideals

Definition 4.1. A fuzzy set p in X is called a fuzzy n-fold strong ideal of X if
it satisfies (FI1) and
(FI4) p(z *2™) > min{u((x * y) * 2"), u(y)} for all z,y,z € X, where n is a
natural number.

Example 4.2. Let X := {0,1,2,3} be a BH-algebra([1]) with the following
Cayley table:

w N = OO
DO O

* 2 3
0 0 0
1 0 0
2 0 0
3 2 0

Define a fuzzy set 1 in X by u(3) = 0.3 and u(x) = 0.7 for all  # 3. Then u is

a fuzzy n-fold strong ideal of X.

A fuzzy set p in a BH-algebra X is called a fuzzy subalgebra of X if p(z*y) >
min{u(z), u(y)} for all z,y € X.

Lemma 4.3. In a BH*-algebra, every fuzzy ideal is a fuzzy subalgebra.
Proof. Since X is a BH*-algebra, we have

p(z *y) =min{p((z *y) « ), p(z)}
=min{u(0), u(x)}
=u(),

for all z,y € X. Hence p(z *y) > min{u(z), u(y)} for all 2,y € X. Thus p is a
fuzzy subalgebra of X. O

Theorem 4.4. In a BH-algebra, every fuzzy n-fold strong ideal is a fuzzy ideal.
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Proof. Let p be a fuzzy n-fold strong ideal of a BH-algebra X. Taking x :=
x, y:=y and z := 0 in (FI4) and using (II), we get
p(x) =p(x*0")
> min{pu((z *y) * 0"), u(y)}
= min{u(z *y), u(y)}
for all x,y € X. Hence p is a fuzzy ideal of X. O

Corollary 4.5. In a BH*-algebra, every fuzzy n-fold strong ideal is a fuzzy
subalgebra.

The converse of Corollary 4.5 is not be true as seen in the following example.

Example 4.6. Let X = {0,1,2,3} be a BH*-algebra as in Example 4.2 and let
i be a fuzzy set in X given by

() = {al if z € {0,2}

a9 otherwise

where a1 > 5 in [0, 1]. Tt is easy to show that p is a fuzzy subalgebra of X. But
1 is not a fuzzy n-fold strong ideal of X for every positive integer n, because

p(3%0™) = pu(3) = az < ag = min{p((3*2) *0™), u(2)}.

Theorem 4.7. Let X and Y be BH-algebras and f : X — Y be a homomor-
phism and v be a fuzzy n-fold strong ideal of Y. Then f~1(v) is a fuzzy n-fold
strong ideal of X.

Proof. Let x € X. Since f(x) € Y and v is a fuzzy n-fold strong ideal of Y,
v(0) = v(f(2)) = (f 7' (¥))(x), but v(0) = v(f(0)) = (f'(v))(0) for any z € X.
Thus we get (f~1(v))(0) > v(f(z)) = (f~1(v))(x) for any z € X. Thus f~1(v)
satisfies (FI1). Now let x,y,z € X. Since v is a fuzzy n-fold strong ideal of Y,
we have

v(f(x) * £(2)") Zmin{v((f(x) * f(y)) * £(2)"),v(f ()}
=min{v(f((z *y) * 2")),v(f ()}

and so v(f(z*2")) > min{v(f((z*y)*2")),v(f(y))}. Hence we get f~1(v)(z *
2™) > min{f~ () ((x*y)*2z"), f~1(v)(y)}. Thus f~1(v) is a fuzzy n-fold strong
ideal of X. O

Proposition 4.8. Let A be a non-empty subset of a BH-algebra X, n be a
positive integer and p be a fuzzy set in X defined by

ap ifrxeA
) = .
a9 otherwise

where a1 > ag in [0,1]. Then p is a fuzzy n-fold strong ideal of X if and only
if A is an n-fold strong ideal of X. Moreover, X,y = A, where X, := {z €

Xlp(x) = p(0)}.
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Proof. Assume that p is a fuzzy n-fold strong ideal of X. Since u(0) > u(x)
for all z € X, we have p(0) = ay and so 0 € A. Let x,y,z € X be such that
(xxy)*x2" € Aand y € A. Using (FI4), we know that

o 27) = minfu((@ * y) * 2", 1(y)} = s

and thus p(z*2") = a;. Hence % 2™ € A, and A is an n-fold strong ideal of X.

Conversely, suppose that A is an n-fold strong ideal of X. Since 0 € A, it
follows that ©(0) = a3 > p(x) for all x € X. Let z,y,2 € X. Ify ¢ A or
xx 2™ € A, then we have

p(a * 2") = min{p((z * y) = 2"), u(y)}-
Assume that y € A and x * 2" ¢ A. Then by (I5), we have (x * y) * 2™ ¢ A.

Therefore pu(x * 2™) = ag = min{u((z * y) * 2™), u(y)}. Thus p is a fuzzy n-fold
strong ideal of X. Finally, we have

X, = {r € X|u(x) = p(0)} = {z € X|u(x) = ar} = 4.
This completes the proof. O

Theorem 4.9. Let i be a fuzzy set in a BH-algebra X and let n be a positive
integer. Then p is a fuzzy n-fold strong ideal of X if and only if the non-empty
level set U(u; «) of p is an n-fold strong ideal of X.

Proof. Suppose that p is a fuzzy n-fold strong ideal of X and U(u;a) # 0 for
any « € [0,1]. Then there exists © € U(u; @) and so p(z) > a. It follows from
(FI1) that p(0) > p(z) > « so that 0 € U(u; ). Let @,y,z € X be such that
(xxy)*2" € U(u;a) and y € U(p; o). Then by (FI4), we have

pul o+ 2") = min{p((z « y) * 2"), u(y)}
>min{a, a} = «a,
and thus z % 2" € U(p; o). Hence U(p; ) is an n-fold strong ideal of X.
Conversely, assume that U(u; ) # () is an n-fold strong ideal of X for every
a € [0,1]. For any 2 € X, let u(x) = a. Then = € U(y; ). Since 0 € U(p; @),

it follows that u(0) > o = p(x) so that u(0) > u(x) for all z € X. Now we only
to show that p satisfies (FI4). If not, then there exist a,b,c € X such that

pla*c™) < min{u((a*b) xc™), u(b)}.
Taking g = 2 (u(a * ™) + min{u((a = b) * ™), u(b)}), then we have
plaxc™) < ap < min{u((a*b) *c"), u(b)}.

Hence (a * b) x " € U(p;ap) and b € U(u;ap), but a * ¢™ ¢ U(p; ), which
means that U(u; ap) is not an n-fold strong ideal of X. This is a contradiction.
Therefore p is a fuzzy n-fold strong ideal of X. O

Corollary 4.10. Let u be a fuzzy set in a BH-algebra X and let n be a positive
integer. Then p is a fuzzy n-fold strong ideal of X if and only if X, := {z €
X| p(x) > p(b)} is an n-fold strong ideal of X for any b € X.
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Proof. Assume that X3 is an n-fold strong ideal of X for any b € X. It is enough
to show that U(u; ) is an n-fold strong ideal of X for any a € [0,1]. Choose
y's so that a > p(y). Then {z € X|u(z) > a} = Ny{z € X|u(z) > pn(y)}. By
assumption, U(u; @) is a fuzzy n-fold strong ideal of X.

Conversely, by Theorem 4.9, it is easy to prove. O

Corollary 4.11. If p is a fuzzy n-fold strong ideal of X, then X, = {z €
X| p(x) = p(0)} is an n-fold strong ideal of X.

Theorem 4.12. Let p be a fuzzy set in X satisfying (FI1). Then p is a fuzzy
n-fold strong ideal of X if and only if for every t € [0,1] and every z,y,z € X
such that u(y * z") < t < u(x), we have u((y * z) * 2") < t.

Proof. Assume that p is a fuzzy n-fold strong ideal of X. Let ¢t € [0,1] and
x,y,z € X be such that u(y * z2") < t < p(z). Then y* 2" ¢ U(u;t) and
x € U(t). If (y*x)*2" € U(pst), then y * 2™ € U(u;t) because U(u;t)
is an n-fold strong ideal of X by Theorem 4.9. This is impossible, and so
(y xx) * 2™ ¢ U(u;t) which shows that u((y * ) * 2™) < t.

Conversely, suppose that pu((y % x) % 2") < t for all t € [0,1] and z,y,z € X
satisfying p(y * 2") < t < p(z). Consider any level subset U(y;s) of p and
let a,b,c € X be such that (a xb) *c” € U(u;s) and b € U(u;s). Obviously,
0€U(u;s). Maxc™ ¢ U(u;s), then p(axc™) < s < u(b), and so p((a*xb)*c™) < s
by assumption. This implies that (a * b) * ¢™ ¢ U(y; s), a contradiction. Hence
axc™ € U(u;s), and thus U(y; s) is an n-fold strong ideal of X. By Theorem
4.9, p is a fuzzy n-fold strong ideal of X. O

Theorem 4.13. Let {A:|t € T'} be a family of n-fold strong ideals of X such
that
(i) G =Uier Ay
(ii) s >t if and only if A; C A for all s,t €T,
where T' is a non-empty subset of [0, 1], Define a fuzzy set p in X by
w:=supf{t € Tz € A;}.
Then p is a fuzzy n-fold strong ideal of X.

Proof. Using Theorem 4.9, it is sufficient to show that the non-empty level subset
of p is an n-fold strong ideal of X. Assume that U(y;s) is non-empty, where
s € [0,1]. Then either s = sup{t € T'|t < s} or s # sup{t € T'|t < s}, i.e., either
s = sup{t € T|A; C A;} or s # sup{t € T|As C A;}. In the first case, since
x € U(p;s) if and only if z € A, for all t < s if and only if x € Uy A, we have
U(p; s) = Upes Ay, which is an n-fold strong ideal of X.

The second case implies that there exists ¢ > 0 such that (s —e,s) N T is
empty. If © € Up>sA;, then z € A; for some ¢ > s, and hence u(z) > ¢ > s. It
follows that € U(y;s) so that Ug>sA; C U(w;s). Now, if © ¢ Ui>sA4,, then
x ¢ Ay forallt > s. Hence x ¢ A; for allt > s —e, ie., if x € A; thent < s—e.
Thus p(z) < s—e, and therefore « ¢ U(p;s). This shows that U(u; s) = U Ay,
which is an n-fold strong ideal of X. This completes the proof. O



On fuzzy n-fold strong ideals of BH-algebras 673

Using a chain of n-fold strong ideals, we establish a fuzzy n-fold strong ideal.

Theorem 4.14. Let u be a fuzzy set in X with Im(u) = {to,t1,- - ,tm}, where
to >t >+ >t, nl0,1. If Ay C Ay C --- C A, = X is a chain of n-fold
strong ideals of X such that u(Ax — Agp—1) = t for k = 0,1,--- ,;m, where
A_y := 1), then p is a fuzzy n-fold strong ideal of X .

Proof. Obviously, 1(0) > p(z) for all x € X. To prove u satisfies (FI4), we
consider the following four cases:

(xxy)x2" € Ay — A1,y € A — Ap_1,
(xxy)*2" € Ay — Ap—1,y ¢ Ak — A1,
(xxy)x2" ¢ Ay — A1,y € A — Ap—1,
(xxy)*2" ¢ Ap — Ap—1,y & A — Ap_1.

The first case implies that x * 2™ € Ay, because Ay is an n-fold strong ideal.
Hence we have

p(@ s 2") 2te = p((x xy) * 2") = p(y)
=min{u((z *y) *2"), n(y)}-
In the second case, we know that eithery € Ay_jory € A,,—A,,—1 C Ap—Ax C
A, for some m > k. Since (x *y) *x 2™ € A — A1 C Ay, it follows that either
rxz" € Aporxxz" € A, — A C A,,. Therefore we have
p(z* 2") 2ty = p((z *y) *2")
= min{u((z *y) * 2"), u(y)}
for y € Ag_1,x x 2" € Ag. Similarly,

(@ * 2") >ty = p(y) = min{u((z +y) = 2"), u(y)}

forye Ay, — Am—1 and x x 2™ € A, — Ag. In the last two cases the process of
verification is analogous. O

Corollary 4.15. Let p be a fuzzy set in X with Im(u) = {to,- -+ ,tm}, where
to >t >+ >t, nl0,1. If Ay C Ay C --- C A,, = X is a chain of n-fold
strong ideals of X such that u(Ag) > ty for k =0,1,--+ ,m, then u is a fuzzy
n-fold strong ideal of X.

Proof. Straightforward.
Corollary 4.16. Let pu be a fuzzy n-fold strong ideal of X. If Im(u) =
{to, - ,tm}, where tg > t; > -+ > t,, in [0,1], then U(u;tx),k =0,1,--- ,m,
are n-fold strong ideals of X such that

u(U(pito)) = to and p(U (p; t) — U(ps te—1)) = tg for k=0,1,--- ,m.

Proof. By Theorem 4.9, U (u; t1,) are strong ideals of X. Obviously, u(U(u;t0)) =
to. Since p(U(w;t1)) > t1, we have u(x) = to for x € U(up;to), p(x) >
ty for x € U(p;to) — U(p : t1). Repeating this process, we conclude that
(U (s th) — Ulpisty 1)) =ty for k=1, ,m. 0
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Lemma 4.17. Every fuzzy set p in X is represented by p(z) = sup{t € [0, 1]|z €
U(p;t)} for all x € X.

Proof. Let s := sup{t € [0,1]|x € U(y;t)} and let € > 0 be given. Then there
exists ¢ € [0,1] such that s < s+ € and « € U(y;t), and hence s < p(x) + €.
Since € is arbitrary, it follows that s < p(x). Let pu(r) = w. Then x € U(u;w),
ie, we {t €l0,1]|u(x) € Uwt)}. Thus w < sup{t € [0,1]jx € U(y;t)} = s,
and therefore pu(x) = s, completing the proof. O

Let A be a subset of X. The least n-fold strong ideal of X containing A is
called an n-fold strong ideal generated by A, written (A).

For any fuzzy set p in X, the least fuzzy n-fold strong ideal of X containing
w is called a fuzzy n-fold strong ideal of X induced by p, denoted by ().
Theorem 4.18. Let i be a fuzzy set in X. Then the fuzzy set pu* in X defined
by

p* = sup{t € [0, 1]z € (U(w; 1))}

for all x € X is the fuzzy n-fold strong ideal (i) induced by p.

Proof. For any r € Im(u*), let 7, =7 — ¢ for any k € N. If € U(p*;r), then
w*(z) > r and so

sup{t € [0,1]|x € (U(w;t))} >r >r — % =7y

for any k& € N. Hence there exists s € {t € [0,1]|]x € (U(u;t))} such that
s> 1. Thus U(u;s) C U(u;rg) and so x € (U(p;s)) C (U(p; 7)) for all k € N.
Consequently, z € Ngen(U (5 7%)).

On the other hand, if € Nken(U(w; 1)), then r, € {t € [0,1]|z € (U(w; 1))}
for any k € N. Therefore

P =i < supft € [0, 1z € Ul )} = ()

for all k € N. Since k is arbitrary, it follows that r < u*(x) so that x € U(u*;r).
Hence U(p*;7r) = Nken(U(u;71)), which is an n-fold strong ideal of X. Using
Theorem 4.9, we know that p* is a fuzzy n-fold strong ideal of X.

Now we prove that p* contains u. For any z € X, let s € {t € [0,1]|z €
U(p;t)}. Then z € U(u;s) and so ¢ € (U(p;s)). Thus s € {t € [0,1]]x €
(U(p;t))}, which implies that

{t [0, 1]lz € U(p;t)} € {t € [0,1]|z € (U(w;1))}-
Using Lemma 4.17, we have
pu(x) =sup{t € [0,1][z € U(p; 1)}
<sup{t € [0, [z € (U(p; 1))}
=" ().
Hence p C p*.
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Finally, let v be a fuzzy n-fold strong ideal of X containing p. Let z € X.
If p*(z) = 0, then obviously p*(x) < v(z). Assume that p*(z) = r # 0. Then
x e U(p*r) = Ngen(U(p;rr)), ie., x € U(u;ry) for all k € N. It follows that
v(z) > p(x) > r, — + for all k € N so that v(z) > r = p*(x) since k is arbitrary.

This shows that u* C v, completing the proof. O
Theorem 4.19. Let {Ai|k € N} be a family of n-fold strong ideals of a BH-
algebra X which is nested, i.e., Ay D Ay D Ay D ---. Let u be a family set in
X defined by

koo B

‘u(aj): oy l'f{EGAk—Akle,k_O,]_’Q’...
1 if © c mzo:OAK

for all x € X, where Ay stands for X. Then p is a fuzzy n-fold strong ideal of

X.

Proof. Clearly u(0) > p(z) for all z € X. Let z,y,2 € X. Suppose that
(xxy)*x2" € Ay — Agy1,y € A — Apyq for £ =0,1,2,--- ;0 =0,1,2,---.
Without loss of generality, we may assume that & < r. Then obviously y € Ag.
Since Ay is an n-fold strong ideal, it follows that = x 2™ € Ay so that

p(@ = z") = min{p((z * y) * 2"), u(y)}-

> -
~“k+1
If (xxy)*2" € N2 A, and y € NP2 Ak, then there exists ¢ € N such that
(x*xy)*2" € A; — A;j11. Tt follows that = * 2™ € A;, so that

? .
pla x2") 2 = = min{p((@ * y) « 2"), u(y)}-
Finally, assume that (zxy)*2z" € N2 Ar and y ¢ N2 Ax. Theny € A;— A4
for some j € N. Hence x * 2" € A;, and thus

p(*2") = = min{u((z *y) *z"), u(y)}.

_J_
T g+1
Consequently, i is a fuzzy n-fold strong ideal of X. O
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