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Abstract

We consider a bivariate Poisson regression model to analyze discrete count data
when two dependent variables are present. We estimate the regression coefficients as-
sociated with several safety countermeasures. We use Markov chain and Monte Carlo
techniques to execute some computations. A simulation and real data analysis are per-
formed to demonstrate model fitting performances of the proposed model.
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1. Introduction

Analysis of discrete count data has been done in various fields, including applied sciences,
economics, and transportation engineering. Several models have been proposed in recent
decades to analyze these count data, especially traffic crash data. Modeling these data begins
with the multiple linear regression model (MLR) in conjunction with normality assumptions
and homoscedasticity on error terms. The MLR is conceptually sound and computationally
feasible in estimating regression coefficients and explaining correlations between variables.
However, these conditions are not compatible with characteristics of crash data. Jovanis and
Chang (1986) initially propose the Poisson regression model (PRM) to circumvent these
limitations. However, because the Poisson distribution has the same mean and variance, it
does not often reflect typical characteristics such as substantial overdispersion contained in
count data. A great deal of work regarding model building for crash data has been based
on the negative binomial regression model (NBRM). See Persaud (1991, 1994), Persaud and
Dzbik (1993), Lord and Persaud (2004) for the related work based on the NBRM.
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There are two types of crash prediction models in transportation safety fields. One is the
conventional prediction model in which the total number accidents is simply the sum of
the frequencies contained in different severity: “property damage only,” “injury,” and “fatal
and injury.” So, the PRM or NBRM can be proceeded with this total number of accidents
as a dependent variable. The other model is called a severity model in a sense that one
can make an adjustment by imposing some weights in each severity category. Consequently,
the severity model can be more focused on severe accidents like fatal injury. However, both
models use only one dependent variable, which cannot incorporate the correlations between
severities.

Multivariate Poisson distributions (MPD) are useful tools in applications involving mul-
tivariate discrete data. A decent number of techniques has been proposed to deal with the
computational problems of the multivariate Poisson distribution. Kim et al. (2006) and Kim
and Jeong (2006) investigate some theoretical properties for MPD inclduing random num-
ber generation algorithms and solutions to linear equations. There have been some papers
regarding the multivariate Poisson (MVP) regression models developed by Tsionas (2001).
Tunaru (2002) utilizes a hierarchical model to analyze multiple count data. Bijleveld (2005)
investigates the correlation between the number of accidents and victims with a MVP model.
Ma and Kockelman (2006) consider an objective Bayesian approach in analyzing injury count
data by severity based on trivariate Poisson regression model. Our analysis is quite similar
to that of Ma and Kockelman (2006), though, there are some differences. Specifically, we use
a bivariate Poisson regression model with some informative proper priors. To the best of our
knowledge, the estimation of the model parameters with this bivariate model in analyzing
Korean crash data has not been given in the literature. Moreover, it is a bit meaningful
to estimate the regression coefficients and interpret the effects associated with safety coun-
termeasures. The detailed results of analysis will be presented extensively in Section 4. In
conjunction with bivariate Poisson distributions, Papageorgiou and Loukas (1988) compute
the MLEs by considering the conditional distributions. Adamids and Loukas (1994) utilize
the EM algorithm to estimate parameters when some observations are missing. See Tsionas
(2001) for more references.

The rest of this article is organized as follows. In Section 2, we explain the model. In
Section 3, we present Bayesian estimation procedures along with computation schemes such
as the Gibbs sampler. In Section 4, numerical results are provided based on both simulated
and real data.

2. The model

Consider three independent random variables Z0, Z1, and Z2, where Zk follows a Poisson
distribution with mean λk for k = 0, 1, 2. Define random variables as

X = Z0 + Z1 and Y = Z0 + Z2.

Then the random vector (X,Y ) follows a bivariate Poisson distribution and it will be denoted
by (X,Y ) ∼ BP(λ0, λ1, λ2). Note that X and Y marginally follow Poisson distribution with
means λ0 + λ1 and λ0 + λ2 respectively. Further, the correlation coefficient between X and
Y is

ρXY =
λ0√

(λ0 + λ1)(λ0 + λ2)
.
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The joint probability mass function for (X,Y ) is then

p(x, y) = e−(λ0+λ1+λ2)

min(x,y)∑
j=0

λj0λ
x−j
1 λy−j2

(x− j)!(y − j)!
.

We refer the reader Tsionas (2001) for the extension to the multivariate Poisson distribution.

In order to proceed for the analysis, suppose we have a sample (Xi, Yi)
indep∼ BP(λ0, λ1i, λ2i)

for i = 1, . . . , n. We use the canonical log link function by letting λ1i = exp{w′iβ} and
λ2i = exp{w′iγ}, where β and γ are k × 1 vectors of unknown regression coefficients and
w′i is the ith row of the n× k design matrix with k − 1 covariates when the intercept term
is included in the model. We note that the common parameter λ0 remains as it is without
incorporating regressors.

Remark 2.1 Although we use the same covariates on the links for our analysis, one can use
different covariates. However, interpretations could be more complicated with this setting.

3. Bayesian inference

3.1. Prior specifications

First, we use a gamma prior for λ0. That is, p(λ0) ∝ λδ−10 e−ελo . Second, we use a proper,
but considerably vague prior with a large variance for the regression coefficients βl and γl for
l = 1, . . . , k. In particular, these priors have forms with high spread such as a normal density
with extremely large variance. Vague or weakly informative priors have been extensively used
in several papers (cf. Smith and Spiegelhalter, 1980; Spiegelhalter and Smith, 1982; Akman
and Raftery, 1986). So, we assume that the priors on βl and γl are normally distributed
with means µ1l and µ2l, and variances σ2

1l and σ2
2l respectively, for l = 1, . . . , q. Finally, we

assume (λ0, β1, . . . , βk, γ1, . . . , γk) are independent a priori.

3.2. Estimation procedures

Estimation of the proposed model can be done in a Bayesian framework in conjunction
with data augmentation. The data augmentation algorithm can be used to estimate the
parameters with sampling based approaches like the Gibbs sampler. The Gibbs sampler is
proposed by Geman and Geman (1984), and is widely used as a general method in Bayesian
computation (Gelfand and Smith, 1990; Zeger and Karim, 1991).

Let β−l = (β1, β2, · · · , βl−1, βl+1, · · · , βk) and γ−l = (γ1, γ2, · · · , γl−1, γl+1, · · · , γk). That
is, β−l and γ−l are (k − 1) × 1 vectors with the lth component being excluded from β and
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γ respectively. Then the full conditional distributions are given by

p(βl|β−l, λ0, γ, θ, η,D) ∝


n∏
i=1

e−λ1iλxi
1i

min(xi,yi)∑
j=0

1

(xi − j)!(yi − j)!

(
λ0

λ1iλ2i

)j
· exp

{
− (βl − µ1l)

2

2σ2
1l

}
,

p(γl|γ−l, λ0, β, θ, η,D) ∝


n∏
i=1

e−λ2iλyi2i

min(xi,yi)∑
j=0

1

(xi − j)!(yi − j)!

(
λ0

λ1iλ2i

)j
· exp

{
− (γl − µ2l)

2

2σ2
2l

}
,

p(λ0|β, γ, θ, η,D) ∝


n∏
i=1

min(xi,yi)∑
j=0

1

(xi − j)!(yi − j)!

(
λ0

λ1iλ2i

)j
· λδ−10 e−(n+ε)λ0 .

4. Experimental results

4.1. A simulation study

We conducted a simulation study to examine the performance of the proposed model.
We use one covariate and the intercept with n = 200. Note that the parameters are (β1, β2,
γ1, γ2, λ0) in this setting. First, we generate covariates w1, . . . , wn from a normal distribution
with a mean of 5 and a variance of 1. Second, we compute λ1i = exp{β1 + wiβ2} and
λ2i = exp{γ1 + wiγ2} for i = 1, . . . , n. Finally, we can generate dependent variables (xi, yi)
from BP(λ0, λ1i, λ2i) for i = 1, . . . , n. We have used the following parameter values: β1 =
−1, β2 = 1, γ1 = 2, γ2 = −2, λ0 = 2.

As mentioned in Section 3.1, We use a normal prior for βl and γl centered at zero with
a large variance. The hyperparameters are µ1j = µ2j = 0 and σ1j = σ2j = 1, 000 for
j = 1, 2. We use (δ, ε) = (0.2, 0.1). Note that we use these hyperparameter values for real
data analysis in the following subsection. We use the Metropolis-Hastings algorithm within
the Gibbs sampler to obtain samples from the full conditional distributions. The Gibbs
sampler ran for 200,000 iterations after the initial 10,000 iterates were discarded as a burn-
in. We compute posterior means and 95% highest posterior density (HPD) intervals for each
parameter. The numerical values are reported in Table 4.1. It seems that all estimates of the
parameters based on the posterior means are close to the true values except γ2. However,
all of 95% HPD intervals include the true values. Figure 4.1 gives trace plots. Convergence
was established after 50,000 iterations using Gelman and Rubin’s R-statistic (Gelman and
Rubin, 1992). The values of R were close to 1 for all parameters in the Gibbs sampler.
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Table 4.1 Parameter estimates based on simulated data

parameter true value posterior mean 95% HPD

β1 -1 -1.1042 (-1.2913, -0.8908)

β2 1 1.0155 (0.9619, 1.0622)

γ1 2 2.2060 (1.4015, 3.0151)

γ2 -2 -1.6022 (-2.1390, -1.1349)

λ0 2 2.2474 (1.9075, 2.4667)
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Figure 4.1 Plots of sampled values for a bivariate Possion model based on 200,000 iterations

4.2. Real data analysis

We analyze the accident data for National Highway Number 15 (NH 15) in Korea. The
data were recorded in the year 2006 through the year 2011 for a six-year period. The data
are gathered at straight (tangent) 137 segments from Mokpo to Geumcheon. The data set
consists of five independent variables. They are the annual average daily traffic (AADT),
the length of tangent, grade, the length of curve, and the radius of curve. We note that the
length and radius of curve are calculated just before each straight segment. The dependent
variables are the number of injuries (x) and the number of fatal accidents (y).

In this analysis, the Gibbs sampler ran for 10,000 iterations after the initial 1,000 iterates
were discarded as a burn-in. We compute the posterior means and 95% HPD intervals for
the parameters. They are reported in Table 4.2.

We note that the signs of the estimates are congruent with what we would expect from
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typical characteristics in safety analysis perspectives. First, as the values of AADT increase
so does the number of accidents due to simple exposures. Second, as the length of tangent
increases so does the corresponding exposure. Moreover, as the length of tangent increases,
the speed of drivers could go up. This does not necessarily increase the frequency of the
accidents. However, at least, it could increase the number of fatal injury. In table 4.2 we can
see that the signs of the estimates associated with AADT and the length of tangent are all
positive for both components. We also note that the magnitude of estimates does not imply
the degree of accident frequencies, which is well known in conventional regression settings.
Third, the signs for grade are negative, which is a bit natural. In data collection, we put
positive signs for up-hills and negative signs for down-hills. It is usual that the speeds for
down-hills get higher resulting in more (fatal) accidents. When the length of curve gets larger,
the corresponding length of curve also gets larger. Drivers have tendencies to increase the
speed when they are entering to next straight lines. This results in the increase of accidents.
Finally, the signs associated with the length of curve are negative. These results can be
interpreted as follows: as the radius of curve gets smaller, many drivers will lower speed
first and raise the speed when they enter next straight lines to restore a diminished portion
between speeds. This speed difference could increase the number of accidents (Babkov, 1968;
Garber, 1988).

Table 4.2 Parameter estimates based on NH 15 data

component
parameter posterior mean 95% HPD

λ0 0.1361 (0.0369,0.2395)

x

intercept (β1) -1.0683 (-1.7422, -0.4053)

AADT (β2) 0.5233 (0.1496, 0.8848)

length of tangent (β3) 0.5828 (0.4164, 0.7471)

grade (β4) -0.0811 (-0.2191,0.0640)

length of curve (β5) 0.0246 (-0.4714,0.4783)

radius of curve (β6) -1.2933 (-2.5273,-0.2150)

y

intercept (γ1) -1.6166 (-2.7115,-0.6007)

AADT (γ2) 0.4239 (-0.2979,0.9906)

length of tangent (γ3) 0.5699 (0.3345,0.8319)

grade (γ4) -0.1402 (-0.3722,0.0897)

length of curve (γ5) 0.0340 (-0.7187,0.8012)

radius of curve (γ6) -1.9170 (-4.0492,-0.1110)
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Figure 4.2 Plots of sampled values for a bivariate Possion model based on 10,000 iterations
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