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Abstract

Multivariate control charts for effectively monitoring every component in the dis-
persion matrix of multivariate normal process are considered. Through the numerical
results, we noticed that the multivariate control charts based on sample statistic Vi by
Hotelling or Wi by Alt do not work effectively when the correlation coefficient compo-
nents in dispersion matrix are increased. We propose a combined procedure monitor-
ing every component of dispersion matrix, which operates simultaneously both control
charts, a chart controlling variance components and a chart controlling correlation co-
efficients. Our numerical results show that the proposed combined procedure is efficient
for detecting changes in both variances and correlation coefficients of dispersion matrix.

Keywords: Average run length, false alarm rate, likelihood ratio test statistic, Markov
chain approach.

1. Introduction

Statistical control chart is used for continuously monitoring the production process to
quickly detect any shifts that may produce deterioration in the quality of the output. Hence,
the purpose of a control chart is to detect assignable causes of variation so that these causes
of variation can be found and eliminated. During the control process, one wishes to detect
any departure from a target state as quickly as possible and identify which attributes are
responsible for the deviation.

The ability of a control chart to detect process changes is determined by the length of
time required for the chart to signal when the process is out of control, and frequency of
false alarm. Therefore a good control chart should quickly detect changes while producing
few false alarms. Traditional practice in using a control chart is to take samples from the
process at fixed sampling interval (FSI), and the length of the sampling interval between
sampling times ti and ti−1, is constant for all i (i = 1, 2, · · · ) in FSI chart.

The run length (RL) is defined as the random number of samples required for the chart
to signal and the ARL is the expected value of the RL. Therefore, the expected time to
signal is simply the product of the ARL and the length of the fixed sampling interval d in
FSI chart, so the ARL can be thought of as the expected time to signal. Researchers have
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studied the modified control procedures to reduce average time to signal when a change of
the production process has occurred such as EWMA chart, CUSUM chart, variable sampling
interval (VSI) procedure, and so on.

Many situations in industrial quality control involve a vector of measurements of two
or more related quality variables rather than single quality variable or single process pa-
rameter. When the quality variables are correlated, one could obtain better sensitivity by
using multivariate control procedures than separate control variables for each of the quality
variables.

The original work on multivariate control chart was introduced by Hotelling (1947) and
became popular in recent years. Alt (1984) reviewed much of the study on multivariate
control charts. A multivariate extension of the EWMA control chart was presented by Lowry
et al. (1992). Multivariate control charts were studied by Cho (2010), Chang and Heo (2012).
Most of the studies on multivariate control charts have been concentrated on monitoring
mean vector of multivariate normal process.

The changes in the correlation coefficients of quality variables may often largely affect the
quality of outputs like chemical industry. Through the numerical performances, we found
that the multivariate control charts based on sample statistic Vi by Hotelling (1947) or Wi

by Alt (1984) well respond to the changes of variance components, but they do not detect
well on the changes of correlation coefficients in dispersion matrix.

In addition, our numerical performances show that the control charts based on their sample
statistics have a limit that in some region where a component of correlation coefficients
increases from the target value, the out of state ARL value is greater than the in control
state ARL value even though the process has changed.

In this paper, we propose a combined procedure to overcome the limit which operates
two multivariate EWMA charts at the same time for monitoring both the variances and the
correlation coefficients in dispersion matrix. Through numerical results, we found that the
proposed control procedure effectively responds to the changes from both the variances and
correlation coefficients in dispersion matrix.

2. Notation and types of shifts

Suppose that the production process of interest has p quality variables whose distribution
is multivariate normal with mean vector µ and dispersion matrix Σ, and (µ

0
,Σ0) is the

known target process values for (µ,Σ). The target dispersion matrix of p quality variables
is represented as

Σ0 =


σ2

10 ρ120σ10σ20 · · · ρ1p0σ10σp0
ρ210σ10σ20 σ2

20 · · · ρ2p0σ20σp0
...

...
. . .

...
ρp10σ10σp0 ρp20σ20σp0 · · · σ2

p0

.
At each sampling time i (i = 1, 2, · · · ), we take a sequence of random vector X ′i =

(X ′i1, X
′
i2, · · · , X

′
in) where X ′ij = (Xij1, Xij2, · · · , Xijp). Thus Xi is an np× 1 column vec-

tor. Then the jk th element Xijk of Xi is the j th observation for k th quality variable at
each sampling time i (j = 1, 2, · · · , n; k = 1, 2, · · · , p).
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When the process is in control then the ARL should be large so that the frequency of false
alarms is low. When the process is out of control then the ARL should be small so that the
changes will be detected quickly. To compare the performances of the considered charts, the
charts should be set up so that both have the same ARL when the process is in control.
This means that the false alarm rates when the process is in control are the same for the
considered charts.

For simplicity in our numerical computation, we assume that target mean vector µ
0

= 0′,
all diagonal elements of Σ0 are 1 and off-diagonal elements of Σ0 are 0.4. The numerical
results were obtained when the ARL of in control state was approximately equal to 400, and
the sample size for each quality variable is 3 for p = 2 or p = 4.

To investigate and compare the performances of proposed multivariate control chart, there
are various forms in which the shifts could take place on dispersion matrix. But, for simplicity
in this study, we consider the following typical types of shifts and evaluate the performances
of such types in the process. In fact, a shift can occur only on the process parameters of
dispersion matrix:

(1) Vi : σ10 in Σ0 is increased to [1 + 0.1i], i = 1, 2, · · · , 12.
(2) Ci : ρ120 and ρ210 of Σ0 are changed to [0.4 + 0.i], i = ±4,±3, · · · , 0.
(3) (V4, C−4), (V3, C−3), · · · , (V3, C3), (V4, C4) are considered.

3. Single control chart procedure

To monitor process dispersion of single quality variable, one can use S2 chart or R chart,
where S2 denote an unbiased sample variance for a random sample of size n from a process.
The S2 chart signals for large values of S2

i or equivalently for large values of Ti = (n−1)S2
i /σ

2
0

where σ2
0 is target value of the process dispersion σ2 and S2

i is obtained at sampling occasion
i.

For multivariate case, one possible multivariate version of Ti is

Vi =

n∑
j=1

(Xij − X̄i)
′Σ−1

0 (Xij − X̄i) (3.1)

and the p× p sample dispersion matrix Si is Ai/(n− 1) where Ai =
∑n
j=1(Xij − X̄i)(Xij −

X̄i)
′. Hotelling (1947) proposed that Lawley-Hotelling statistic Vi can be used to monitor

the process dispersion matrix Σ of p quality variables. Lawley (1938) and Hotelling (1951)
studied the distribution of Vi. When the process is in control then the control statistic Vi
has a chi-squared distribution with (n− 1)p degrees of freedom.

Multivariate Shewhart chart based on Vi would be set as
{

0, χ2
1−α[(n− 1)p]

}
and a She-

whart chart based on Vi signals whenever

Vi ≥ χ2
1−α[(n− 1)p]. (3.2)

And multivariate EWMA chart based on Lawley-Hotelling statistic Vi is given by

YV,i = (1− λ)YV,i−1 + λVi, (3.3)

where YV,0 = ωV · I(ωV ≥0) and 0 < λ ≤ 1. This chart signals whenever YV,i ≥ hV . The
upper control limit (UCL) hV can be obtained by Markov chain approach where hV can
be obtained to satisfy a specified in control ARL. When the process is out of control state,
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then it is difficult to obtain the exact distribution of Vi. Thus, in order to evaluate the
performances of the considered charts it is necessary to use computer simulations. Markov
chain approach for multivariate chart can be referred from Chang et al. (2003) or Im and
Cho (2009).

Another sample statistic for monitoring dispersion matrix can be constructed by using
likelihood ratio test (LRT) statistic for testing H0 : Σ = Σ0 vs H1 : Σ 6= Σ0. In this case,
the region above the UCL corresponds to the LRT rejection region. The LRT statistic Wi

for monitoring dispersion martix is given by

Wi = tr(AiΣ
−1
0 )− n ln|Ai|+ n ln|Σ0|+ np lnn− np, (3.4)

Alt (1984) proposed that LRT statistic Wi can be used to monitor Σ of p quality variables.
Multivariate Shewhart chart based on LRT statistic Wi signals whenever

Wi ≥ hW . (3.5)

And multivariate EWMA chart based on Wi is given by

YW,i = (1− λ)YW,i−1 + λWi, (3.6)

where YW,0 = ωW · I(ωW≥0) and 0 < λ ≤ 1. If the chart statistic YW,i exceeds UCL hW , the
process is deemed out-of-control state and assignable causes are sought. Since it is difficult
to obtain the exact distribution of Wi when the process is in control or out of control state,
UCL hW and performances of the charts are obtained by simulation.

Numerical results in Table 3.1 show that multivariate control chart based on sample statis-
tic Vi is superior to the corresponding charts based on LRT statistic Wi, and performances
of CUSUM chart are more efficient than those of Shewhart chart when shifts of variance
components in Σ have occurred.

And Table 3.2 shows that ARL values of multivariate chart based on Vi are larger in some
changes of process than in control state, and so the multivariate chart based on Vi is not
proper to use for detecting the changes of correlation coefficients in Σ. Table 3.2 also shows
that LRT statistic Wi does not properly detect the changes of correlation coefficients. ARL
performances of our proposed combined procedure are also given in the last column of Table
3.1 through Table 3.3.

Table 3.1 ARL performances when σ1 has changed (p = 2, σ10 = 1.0)

types of Shewhart chart EWMA chart (λ = 0.2)
shift Vi Wi Vi Wi Combined

in control 400.00 399.99 400.00 399.99 400.03
V1 188.64 372.98 137.13 348.80 147.28
V2 93.10 293.65 60.43 237.25 64.39
V3 50.28 187.65 33.16 133.46 34.73
V4 30.56 108.27 21.63 71.13 21.93
V5 19.88 63.04 15.74 40.58 15.52
V6 13.87 38.34 12.21 25.89 11.82
V7 10.38 24.54 9.92 18.07 9.48
V8 8.13 16.69 8.35 13.45 7.85
V9 6.48 12.01 7.22 10.62 6.71
V10 5.38 9.07 6.32 8.65 5.84
V11 4.54 7.15 5.62 7.23 5.18
V12 3.96 5.76 5.07 6.21 4.64
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Table 3.2 ARL performances when ρ12 and ρ21 have changed (p = 2, ρ120 = 0.4)

types of Shewhart chart EWMA chart (λ = 0.2)
shift Vi Wi Vi Wi Combined
C−4 77.76 194.07 62.59 124.70 49.75
C−3 112.04 260.87 88.85 195.55 92.29
C−2 170.51 328.28 137.01 284.31 184.26
C−1 265.13 383.27 229.17 364.16 334.36

in control 400.00 399.99 400.00 399.99 400.03
C0 508.19 383.44 677.45 361.29 238.51
C2 543.42 334.86 996.03 263.12 110.36
C3 505.68 268.12 1241.01 149.19 56.62
C4 434.53 184.54 1380.77 63.52 32.67

Table 3.3 ARL performances when both σ1 and ρ21 have changed (p = 2, σ10 = 1.0, ρ120 = 0.4)

types of Shewhart chart EWMA chart (λ = 0.2)
dhift Vi Wi Vi Wi Combined

(V4.C−4) 14.86 39.21 13.05 26.55 13.11
(V3.C−3) 25.93 84.62 19.50 54.40 21.05
(V2.C−2) 52.63 191.49 35.02 135.78 42.36
(V1.C−1) 134.35 339.63 90.94 300.17 121.91
in control 400.00 399.99 400.00 399.99 400.03
(V1.C1) 239.17 364.51 208.09 331.23 108.02
(V2.C2) 128.82 266.52 110.14 192.56 37.20
(V3.C3) 72.34 151.97 64.66 85.01 17.38
(V4.C4) 44.30 75.22 42.64 33.85 9.88

4. Combined control charts procedure

In this section, we consider a combined procedure which uses two separate multivariate
EWMA charts for p variance components and for s = p(p − 1)/2 correlation coefficient
components, respectively. The proposed combined procedure signals if one of the two charts
signals.

From the numerical performances in Table 3.1 through Table 3.3, we found that mul-
tivariate EWMA chart based on Lawley-Hotelling Vi statistic works well when variance
components in dispersion matrix has changed. On the other hand, we noticed that the chart
based on Vi does not work well under the changes of correlation coefficients in dispersion
matrix. Therefore, we propose a multivariate chart to monitor all correlation coefficients
simultaneously, and also propose a combined procedure which is operating EWMA control
charts for both variance components based on Vi and correlation coefficients based on T 2

i

simultaneously.
Multivariate control chart for simultaneously monitoring s correlation coefficients ρ =

(ρ12, ρ13, · · · , ρ1p, ρ23, · · · , ρ2p, · · · , ρp−1,p)
′ of p quality variables can be constructed by form-

ing multivariate extension of the univariate EWMA chart statistic based on the estimator
rmu of ρmu for the bivariate normal population N2(µm, µu, σ

2
m, σ

2
u, ρmu) as

rmu =

∑n
j=1(Xjm − µm0)(Xju − µu0)

nσm0σu0
.

Then, an EWMA chart based on the control statistic rmu for ρmu can be constructed by
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using the statistic

Yi = (1− λ)Yi−1 + λrmu, i = 1, 2, · · · (4.1)

where 0 < λ ≤ 1. For multivariate case, if we let the control statistic for ρlm be rlm, then
the vectors of EWMA’s can be defined as

Yi
′ =(r12, r13, · · · , r1p, r23, · · · , r2p, · · · , rp−1,p−2, rp−1,p)

′

=(Yi1, Yi2, · · · , Yi,p−1, Yip, · · · , Yi,2p−3, · · · , Yi,s−1, Yi,s)
′, (4.2)

where the corresponding component for ρmu can be represented as

(1− λ)iYm,u,0 +

i∑
k=1

λ(1− λ)i−kZimu,

and Zimu =
(∑n

j=1(Xijm − µm0)(Xiju − µu0)
)
/(nσm0σu0) − ρµ0. Then the multivariate

EWMA vector can be expressed as

Y i = (1− λ)Y i−1 + λZi, (4.3)

where Zi = (Zi1, Zi2, · · · , Zis)′ = (Zi12, Zi13, · · · , Zi1p, Zi23, · · · , Zi2p, · · · , Zi,p−1,p)
′. Then,

the dispersion matrix of Y i with dimension s× s when the process is in control and Y 0 = 0
is given by

ΣYi
=

{
λ[1− (1− λ)2i]

2− λ

}
· ΣZ (4.4)

and

ΣZ =


V ar(Zi12) Cov(Zi12, Zi13) · · · Cov(Zi12, Zi,p−1,p)

V ar(Zi13) · · · Cov(Zi13, Zi,p−1,p)
. . .

...
Sym V ar(Zi,p−1,p)

, (4.5)

where

V ar(Zipq) =
1 + ρ2

pq0

n
,

Cov(Zipq, Zipr) =
ρqr0 + ρpq0ρpr0

n
,

Cov(Zipq, Zirw) =
ρpr0ρqw0 + ρpw0ρqr0

n

and the subscripts p, q, r and w are different each other.
Therefore, we propose a combined procedure to monitor every component in dispersion

matrix, which applies the following two EWMA charts simultaneously, and the combined
procedures signals if
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or if a multivariate EWMA chart for ρ

T 2
i = Y ′iΣ

−1
Y i
Y i > h,

where h is chosen to achieve a specified in control ARL by simulation. And, the overall false
alarm probability based on (Vi, T

2
i ) is (1− α

v
)(1− α

T2 ) where the signal probability for Vi
and T 2

i are α
v

and α
T2 , respectively.

5. Concluding remarks

Up to the present, most of the studies on multivariate control charts have been con-
centrated on monitoring mean vector of multivaiate normal process and little research to
monitor correlation coefficients in dispersion matrix is found.

In this paper, we noticed that multivariate control procedure based on sample statistic
Vi by Hotelling (1947) or Wi by Alt (1984) can not be recommended for monitoring both
variance components and correlation coefficient components in Σ. These control charts do not
perform properly especially when the correlation coefficient of quality variables is increasing.

To overcome this limit, we propose a combined procedure to simultaneously operate both
EWMA chart for variance components and EWMA chart for the vector of correlation co-
efficients. Through our numerical results, we found that the proposed combined procedure
is an efficient scheme for detecting both variances and correlation coefficients in dispersion
matrix.

Table 5.1 ARL values of the considered multivariate Shewhart and EWMA charts

p = 2 p = 4
Shewhart EWMA (λ = 0.2) Shewhart EWMA (λ = 0.2)
Vi Wi Vi Wi combined Vi Wi Vi Wi combined

in control 400.0 400.0 400.0 400.0 400.0 400.0 400.0 400.0 400.0 400.0
V1 188.6 373.0 137.1 348.8 147.3 239.0 307.3 182.9 240.2 187.4
V3 50.3 187.6 33.2 133.5 34.7 77.7 119.8 49.8 80.7 47.5
V5 19.9 63.0 15.7 40.6 15.5 29.6 43.3 22.7 36.4 19.5
V7 10.4 24.5 9.9 18.1 9.5 14.6 18.8 13.8 22.7 11.2
V9 6.5 12.0 7.2 10.6 6.7 8.6 10.1 9.9 16.8 7.5
V11 4.5 7.1 5.6 7.2 5.2 5.8 6.2 7.6 13.5 5.5
C−3 112.0 260.9 88.9 195.5 92.3 186.2 244.3 167.3 195.2 90.6
C−1 265.1 383.3 229.2 364.2 334.4 332.1 358.8 306.4 324.3 296.8
C1 508.2 383.4 677.5 361.3 238.5 431.6 427.3 489.7 454.9 357.1
C3 505.7 268.1 1241.0 149.2 56.6 373.4 376.3 585.5 484.3 101.3

(V3.C−3) 25.9 84.6 19.5 54.4 21.1 45.3 68.4 33.5 50.9 24.9
(V1.C−1) 134.3 339.6 90.9 300.2 121.9 197.8 267.7 145.7 197.1 148.2
(V1.C1) 239.2 364.5 208.1 331.2 108.0 258.6 324.7 219.6 283.4 166.6
(V3.C3) 72.3 152.0 64.7 85.0 17.4 83.1 130.1 68.8 105.9 23.1
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